A Note on Explicit Particular Solutions for Third and Fourth order Generalized

Leonardo-Type Recurrences with Polynomial-Exponential Input

Abstract. Sequences, both classical and modern in scope, can be analyzed through a versatile framework
that remains central to mathematics, namely recurrence relations. Previous investigations established explicit
iterative procedures for constructing polynomial-exponential particular solutions of generalized Leonardo-type

sequences. Building upon that framework, this article develops illustrative examples for the cases
m = 3,4,

where the forcing term is given by C(n) = p(n)d", with p(n) = Y ;_, ¢;n’ a polynomial in n. For such recurrences,

we derive particular solutions of the form

Wr(zC) =" (Z Am‘) ar,
=0

and demonstrate the computation of the coefficients A; via the established iterative scheme. These formulas not
only provide constructive clarity but also demonstrate how the iterative procedure systematically determines the
polynomial part of the solution. The examples reveal how the multiplicity » of the root d in the characteristic
polynomial governs the structure of the solution, while resonance phenomena emerge when the forcing term
interacts with repeated characteristic roots. Such resonance effects are highlighted in detail, showing their decisive
role in shaping the solution’s form and complexity.

In addition to the explicit constructions, a brief literature review is included to situate Leonardo-type se-
quences within their historical development and to highlight recent advances in generalized Leonardo-type recur-
rences. This contextualization underscores the enduring role of recurrence relations in number theory, discrete
mathematics, and symbolic computation. By presenting explicit cases, the paper offers a transparent and ac-
cessible illustration of the general theory, reinforcing the connection between abstract recurrence analysis and
concrete symbolic computation, while also pointing toward potential applications in computational mathematics

and combinatorial modeling.
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1. Introduction

Recurrence sequences, generated through recurrence relations, have long been recognized as fundamental
objects in mathematics, with influence extending well beyond the discipline into physics, engineering, biology,
computer science, architecture, and even artistic analysis. Despite their elementary formulation, they encapsulate
profound structures: modeling growth dynamics, oscillatory behavior, and intricate symbolic identities. Classical
second-order families such as the Fibonacci, Lucas, Pell, and Jacobsthal sequences exemplify this richness and
continue to serve as paradigmatic cases.

The scope of recurrence theory, however, is not confined to second-order constructions. Higher-order families
occupy an equally prominent position, both in abstract theory and in applied modeling. These generalizations
broaden the classical framework and uncover deeper algebraic and analytic phenomena. Third-order examples
such as the Tribonacci sequence, fourth-order examples such as the Tetranacci sequence, and fifth-order examples
such as the Pentanacci sequence extend the paradigm, each governed by characteristic polynomials whose root
structures dictate closed-form representations. Homogeneous recurrences highlight the decisive role of charac-
teristic polynomials and root multiplicities, whereas non-homogeneous recurrences introduce external symbolic
inputs whose interaction with the root configuration gives rise to resonance phenomena. Taken together, these
families establish a coherent framework that unites classical recurrence identities with modern developments in
symbolic recurrence theory.

The classical Leonardo numbers are defined by the non-homogeneous recurrence relation

ln = ln—l + ln—2 + 17 n > 27

with initial conditions [j = 1 and [; = 1.

Although the recurrence itself is elementary, the historical development of the Leonardo sequence is not fully
transparent. Its emergence appears to have been gradual, with generalizations and extensions studied well before
the sequence acquired its formal name. The modern revival of interest has been closely associated with the
analysis of explicit cases and their diverse applications.

Over time, the Leonardo sequence has attracted renewed attention, not only for its intrinsic mathematical
elegance but also for its versatility in modeling hybrid recurrence systems that combine homogeneous dynamics
with non-homogeneous inputs. This dual character has made it a fertile subject for symbolic exploration, bridging
classical recurrence theory with contemporary applications. Recent studies emphasize its structural richness, its
ability to encode complex interactions, and its relevance to both theoretical investigations and applied modeling.

From a pedagogical perspective, the clarity of its defining recurrence and the accessibility of explicit examples
render the Leonardo sequence particularly suitable for textbooks and teaching materials. It provides students
with a concrete illustration of how non-homogeneous recurrence relations operate, while simultaneously serving

as an entry point to deeper symbolic methods and resonance phenomena. In this way, the Leonardo sequence
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functions both as a continuing subject of scholarly inquiry and as a valuable educational tool (see, for example,
[1, 2, 3, 5, 6, 10, 11, 16, 17, 18, 12, 13, 14, 15, 21, 22]).

To the best of our knowledge, the first systematic extension of the Leonardo numbers was undertaken by
J. A. Jeske in a trilogy of papers published in The Fibonacci Quarterly during 1963-1964 (see [7, 8, 9]). For
a concise literature review, particularly of contributions in The Fibonacci Quarterly, as well as an overview of
selected works outside the journal that advance the study of Leonardo-type recurrence relations, see Soykan [19,
Section 5].

We first recall the definition of m-order homogeneous linear recurrence relations.

DEFINITION 1.1. A sequence {Vy,}n>0 is called a homogeneous (linear) recurrence relation order m € N if it

satisfies

Vi, = ZakVn,k =a1Vp_1+asVip—a... + amViem (11)
k=1

for

with the initial conditions Vo, Vi, ..., Vi1

and
V. = ap, (1.2)
for
m =20
The recurrence coefficients ay,as, . . . , ay, and the initial conditions Vo, Vi, ..., Vim—1 are complex scalars. We allow

each coefficient a;, for 1 < i < m, to be identically zero.

The integer m is called the order of the linear recurrence.
The characteristic polynomial of the sequence (V},),>¢ is given by
m
A(z)=2" - Zakzm*k =M a2 — 92— 12 — Gy = (z—=01)"" (2 —02)"2...(z — 0,)"
k=1

with distinct 01, 0, ..., 6, and u; +us+...+u, = m. 01,04, ..., 0, are called the (characteristic) root of characteristic

equation
A(z) = 2™ —a12™ ! —a92™ T — =12 — g = (2= 01)" (2 — 09)"2...(2 — 0,)" = 0. (1.3)

For m > 1, consider the sequence (W,,) defined by the recurrence relation (a generalized Leonardo-type

sequence)
m m
Wi =Y axWn_g +p(n)bd" =Y arWn_i + C(n) (1.4)
k=1 k=1
with initial conditions Wy, W1, ..., W,,_1 and the recurrence coefficients a1, as, ..., a,, are complex scalars or

polynomials in C[z] and with the input function

C(n) = p(n)bd™
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where
S

p(n) :=p(n,z) = Z cin'

i=0
denotes a polynomial in n of order s, with coefficients belonging to C[z] or C and b € C[z] or C, and d € C or R.

For more information on generalized Leonardo-type sequences, see Soykan [20] and [19].

We consider the homogeneous recurrence relation (1.1) and its characteristic equation (1.3), corresponding
to the sequence (W,,) defined by (1.4).

The particular solution W) of (1.4) is of the form

s s
W =n" (Y Ain')d" =n"(Ag+ Y Ain')d", (1.5)
i=0 i=1

where the coefficients A; € C[z] or C and r is the multiplicity of d as a root of the characteristic equation (1.3),
(if d is not a root of characteristic equation (1.3) then r = 0).

We proceed to formulate a theorem that provides explicit iterative expressions for the coefficients appearing
in the particular solution W,(LC) of (1.4). The derivation is governed by the relationship between the parameter
d and the characteristic roots of (1.3). When d coincides with a root of multiplicity r, the iterative procedure

requires precise adjustments that reflect this multiplicity, ensuring the correct construction of the solution.

THEOREM 1.2. [20, p.100, Theorem 5.1] For each 0 < i < s, A; given in (1.5) can be calculated with the

iteration as follows:

e Ifr =0, i.e., none of the roots of the characteristic equation (1.3) equals d, then

A — csbd™ B cebd™ f _
C T T d T apd 2 4 apd™ ot 2@+ Gp1d 4 — A7 —dm 4y agdma T TR

and

1 s k m ,
An — i nbdm _ -1 k—n+1 -k—n AV A
e = 3 (0 ()8 e

k=n+1 j=1
forn=s—-1,s—2,..,2,1,0.
o Ifr >0 then

csbd™
Ag= (1) — = : , forn=s
(X rag x dm=9)(*17)
and
1 u k47 — .
A = (71)r+1 — — (C bd™ — (1)k+rn+1< >( ijrrfna, X dmfj)Ak)
" (Sfmy grag x dm=a) ("I " ; n g ’

form=s—-1,s—2,...,2,1,0.
In the following sections, we present explicit particular solutions to (1.4) for m = 1,2, 3,4, where
C(n) =p(n)bd"™, p(n) is a polynomial in n.

We seek solutions of the form
W) = P(n)d",

where P(n) is itself a polynomial in n.
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2. Special Cases
2.1. The Case m = 3. Consider the homogeneous relation
Vo =a1V—1+a2Vh—2 +aszVi_3 (2.1)
with the initial conditions Vj, V1, Va. Suppose that 61,02, 03 are the roots of characteristic equation
2B —a12? —axz—a3 =0 (2.2)
associated with (2.1). Note that if all the roots of (2.2) are equal to d then
2 —a12® —agz —az = (2 —d)® = 2% — 3d2* + 3d*z — d®> = 0
so that a; = 3d, az = —3d?, ag = d* and (2.1) reduces to
Vi = 3dV,1 — 3d*V,,_o + d*Vi,_3.
We now turn to an example that demonstrates the results derived above.
EXAMPLE 2.1. Consider the sequence (W,,) defined by the recurrence relation
Wn=a1Wyh_1+ aaWy_o + asWy,—3 + p(n)bd"™

where p(n) := p(n, z) is a polynomial in n of order s, with coefficients belonging to Clz] or C and b € Clz] or C,

and d € C or R. We seek a particular solution

for the cases s = 0,1,2,3 where P(n) is itself a polynomial in n. The order (degree) and coffecients of P(n)
depend on the multiplicity r of d as a root of the characteristic equation (2.2) and WS satisfy

W =a,WC |+ aaWC 5+ asWC 5 + p(n)bd"
i.e.,
P(n)d™ = a;P(n — 1)d" " + aaP(n — 2)d" "2 + azP(n — 3)d" > + p(n)bd".

In each case of s, we consider the homogeneous relation (2.1) and its characteristic equation (2.2), corresponding

to the sequence (W,,) with the same initial conditions as W, i.e.,
Vo =Wo, Vi =Wy, Vo =W,

We investigate all cases of multiplicity r of of d as a root of the characteristic equation (2.2):

(a): m =3, s =0. Consider the sequence (W,,) defined by
W, = arWyn_1+ aaW,_o + azW,,_3 + cobd™.

(i): Caser =0, i.e., none of the roots of the characteristic equation equals d:

Co bdg

WC = Apd", Ag=— :
n 0 ’ 0 a1d2+a2d+a3—d3
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(ii): Case r =1, i.e., exactly one root of the characteristic equation equals d:

Cobd3
(a1d2 + 2aod + 3a3) '

W =nAgd®, A=

(iii): Case r =2, i.e., exactly two roots of the characteristic equation equal d:

Cobd3
(a1d2 + dasd + 9&3) '

WS =nAod", Ao =-—
(iv): Case r =3, i.e., all three roots of the characteristic equation equal d:
C 3 n 1
Wn =N Aod s AO = gbCQ.
(b): m =3, s =1. Consider the sequence (W,,) defined by
Wy =a1Wy_1+ aaWy_o + azW,_3 + (c1n + ¢o)bd"™.
(i): Case r =0 (no root equal to d):

WS = (Ain+ Ag)d"

where
A _ Clbd3
YT (ad® + agd + az — d3)
1
Ay = = (a1d? + agd + az — d3) (cobd® — (a1d”® + 2a2d + 3az) Ar),
i.e.,
A . Clbd3
= (a1d? + azd + ag — d3)’
bd3 3 2
A = - 5 (—¢cod” + ai(co + c1)d” + az(co + 2¢1)d + az(co + 3c1)).

(a1d? + axd + a3 — d3)

(ii): Case r =1 (exactly one root equal to d):

WE =n(Ain+ Ag)d"

where
Clbd3
A1 == )
2 (a1d2 + 2a2d + 30,3)
1
Ay = bd? d? + 4ayd + 9a3) A
0 (a1d2+2a2d—|—3a3) (CO +(a1 + daqzd + a3) 1)7
i.e.,
Clbd3
Al == )
2 (a1d? + 2a2d + 3a3)
bd® 9
Ay = (a1(2¢co + ¢1)d” + 4as(co + ¢1)d + 3az(2¢co + 3¢1)).

2 (a1d2 + 2a2d + 3@3)2
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(iii): Case r = 2 (exactly two roots equal to d):

WT? = HQ(A1TL + Ao)dn

where
Clbd3
Al = - ’
3 (a1d2 + 4a2d + 9&3)
1
Ay = - bd® — (ayd® + Sapd + 27a3) A
0 (a1d? + 4asd + 9as3) (co (a1 + Sazd + 27as) Ay),
i.e.,
Clbd3
Al = - ’
3 (a1d2 + 4a2d + 9(13)
bd® 9
Ay = 5 (a1(3co + c1)d” 4 4az(3co 4 2¢1)d + 27a3(co + ¢1)).

- 3 (Q1d2 + 4a2d + 9(13)

(iv): Case r =3 (all three roots equal to d):

WE =n?(Ain 4 Ag)d"

n

where
1
A = ﬂbcl7
1
AO == ﬁb(QCO + 301).

(c): m =3, s =2. Consider the sequence (W,,) defined by
Wop=a1W,_ 14+ aW,_o+asW,_3+ (CQTLQ +cin+ Co)bdn.
(i): Case r =0 (no root equal to d):

Wnc = (A2n2 + Ain+ Ao)dn

where
A _ - Cgde
’ (a1d? + azd + a3 — d3)’
1
A = — bd3—2 dQ 2a0d 3 A
' (ald2+62d+a3*d3)(01 (a1d” + 2a2d + 3a) As),
1 .
A= - bd® — (a1d® + 2a2d + 3a;) A & + dazd + 9a3) A
0 (a1d2+a2d+a3—d3)(60 (a1d” + 2aad + 3a3) A1 + (a1d” + 4asd + 9a3) As),
i.e.,
A — _ Cdes
’ (C"IdQ‘*‘CLQd“‘ag—dg)7
bd3
A= —c1d® + a1 (c1 + 2¢2) d? + ag (1 +4ez) d + az (c1 + 6c2)),
1 (a1d2+a2d+a3—d3)2( 1 1(1 2) 2(1 2) 3(1 2))
bd3 )
Ao=- (cod®+a2(co+c1+ca)d* +a3(co+2c1 +4c2)d? +a3(co+3c1 +9ca) —

(a1d2 + G,Qd + as — d3)3
a1 (260 +c1— 02)d5 —2as (Co “+c1— 262)d4 — 0,3(260 +3c1 — 902)d3 +a1a2(200 +3c1 +362)d3 + 2(110,3(00 +

2c1 + c2)d? + azaz(2co + 5e1 + 1lez)d).
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(ii): Case r =1 (ezactly one root equal to d):

WS = n(Ayn® + Ain + Ag)d"®

where
Cgbd3
Ay = ,
3 (a1d2 + 2a2d + 3a3)
1
A = bd® + 3 (a1d? + 4agd + 9az) A
1 2(a1d2+2a2d+3a3)(81 + (a1 + 4azd + as) 2),
1
Ao = bd® d® + dagd + 9a3) Ay — (a1d® + 8agd + 27az) A
0 (a1d2—|—2a2d+3a3)(co +(a1 + 4asd + ag) 1 (a1 + 8asd + ag) 2)s
i.e.,
Cgbd?’
Ag = ,
3 (a1d2 + 2a2d + 3(13)
bd?
A = ar(c1 + e2)d? + 2as(cy + 2¢2)d + 3az(cy + 3¢2)),
L S T 2apd 1 a1 A E ¥ 2ealen 2} Bas(e +5e2))
bd?3
Ay = (a%(GCo +3c1+ 02)d4 + 8a%(3co +3c1 + 262)d2 + 2703%(200 +3c1 +3¢2) +

6 (a1d2 + 2a2d + 3CL3)3
2(11@2(1260 +9¢1 + 262)d3 + 6@1&3(660 + 6¢1 — Cg)d2 + 6&2&3(1200 + 15¢1 + 1062)d)

(iii): Case r =2 (exactly two roots equal to d):

WC = n2(A2n2 + Aln + Ao)dn

n

where
Czbd3
A2 = - 2 )
6 (a1d? + 4azd + 9as)
1
A = — bd® — 4 (ayd® + 8asd + 27a3) A
! 3 (a1d? + 4asd + 9a3) (@ (114" + 8azd + 2ag) Aa),
Ay = — 1 (Cobd3 — (a1d2 + 8aqsd + 270,3) A+ (a1d2 + 16a2d + 81&3) AQ),
(a1d2 + 4a2d + 9@5)
i.e.,
CdeS
A2 - - 9
6 (a1d2 + dasd + 9@3)
bd?
Ay =— a1(3cy + 2¢3)d? + 4ay(3cy + 4cp)d + 27asz(cy + 2¢3)),
! 9(a1d2+4a2d+9a3)2( 1861+ 262) 2(3c1 +dez) 3(c1 +2¢2))
bd>
Ay = (a?(18¢co+6c1+ca)d+32a3(9co+6¢1+2c2)d?+729a3 (2c0+2¢1 +c2)+

- 18 (a1d2 + 4CL2d + 9@3)3
dayas(36¢co + 18¢1 + ¢2)d® + 5dajaz(6cy + 4cp — cz)d? + 108asaz(12¢o + 10¢1 + 3c)d).

(iv): Case r = 3 (all three roots equal to d):

WS =n?(Ayn? 4+ Ain + Ag)d"

where
1
A2 = %b(ﬁg,
A = Sb(er+3e)
L= 5 c1 C2),
1
Ay = 7b(200 + 3c1 + 4ea).

12
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(d): m =3, s =3. Consider the sequence (W,,) defined by
W, = aiWy—1 + aaWy—2 + azWiy_3 + (c3n® + can® + c1n + co)bd".
(i): Case r =0 (no root equal to d):

Wnc = (A3n3 + AQ?’LQ + Ain+ Ao)dn

where
Au — — Cgbd3
5 (a1d2+a2d+a3—d3)’
1
Ay = — (O T and T as — D) (c2bd® — 3(a1d? + 2a2d + 3a3)Az),
1
A =— (a1d2 R d‘g) (Clbd3 — 2(a1d2 + 2a2d + 3(1,3)142 + 3(a1d2 + 4asd + 9@3)143),
1
Ag = — (a1d2 Fand - as — d3) (Cobd3 — (a1d2 + 2aod + 3@3)141 + (a1d2 + daod + 9@3)142 — (a1d2 +
8a2d+ 27&3)/13),
i.e.,
Ao — — C3bd3
37 (a1d2+a2d+a3—d3)’
bd3
Ag = — (a Pt adta d3)2 (—02d3 + aq (02 + 303)d2 =+ a2(02 + 663)d =+ a3(02 =+ 963)),
1 2 3 —
bd3
A =— (c1dS+a?(c1+2ca+3c3)d +a3(c1+4dea+12¢3)d? +aZ(c1 +6c2+27¢3)

(a1d2 + a2d + asz — d?’)‘3
—a1(2¢1 +2¢o — 3c3)d® — 2az(cy + 2¢5 — 6¢3)d* — az(2¢; +6¢y — 27c3)d> + aras(2¢y + 6 + 9c3)d® +

2(11(13(01 +4coy + 363)d2 + a2a3(201 + 10¢o + 3303)d),

bd®
Ay = — —cod? 4+ a3(co + ¢1 + co + ¢3)d8 + a3(co + 2¢1 + 4eo + Scg)d® +
0 (a1d2+a2d+a3—d3)4( 0 1 (co 1 2 3) 5(co 1 2 3)

a3(co+3c1 +9co +27c3) — a3 (3co +2¢1 — dez)d” — a3(3co + dey — 32¢3)d® — 3a(co + 2¢1 — 36¢3)d® +

a1(3co+er —cote3)d®+az(3co+2c; —4dea+8c3)d” +3az(co+c1 —3ca+9c3)d8 —2a1a2(3co+3c; —co—
9¢3)d® — 2a1a3(3co +4cy —4co —8c3)d® — 2asa3(3co + 5y — ca — 55c3)d* +aya2(3co + 5eq + Teg +5es)
d* + a3az(3co + dey + 4eg + 4es)d® + arad(3co + Tey + 1leg — 17c3)d? + a3az(3co + 5eq + 3ez + beg)
d* + a2a3(3co + 81 +20co +44c3)d + a3as(3co + Teq + 15¢o + 31ez)d? + 2a1aza3(3co + 6¢1 + 8ca)d?).

(ii): Case r =1 (exactly one root equal to d):

Wc = TL(AQ,TLB + A27L2 —+ Al'fL —+ Ao)dn

n

where
Cgbd3
A3: )
4 (a1d? 4 2a2d + 3ag3)
1 )
Ay = bd® + 6(a1d? + 4asd + 9az) A
2 3(a1d2—|—2a2d+3a3)(02 + (al + 4aqgd + a3) 3)7
1
A = bd? + 3(a1d? + 4aod + 9az) Ay — 4(a1d? + Saod + 27a3) A
' G {and® 1 2agd 1 Bag) A0 T 3(nd A dazd - 9a5) Ay = Aard” o Sayd o 2705) As),
1
Ap = bd? d? +4asd+9a3) A1 — (a1d? 4+ 8asd+27a3) A d?+16a2d
0= (ard® T Zagd § Bag) 00T T (8 azd90) Ay = (a7 Sazd +2Tas) Ay + (1 1Gayd+
81@3)A3),
i.e.,
Cgbd3
A3: ’
4 (a1d2 + 2asd + 3&3)
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bd?
Ay = a1(2co + 3c3)d? + 4as(ca + 3¢3)d + 3as(2ca + 9¢3)),
2 6(a1d2+2a2d+3a3)2( (262 +3¢) 2(c2 +3c3) 3(2c2 + 9c3))
bd®
A = (a?(2c1 + 2co + c3)d* + 8a(c1 + 2¢2 + 2¢3)d? + 9a3(2¢1 + 6¢o + 9c3) +

4 (ard? + 2a5d + 3as)”
4&1@2(201 + 3C2 + Cg)d3 + 6&1@3(201 + 402 - 03)d2 + 12@2&3(261 + 502 + 5C3)d),
bd?
B 6 (a1d2 + 2a2d + 3(13)4
6a1a3(12co + 10¢1 + 4cg — 3cz)d* + 6a2as(6cy + 4y + c2)d® + 9ara3(18co + 21cy + Tea — 30¢3)d? +

(a3(6co+3c1 +c2)d® +16a3 (3co + 3c1 + 2¢2)d® +81a3 (2¢o + 3c1 +3¢2) +

3a2a3(18co+15¢; —co+6c3)d* +18aza2(18cy+24c; +19co —6c3)d+6a3asz (36co+42¢; +28c2 —3c3)d? +
12a1a2a3(1800 + ].861 + 502 — 903)d3).
(iii): Case r =2 (exactly two roots equal to d):

WC = TL2(A37’L3 + AQTLQ + AlTL —+ Ao)dn

n

where
C3bd3
ABZ_ )
10 (a1d2 + 4aod + 9(13)
1
Ay = — bd® — 10(a1d? + 8azd + 27a3) A
2= G (nd + daad 1 9ay) (ard” + Bazd +27a3)43),
1
A =— bd® — 4(a1d® + 8aad + 27a3) Aa + 5(a1d? + 16asd + 8laz) A
T TS d + dazd + 9ag) (a1d” + Bazd +27a;) Az + 5(ard” + 16azd +8lag)4;)
1
Ay =— bd® — (a1d? + 8aad + 27a3) A d? + 16azd + 8laz) Ay — (a1d?
0 (a1d2+4a2d+9a3)(co (a1d® + 8azd + 27a3) A1 + (a1d® + 16a2d + 81az) Az — (a1d® +
32a2d + 243(13)143),
i.e.,
C3bd3
A3:_ B}
10 (a1d2 + 4(12d + 9(13)
bd?
Ay = — a1(ca + ¢3)d? + 4as(ca + 2¢3)d + 9as(ca + 3c3)),
2 6(a1d2+4a2d+9a3)2( 1(c2 + c3) 2(c2 3) 3(c2 3))
bd® 2 4 2 2 2
Ay = (a1(6c1+4catc3)d* +32a5(3c1+4ca+2¢3)d*+243a5(2¢1 +4ca+3c3)+

- 18 (ald2 + 4asd + 9(13)3
4(11(12(1201 + 1202 + 03)d3 + 18&1@3(601 + 802 - 303)d2 + 36(12(13(1201 + 2002 + 903)d),

bd> 3
— a3(90co + 30c¢; + 5ca — ¢3)d® 4+ 128a3(45¢y + 30c¢; + 10¢s — 4e3)d® +
90(a1d2+4a2d+9a3)4( 1(90co 1+5ez = c3) 2(45¢0 ! 2~ des)
6561a3(10co+10c1 +5c2 —3cs) +16a1a3(270co +150c1 +25¢2 —27c3)dt +40a3as (27co+12¢1 +co)d® +
1215a1a3(18¢o + 14c1 + co — 9c3)d? 4+ 9ataz(270co + 150¢1 — 25¢2 + 5lcs)d* + 1944aza3 (45¢o + 40c1 +

15¢5 — 12¢3)d + 144a%a3(270co + 210¢1 + 65ca — 33c3)d? + 144ayaza3(135¢o + 90c1 + Hea — 18¢3)d?).

Ag =

(iv): Case r =3 (all three roots equal to d):

WC = nS(AngS + A2n2 + Aln —+ Ao)dn

n

where
1
A3 = —
3 120 bes,
1
Ay = —b(2
2 120b( 82—|—963),
1
A = —
1 2 b(Cl + 3co + 6C3)7
1
Ay = 7[)(400 + 6¢1 + 8ca + 9¢3).

24



A NOTE ON EXPLICIT PARTICULAR SOLUTIONS 11
2.2. The Case m = 4. Consider the homogeneous relation
Vo =a1Vu_1 +asVu_o+asViu_3+ asVy_4 (2.3)
with the initial conditions Vj, Vi, Vo, V3. Suppose that 01,05, 03,04 are the roots of characteristic equation
A a2 —as? —asz—as, =0 (2.4)
associated with (2.3). Note that if all the roots of (2.4) are equal to d then
2 a2 —ap2® —aszz —ay = (2 —d)* = 2 —4d2® +6d%2% —4dPz +dP =0
so that a; = 4d, ay = —6d?, az = 4d3, ay = —d* and (2.3) reduces to
Vo = 4dV,,—1 — 6d°V,,_o + 4d*V,,_3 — d*V,,_4.
EXAMPLE 2.2. Consider the sequence (W,,) defined by the recurrence relation
Wy = arWy_1 + asWy_o + azWy,_3 + agW,,_ g4 + p(n)bd”

where p(n) := p(n,x) is a polynomial in n of order s, with coefficients belonging to C[z] or C and b € Clx] or C,

and d € C or R. We seek a particular solution
WS = P(n)d"

for the cases s = 0,1,2,3 where P(n) is itself a polynomial in n. The order (degree) and coffecients of P(n)
depend on the multiplicity r of d as a root of the characteristic equation (2.4) and W< satisfy

WS =ay, WS | +aaWC o5 +asWC 5+ aaWS , + p(n)bd"
i.e.,
P(n)d™ = a;P(n — 1)d" " + ayP(n — 2)d" 2 + azP(n — 3)d" > + ayP(n — 4)d"~* + p(n)bd".

In each case of s, we consider the homogeneous relation (2.3) and its characteristic equation (2.4), corresponding

to the sequence (W,,) with the same initial conditions as W, i.e.,
Vo =Wy, Vi =W, Vo =Wy, V3 =Ws.

We investigate all cases of multiplicity v of of d as a root of the characteristic equation (2.4):

(a): m =4, s =0. Consider the sequence (W,,) defined by
Wn =a1Wyh_1+ aaWy_o + asWy,_g + asWy_y4 + cobd".

(i): Case r =0, i.e., none of the roots of the characteristic equation equals d:

Co bd4

W = Apd", Ag=-— :
" 0%, 20 a1d® + asd? + azd + ay — d*

(ii): Case r =1, i.e., exactly one root of the characteristic equation equals d:

Co bd4

WS =nAed", Ag= '
n nAapa -, 0 (a1d3+2a2d2—|—3a3d+4a4)
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(iii): Case r =2, i.e., exactly two roots of the characteristic equation equal d:

bCod4
(a1d3 + 4a2d2 =+ gagd + 16(14) ’

Wnc = TLQAodn, Ao = —

(iv): Case r =3, i.e., exactly three roots of the characteristic equation equal d:

Co bd4

WS =n®Agd", Ay = '
n TR0 B0 T @B + Sasd? + 2Tasd + 64ay)

(v): Caser =4, i.e., all four roots of the characteristic equation equal d:
WC = n*Agd”, Ay = —be
n od", 0= 5,00
(b): m =4, s =1. Consider the sequence (W,,) defined by
Win =a1Wpo1+ aWh_o+asWyn_s + aaWi,_sa + (c1n + co)bd"™.

(i): Case r =0 (no root equal to d):

Wg = (Aln + Ao)dn

where
A o - Clbd4

b (a1d3 + aod? + azd + ag — d*)’

1

A = - bd* — (a1d® + 2a5d> + 3asd + 4ag) A

’ (a1d® + axd? + azd + ag — d*) (co (a1d” + 2a9d” + 3azd + 4a4) Ay),
i.e.,
A = — C]bd4

L (a1d3 + a2d? + asd + ay — db)’

bd*

Ao = — 2 (—cod* + ai(co + c1)d® + aa(co + 2¢1)d? + as(co + 3c1)d +

(a1d3 + agd? + aszd + aq — d4)
a4(co +4Cl)).

(ii): Caser =1 (ezactly one root equal to d):

where
A _ Clbd4
YT 2(dBay + 2a2d? + 3das + dag)’
1
A = bd* + (dBay + 4d2as + 9das + 16a4) A
0 (d3ay + 2a2d? + 3das + day) (cobd” + (d°ar + 4d”a; + 9dag + 16a4) Ay),
i.e.,
A — Clbd4
"7 2(Pay + 202d 1 3da + daq)’
bd*
Ay = (a1(2co+cy)d>+4as(co+c1)d?+3az(2co+3c1 )d+8aq(co+2c1)).

2 (d3ay + 2a2d? + 3das + 40,4)2
(iii): Case r =2 (exactly two roots equal to d):

Wy

= nQ(Aln + Ao)dn
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where
A _ Clbd4
! 3 (a1d® + 4azd? + 9asd + 16a,)’
1 .
Ay = — bd* — (a1d® + 8agd? + 27azd + 64ay) A
0 (a1d3 + 4asd? + 9azd + 16(14) (CO (al + Sapd” + 2lage + a4) 1>7
i.e.,
A _ Clbd4
L 3 (a1d3 + 4asd? + 9asd + 16@4) ’
bd*
Ay = — a1(3co 4 ¢1)d® + 4as(3co + 2¢1)d? + 27as(co + ¢1)d + 16a4(3co + 4eq)).
0 3 (ard® + dasd® + 9uzd + 16a4)2( 1(3¢o 1) 2(3¢o 1) 3(co 1) 4(3co 1))
(iv): Case r =3 (exactly three roots equal to d):
WS = ’I’LS(AlTL + Ao)dn
where
A - Clbd4
YT 4(aydP + Baxd? + 2Tasd + 6day)’
1
Ay = bd* d® + 16a2d? + 8lasd + 256a4)A,),
0 (a1d3+8a2d2 +27a3d+64a4) (CO + (a’l + a2 + as + (14) 1)
i.e.,
A - Clbd4
VT 4(ard® + 8axd? + 27asd + 64ay)’
bd*
Ay = (a1 (4(30 + Cl)d3 + 16@2(260 + Cl)d2 + 27@3(460 + 3(31)d + 256&4(00 + Cl)).

4(a1d3 + 8azd? + 27azd + 64a)?
(v): Case r =4 (all four roots equal to d):

W,f = n4(A1n + Ao)dn

where
1
A= ppba
1
Ay = ﬂb(CO—FQCl)

(c): m =4, s=2. Consider the sequence (W,,) defined by
Wy =aWyp_1 +axWy_o +asWy_3 +asWy_4 + (02112 + cin 4 co)bd".
(i): Case r =0 (no root equal to d):

W7? = (A2n2 + Al’I'L + Ao)dn

where
Ay — — Cgbd4
2T (a1d3 +a2d2+a3d+a4 —d4)’

1

A= — (CL Bt ol +adta d4) (Clbd4 - 2(a1d3 + 2a2d2 + 3aszd + 404)142),

1 2 3 4 —

1

Ag = — (Cobd4 — (a1d3 + 2@2612 + 3asd + 4(14)141 + (a1d3 + 4a2d2 +

(a1d3 + axd? + azd + ag — d*)
9a3d + 16&4)/12),
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i.e.,
A, — — Cgbd4
27 (a1d3 + a2d? + azd + ay — d*)’
bd*
A = — 3 (—cld4—|—a1 (61 + 262) d3+a2 (Cl + 482) d2—|—a3 (61 + 662) d+

(a1d3 + CLQdQ + a3d + a4 — d4)
as (c1 +8¢2)),

4
s bd

(a1d3 + agd? + asd + ay — d4)3
3c1+9¢2)d? +a3(co+4cy +16¢o) —ay (2co+c1 —c2)d” —2as(co+c1 —2¢2)d® — az(2co+3c1 — 9ez)d® —

(cod® + a3(co + 1 + c2)d® + a3(co + 2¢1 + 4ea)d* + a3(co +

2&4(60 +2¢1 — 862)d4 + alag(Qco +3c1 + 362)d5 + 2a71a3 (Co +2c1 + Cg)d4 + a1a4(200 +5c1 — 62)d3 +
asaz(2co + 5y + 11ea)d? + 2aza4(co + 3¢1 + 6¢2)d? + azaq(2co + Tey + 23¢2)d).
(ii): Caser =1 (ezactly one root equal to d):

Wc = Tl(AQTLQ + Aln + Ao)dn

n

where

Czbd4
3 (a1d3 + 2a2d? + 3azd + 4ay)’
1
2 (a1d® + 2a2d? + 3asd + 4ay)
1
(a1d® + 2a2d? + 3asd + 4ay)

(Clbd4 +3 (d3a1 + 4d2a2 + 9da3 + 16(14) AQ),

(cobd* 4 (dPay + 4d*ay + 9daz + 16a4) Ay — (dPay + 8d*ay + 27das + 64a,) As),

i.e.,

A, — Cgbd4
273 (a1d3 + 2a2d? + 3azd + 4ay)’
bd*
A= a1 (c1+c2)d3+2as(c14+2¢2)d?+3as(c1+3cs)d+4aq(cr +4c¢s)),
1 2(a1d3—|—2agd2+3a3d+4a4)2( 1(c1+c2) 2(c1 2) 3(c1 2) (e 2))
bd*
A() = 3 (a% (60() +3Cl +Cg)d6 +8a§ (36(] +3Cl +2Cg)d4 +27a§ (26() +301 +

6 (a1d® + 2a2d? + 3asd + 4ay)
3co)d? + 3203 (3co + 6¢1 + 8¢a) + 2a1as(12¢o + 9e1 + 2¢0)d® + 6a1a3(6¢c + 6¢y — c2)d* 4+ 4ajaq(12¢y +

15¢1 —10c2)d® +6asa3(12¢o+15¢1 +10c¢s)d® +16aza4 (6co+9cy +4es )d? +12aza4 (120 +21cy +22¢2)d).
(iii): Case r = 2 (exactly two roots equal to d):

WC = n2(A2n2 + Aln + A())dn

n

where
Ay — — Czbd4
27 6 ((11d3 + 4a2d2 + 9a3d + 16(14)7
1
A= — bd* — 4 (a1d® + 8asd? + 27asd + 64a4) A
LT T3 {ad T dasd T 9and + 16a5) ! (a1d” + Bard? + 27azd + 64as) Ao),
1
Ag=— bd* — (a1d® + 8asd? + 27asd + 64a4) A d3 + 16a,d?
0= " {ard T Ay 1 Oad 1 16ag) 00? (8 ¥ Boad 2agd - Glai) s + (and - 16ayd” +
81(13d + 256&4)142),
i.e.,
A, — — Cgbd4
27 76 (and® + 4axd® + 9azd + 16a4)’
bd*
A = — 5 (a1(3c1 + 2¢o)d? + daz(3cy + 4ez)d? + 27az(cq + 2c2)d +

9 (16a4 + 9das + 4d%as + daq)
16a4 (3¢t + 8¢2)),
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bd*

18 (16a4 + 9das + 4d%ay + d3a)’
2¢1 + ¢2)d? + 512a%(9co + 12¢1 + 8cz) + dajaz(36¢o + 18¢1 + ¢2)d® + Hdajaz(bcy + 4ep — co)d* +

(a% ( 18¢cy+6¢1 +02)d6 +326L% (960 +6¢1 +202)d4+729a§ (200+

16(11(14 (3600+300171902)d3+108a2a3(12co+1001 +362)d3+256a2a4(900+9cl+62)d2+432a3a4(1200+
1401 + 702)d)
(iv): Case r =3 (exactly three roots equal to d):

w¢ = n3(Agn® + Ain + Ag)d™

n

where
Ay — Cgbd4
> 7 10 (a1d® + 8agd? + 27azd + 64ay)’
1
A = (Clbd4 + 5(a1d3 + 16a2d2 + 8lasd + 256@4)142),

4 (a1d3 + 8(12d2 =+ 27a3d + 64(14)
1
(cobd* + (a1d® +16a9d? + 81azd +256a4) Ay — (a1d> +32a9d? +

A =
O (a1d® + 8azd? + 2Tazd + 64ay)

243a3d + 1024a4)As),

i.e.,
Ay — Cgbd4
> 7 10 (a1 d® + Bagd? + 27asd + 64ay)’
bd*

8(@ & 1 Sasd? + 2Tand + 6la )2 (a1(201 + 02)d3 + 16&2(01 + 02)d2 + 27@3(261 + 302)d +
1 2 3 4
128&4(61 =+ 202)),

bd*

40 (a1d3 4 8ayd? + 27asd + 64ay)”
729a3(40co + 30c; + 9c2)d? + 32768a3(5co + 5ey + 2ca) + 80ajas(8co + 3c1)d® + 270a1a3(8¢cy +

dey — co)dt 4+ 128a1a4(40cq + 25¢; — 1dez)d® + 432aza3(40co + 25¢1 + 4eg)d® + 10240aza4(4cy +
3C1)d2 + 17280&3&4(860 +7c1 + QCQ)CZ).
(v): Case r =4 (all four roots equal to d):

(a3(40cy + 10c; + c)d® + 256a3(10cy + 5ey + co)d* +

Ay =

WC = TL4(AQTL2 + Aln + Ao)dn

n

where
1
Ay = —
2 360()027
1
A = — 4
1 120b(61+ 82),
1
Ay = Eb(?)CO + 6c1 + 1162).

(d): m =4, s =3. Consider the sequence (W,,) defined by
Wp =a1tWp_1+aaWy_o+asW,_3+ asW,_4 + (03713 +ean? +en + co)bd".
(i): Caser =0 (no root equal to d):
W,? = (A3n® + Aon? 4+ An + Ag)d"

where

A3 _ C3 bd4

(a1d3 + G2d2 + a3d + a4 — d4) ’
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1
(a1d3 + agd? + azd + ay — d4)
1

A2 = — (Cde4 - 3(a1d3 + 2a2d2 + 3a3d + 40,4)143),

A =— bd* — 2(a1d® + 2a49d? + 3asd + 4a4)As + 3(a1d® + dasd?
1 (a1d3+a2d2+a3d+a4—d4)(61 (a1d?® 4 2a2d* 4 3asd + 4a4)As + 3(ar1d® + 4aqd® +

9a3d + 16@4)143),
1
Ao = - bdt — (ard? + 2a3d? + 3asd + 4ag) Ay + (ard® + dayd?
0 (a1d3+a2d2+a3d+a4_d4)(60 (al + 2a9 —+ as —+ a4) 1+(CL1 + 4as +
9asd + 16a4) Az — (a1d® + 8azd® + 27azd + 64as) As),

i.e.,
Aa — — Cgbd4
57 (a1d3 + a2d? + asd + ay — d*)’
bd
Ay = — (—82d4 + aq (02 + 363)d3 + GQ(CQ + 6C3)d2 + CL3((32 + 903)d +

(a1d3 + a2d2 + a3d + a4 — d4)2
(02 + 1263)0,4),
bd*
Ay =-— c1d® +a?(c1+2c0 +3¢3)d® +ad(cy +4eo +12¢3)d* + a2 (ci +
' (a1d3+a2d2+a3d+a4—d4)3( 1+ ag(er 200 o)A ay(er Fdea ¥ 12e5)d F ag(er
662+27C3)d2+ai(01-1-802-1-4803)—(11(201+202—3C3)d7—2a2(01+202—603)d6—a3(201+602—2763)d5—

2@4(01 +4co — 2403)d4 + a1a2(201 + 6co + 903>d5 + 2@1&3(01 + 4co + 303)d4 + CL1€L4(201 + 10¢o — 303)

d3 + asaz(2cy + 10cs + 33c3)d® + 2aza4(cy + 6co + 18¢3)d? + azas(2¢y + 1des + 69c3)d),

bd*
Ag =~ —cod™? +ad(co+c1+catc3)d® +ad(co+2cy +4co+8c3)db +
’ (a1d3 + agd? + azd + a4 —d4)4( ’ icotertezte) 2(co 1 2 3)

a3(co+3c1+9co+27c3)d® +a3(co+4cr +16ca+64c3) —a? (3co+2c1 —4ez)d —a3 (3co+4cy —32¢3)dS —

3a3(co+2c¢1 —36¢3)d® — aF(3co +8c1 — 256¢3)d* +ay (3co + 1 — ca + c3)dM +aa(3co +2¢1 — 4ea + 8cs)
d*® + 3az(co + c1 — 3ca + 9¢3)d? + aq(3co + dey — 16¢o + 64c3)d® — 2a1a2(3co + 3¢1 — c2 — 9c3)d? —
2a1a3(3co + 4cp — 4y — 8e3)d® — 2a1a4(3co + 5ep — 9o + 5ez)d” — 2azasz(3co + 5ey — ¢ — 5bes)d” —
2asa4(3co + 6¢; — 4cg — T2¢3)dS — 2a3a4(3co + Tep — ¢ — 161¢3)d® + a1a3(3co + 5eq + Teo + 5es)
d" + a2as(3co + 4y + 4eg + 4e3)d® + arad(3co + Tey + 1leg — 17¢3)d® + a2az(3co + 5ey + 3ca + 5es)
d” + 3ajai(co + 3c1 + Bea — 29¢3)d® + 3atag(co + 2¢1 + 4ez)d® + aza3(3co + 8ci + 20co + 44c3)
d*+a2a3(3co+Ter +15ca+31e3)d® + aga3 (3co +10cy +28¢a +40¢3)d? + aZay (3co +8cy + 162 +32¢3)
d*+aza3(3co+11e1+39ca+131c3)d+a3as(3co+10ct +32¢2+100c3)d? +2a azag (3co+6¢1 +8c2)d® +
2a1aza4(3co + Tey + Teg — ez )d® + 2arazaq(3co + 8¢y + 12¢o — 40c3)d* + 2azazaq(3co + 9eq + 23¢o +
45¢3)d?),

(ii): Caser =1 (exactly one root equal to d):

Wnc = TL(AgTLB + A2n2 + AlTL + Ao)dn

o Cgbd4
4 (a1d3 + 2a2d? + 3azd + day)
1

)

Ay = bd* + 6(d3 4d? 9d 16a4)A
2 3 (a1d3 + 2a9d? + 3a3d—|—4a4) (02 + ( a + az + 9das + a4) 3),
1
Ay = 2 (ard® + 2a2d2 + 3azd + 4aq) (c1bd* 4 3(d3ay + 4d%ay + 9das + 16a4) As — 4(ayd® + 8axd? +
27a3d + 64a4)As),

1
= bd* + (d3 4d? 9d 16a4) A1 — (a1d® +8asd® +27asd
(a1d?® + 2a2d? + 3asd + 4ay) (cobd” +(d°a1+4d*az+9das +16a4) A1 — (a1d” +8azd* +27azd+

64&4)A2 + (a1d3 + 16a2d2 + 8lasd + 256@4)143),

i.e.,
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A — Cgbd4
5Ty (a1d? + 2a2d? + 3azd + 4ay)’
bd*
Ay = a1(2co +3c3)d® +4as(co +3c3)d? + 3az(2c2 + 9cz)d + 8ay(ca +
= S (@rd® & 2aad® 1 Band + dar)? P2 2leaies) 262 9es)d - Saales
663)),
ba* 2 6 2 4 2
A = 3 (af(2¢1 +2co +c3)d° +8aj(c1 +2¢o +2¢3)d* +9a3(2¢1 +6c2 +

4 (a1d3 —+ 2a2d2 —+ 3a3d —+ 4(14)
9c3)d? + 32a3(cy + 4ea + 8¢3) + dajaz(2c; + 3ca + ¢3)d® + 6ajaz(2c; + deg — c3)d* + 8ajaq(2c; +

502 - 563)d3 + 12&2@3(201 + 562 + 563)d3 + 32&2@4(01 + 362 + 203)d2 + 24@3&4(261 + 702 + 1163)d),
bd*

B 6 (a1d3 + 2asd? + 3asd + 4&4)4

3c1 +3c2)d® +128a3 (3co + 6¢1 + 8cz) + 6ara3(12¢o + 10¢1 +4co — 3c3)d” +6a2as (6 + 4cy + c2)d® +

9a1a3(18co+21c1+T7ea—30c3)d+3a3az(18¢co+15¢; —co+6¢3)d” +24a1a3(12¢o+18¢1 +4ca—63c3)d> +

(a3(6co + 31 + c2)d? + 16a3(3co + 3e1 + 2¢2)d® + 81a3(2¢co +

36a2a4(2co+2c1 —ca+3c3)d® +18a2a3(18¢co+24c1 +19¢2 —6c3)d* +6a%az (36co+42¢1 +28c2 —3c3)d® +
192a2a3(3co + 5e1 + deg — 6¢3)d? + 96a3a4(3co + 4ey + 2c0)d* + 24aza3 (36¢q + 66¢1 + T6ca — 15¢3)d +
36a3a4(18¢cy + 30cy + 3lcg — 3¢3)d? + 12a1az2a3(18¢o + 18¢1 + 5eg — 9ez)d® + 24ayazay(12¢ + 14c¢q —
3c3)d® + 24a1azas(18¢co + 24c¢1 + Heg — 48¢3)d* + 24azazaq(36¢y + 5dcy + 40cp — 27c3)d?).

(iii): Case r =2 (exactly two roots equal to d):

WS = n2(A3n3 + A2n2 + Aln + Ao)dn

where
Aa — — Cgbd4
> 7 710 (a1d® + 4azd? + asd + 16ay)’
1
Ay = — bd* — 10(a1d® + 8a2d? + 27asd + 64a4)A
2 6 (a1d3 + 4a9d? + 9asd + 16@4) (02 (al + Sapa” + 2lase + a4) 3)’
1
Al = (clbd4—4(a1d3+8a2d2+27a3d+64a4)A2+5(a1d3+16a2d2+

B 3 (a1d3 + 4aod? + 9asd + 16&4)
8lasd + 256&4)143),
1
Ag = — bd* — (a1d? + 8axd? + 27asd + 64a4) A d3 + 16a,d?
0= (T daad? + 9ad 1 16ay) 00 ~ (01d” + 8azd™ 4+ 2agd + 6day) Ar + (ard” + 16a2d” +
81a3d + 256(14)142 - (a1d3 + 32a2d2 + 243a3d + 1024&4)143),

i.e.,
Ay — — Cgbd4
7 710 (a1 d® + daxd? + 9asd + 16a4)’
bd*
Ay = — a1 (co+c3)d3 +4as(co+2¢3)d? +9as(ca+3c3)d+ 16a4 (co +
? 6(a1d3 +4(12d2 + 9asd + 16@4)2( 1( ? 3) 2( 2 3) 3( 2 3) 4( 2
403))7

bd*

" 18(a1dB + 4azd? + 9azd + 16ay)
deg + 3e3)d? + 512a3 (3¢ + 8ca + 8¢3) + dajaz(12¢1 + 12¢o + ¢3)d® + 18aya3(6¢1 + 8ca — 3e3)d* +

= (aF(6¢1 +4co+c3)do+32a3 (31 +4ca+2¢3)d* +243a3 (2¢1 +

16a1a4(12¢1+20ce—19¢3)d3+36a2a3(12¢1 +20c2+9¢3)d® +256a2a4 (3¢1 +6ca+c3)d> +144aza4(12¢1 +
28¢co + 2163)d),

4
Ay = bd

90 (a1d3 + 4asd? + 9azd + 16a4)4
4e3)dS+6561a3(10co+10c1 +5c2 —3cz)d3 +8192a3 (45¢o +60c1 +40co —32¢3) +16a1a3(270co +150c; +

25c9 — 27¢3)d" + 40a3a2(27co + 12¢1 + c2)d® + 1215a1a%(18¢ + 14ey + ca — 9e3)d® + 9a3as(270cy +
150c; —25¢ +51c3)d” +768a1a3(90co +90c1 —Heg — 133¢3)d® +96a2 as(45¢o +30c; — 15¢o + 34e3)d® +
1944a2a3(45co +40c1 + 15¢2 — 12¢3)d* + 144a3a3(270co + 210c¢; + 652 — 33c3)d° + 2048a2a3 (135¢o +

(a3(90co 4 30c1 + 5ea — e3)d” + 128a3(45¢o + 30c; + 10co —
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150¢1 + 50c2 — 108¢3)d? + 2560a3a4(27co 4 24c1 + deg)d* + 11520aza3 (5dcy + 66¢1 + 3Tca — 33c3)d +
777603 a4(45¢ +50c1 + 252 — 18¢3)d? + 144ayazaz (135¢0 +90c1 + 5ea — 18¢3)d8 +128a;azaq(270co +
210c; — 35y + 27c3)d® 4 576a1a3a4(135¢y + 120c; — 5ea — 96¢3)d* + 1152aza3a4(270¢o + 270¢; +
85c0 — 99¢3)d).

(iv): Case r =3 (exactly three roots equal to d):

WC = n3(A3n3 + AQ?’LQ + Ain+ Ao)d"

n

where

4
A3 _ C3 bd

20 (a1d3 + 8&2d2 + 27a3d + 64@4) ’
1
(c2bd* + 15(ayd® + 16a2d? + 8lazd + 256a4) A3),

A =
> 7 10 (a1d® + 8asd? + 27azd + 64ay)
1

(Clbd4 + 5A2(a1d3 + 16a2d2 + 81a3d + 256@4) — 6A3(a1d3 +

A =
! 4 (a1d3 + 8asd? + 27asd + 64&4)
32a2d? + 243a3d + 1024ay)),
1
= (a1d3 S Sayd® 1 2Tasd + 640,4) (Cobd4 + (a1d3 + 16&2(12 + 8lasd+ 256a4)A1 - (a1d3 + 32(126[2 +

243asd + 1024@4)142 + (a1d3 + 64a2d2 + 729asd + 4096@4)143),

i.e.,
A = Cgbd4
5720 (a1 d® + Bagd? + 27asd + 64ay)’
bd*

(a1(4co + 3c3)d? + 16az(2co + 3c3)d? + 27az(4ca + 9cz)d +

A =
7 40 (ayd? + 8azd? + 27azd + 64as)?
256@4(02 + 3(23)),
bd*

160 (a1d® + 8agd? + 2Tasd + 64ay)
72903 (40c¢1 +60cs +27¢3)d* 4+ 32768a3 (51 + 10co + 6¢3) 4+ 160a1 az(4er +3ca)d® +270a1 a3 (8¢t +8ca —

3c3)d* + 256a1a4(20c; + 25¢0 — 21c3)d? + 864asa3(20c; + 25¢o + 6e3)d® + 20480aza4(2¢1 + 3¢ )d? +

34560a3a4(4cy + Tea + 3e3)d),
bd*

160 (a1d? + Bagd? + 27asd + 64ay)’
c3)d® +19683a3(160co +120c; + 36c2 — 27c3)d® +8388608a3 (5co + ey + 2¢2 — 2¢3) + 256a;1 a3 (120c0 +

50c1 +4cg — 5ez)d” + 16a2az(240cy + 80cy + 2¢2 + c3)d® + 729a1a2(480cq + 280¢; — 4cg — 91cs)d® +
27a2a3(480co + 200c; — 36¢o + 55¢3)d” + 98304aya3(20c + 15¢1 — 2co — 11ez)d® + 768a3ay(40co +
20c; — 9co + 17¢3)d® + 11664a2a3(240cy + 160c; + 34ea — 3lez)d* + 6912a3a3(120cy + 70c; +
12¢9 — Tez)d® + 524288asa2 (30co + 25¢; + 4ca — 10c3) d? + 65536a3a4 (30cq + 20cy + 2 + ¢3) d* +
884736a3a3 (60co+55c1 +18ca—19¢3)d+186624a3a4(120co+100c; +29co —25¢3)d?+864ay azas (240co+
120¢1 —2¢2 —9c3)d® +8192a1 azas (60co +35¢1 — Tea + Tez)d® +13824aq azaq (120co +80ct — 9z —29¢3)
d* + 221184aza3a4(60cy + 45¢1 + Tea — 9cz)d?).
(v): Case r =4 (all four roots equal to d):

Ay = (a3(40¢y + 20c; + 3c3)d® + 256a3(10¢; + 10¢; + 3c3)d* +

Ag (a3(160co +40c; +4ca — c3)d® +4096a3 (20co + 10¢1 +2co —

WC = n4(A3n3 + A2n2 + A17’L + Ao)dn

n



A NOTE ON EXPLICIT PARTICULAR SOLUTIONS 19

where
1
A3 = —b
3 840 C3,
1
Ag = %b(CQ + 603),
1
A = — 4 11
1 120b(01 +4cg + 1le3),
1
Ay = ﬁb(?)Co +6¢1 + 11eg + 18c¢3).
Summary and Conclusion
This  study examined explicit particular solutions of generalized Leonardo-type recurrence relations

subject to polynomial-exponential inputs. By extending Theorem 1.2, we provided closed-form expressions for
the low-order cases m = 3,4, thereby demonstrating how the general framework specializes into concrete compu-
tational examples. These derivations emphasize the interaction between characteristic polynomials, root multi-
plicities, and resonance effects, and they illustrate how classical recurrence identities can be unified with modern

symbolic approaches.

The relevance of recurrence sequences extends well beyond pure mathematics. As noted, they arise naturally
in physics (wave propagation and resonance phenomena), engineering (signal processing and control systems),
architecture (proportional design and fractal structures), biology (growth models and ecological dynamics), com-
puter science (algorithmic complexity and combinatorial enumeration), and even in artistic domains such as music
and visual design. Homogeneous relations capture intrinsic system dynamics, while non-homogeneous relations
incorporate external influences, making them indispensable tools for modeling real-world processes.

The contribution of this manuscript lies in presenting clear and practical methods for constructing particular
solutions of generalized recurrences with polynomial-exponential inputs. By offering explicit formulas for differ-
ent cases, the work simplifies abstract theoretical ideas and enhances understanding of central notions such as
characteristic roots and resonance. These results are not only mathematically significant but also applicable in
areas such as computer science and engineering.

The explicit examples derived from Theorem 1.2 play a dual role. They serve as verification of the gen-
eral theorem and as pedagogical illustrations that clarify symbolic formulas through step-by-step computations.
Working through low-order recurrences reveals how resonance modifies solutions and how polynomial-exponential
inputs interact with characteristic roots. In this way, the examples bridge theory and application: they confirm
the robustness of the framework, highlight resonance phenomena, and provide templates for interdisciplinary
modeling. Their clarity also makes them suitable for inclusion in textbooks, where they can guide learners from
abstract theory to concrete applications.

Beyond their theoretical significance, the examples provide both didactic and practical value. For teaching,
they offer accessible cases that allow students to engage directly with non-homogeneous recurrences without
excessive computation. For research, they supply resonance-aware formulas and explicit derivations that can be
adapted to new problems in mathematics, computer science, engineering, and physics. Thus, the results contribute
simultaneously to pedagogy and applied research, strengthening the originality, accessibility, and impact of the

manuscript across multiple domains.
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While the iterative framework developed here yields explicit polynomial-exponential-type particular solutions
for generalized Leonardo-type sequences, its scope remains limited to inputs of polynomial-exponential form.
Extending the method to non-polynomial-exponential inputs, such as trigonometric functions, would require
further refinement. Moreover, although the framework clarifies resonance phenomena and multiplicity corrections,
the computational complexity grows rapidly for higher-order recurrences, which may restrict practical use without
the aid of computer algebra systems.

At the same time, the methodology opens promising directions for future work. It can be integrated into
symbolic computation platforms, employed to validate classical identities in recurrence theory, and applied in
interdisciplinary contexts such as coding theory, cryptography, and discrete modeling in physics and biology. By
acknowledging current limitations and outlining avenues for extension, the study provides a balanced perspective:

it consolidates the contribution of the present results while pointing toward further exploration and development.

References

[1] Abd-Elhameed, W.M., Alqubori, O.M., Alluhaybi, A.A., Amin, A.K., Novel Expressions for Certain Generalized Leonardo
Polynomials and Their Associated Numbers, Axioms, 14, 286, 2025. https://doi.org/10.3390/

[2] Catarino, P., Borges, A., On Leonardo Numbers, Acta Mathematica Universitatis Comenianae, 89(1), 75-86, 2020. Available
online at: http://www.lam.fmph.uniba.sk/amuc/ojs/index.php/amuc/article/view/1005/650.

[3] Dikmen, C.D., Properties of Gaussian Generalized Leonardo Numbers, Karaelmas Science and Engineering Journal, 15(1),
134-145, 2025. DOI: 10.7212/karaclmasfen.1578154

[4] Gocen, M., Soykan, Y., On Generalized Avicenna Numbers, Mathematical Methods in the Applied Sciences, 0:1-17, 2025.
https://doi.org/10.1002/mma.11103

[5] Gokbas, H., k-Leonardo Numbers, Palestine Journal of Mathematics, 13(4), 1427-1435, 2024.

[6] Isbilir, Z., Akyigit, M., Tosun, M., Pauli-Leonardo Quaternions, Notes on Number Theory and Discrete Mathematics, 29(1),

1-16, 2023. DOI: 10.7546/nntdm.2023.29.1.1-16

Jeske, J.A., Linear Recurrence Relations, Part I, The Fibonacci Quarterly, 1(2), 69-74, 1963.

=

Jeske, J.A., Linear Recurrence Relations, Part II, The Fibonacci Quarterly, 1(4), 34-39, 1963.

]
]
[9] Jeske, J.A., Linear Recurrence Relations, Part III, The Fibonacci Quarterly, 2(3), 197-203, 1964.
| Kuhapatanakul, K., Chobsorn, J, On the Generalized Leonardo Numbers, Integers 22, 2022, # A48.
| Kuhapatanakul, K., Ruankong, P., On Generalized Leonardo p-numbers, Journal of Integer Sequences, 27, Article 24.4.6, 2024.
| Prasad, K., Kumari, M., The Leonardo Polynomials and Their Algebraic Properties. Proceedings of the Indian National Science
Academy, 2024. https://doi.org/10.1007/s43538-024-00348-0
[13] Shannon, A.G., A Note On Generalized Leonardo Numbers, Notes on Number Theory and Discrete Mathematics, 25(3), 97-101,
2019. DOI: 10.7546 /nntdm.2019.25.3.97-101
[14] Shannon, A.G., Deveci, O., A Note on Generalized and Extended Leonardo Sequences, Notes on Number Theory and Discrete
Mathematics, 28(1), 109-114, 2022. DOI: 10.7546 /nntdm.2022.28.1.109-114
[15] Shannon, A.G., Shiue, P.J.S., Huang, S.C., Notes on Generalized and Extended Leonardo Numbers, Notes on Number Theory
and Discrete Mathematics, 29(4), 752-773, 2023. DOI: 10.7546 /nntdm.2023.29.4.752-773
[16] Soykan, Y., Generalized Horadam-Leonardo Numbers and Polynomials, Asian Journal of Advanced Research and Reports, 17(8),
128-169, 2023. https://doi.org/10.9734 /ajarr/2023/v17i8511
[17] Soykan, Y., Interrelations between Horadam and Generalized Horadam-Leonardo Polynomials via Identities, International Jour-
nal of Advances in Applied Mathematics and Mechanics, 11(1), 42-55, 2023. ISSN: 2347-2529
[18] Soykan, Y., Generalized Leonardo Numbers, Journal of Progressive Research in Mathematics, 18(4), 58-84, 2021.


yukse
Highlight


A NOTE ON EXPLICIT PARTICULAR SOLUTIONS 21

Soykan, Y., An Extensive Study on Generalized Leonardo Numbers and Polynomials, International Journal of Advances in
Applied Mathematics and Mechanics, 13(3), 51-250, 2026.

Soykan, Y., Leonardo Polynomials and Numbers: Solutions, Linearizations, and Generating Functions, International Journal of
Advances in Applied Mathematics and Mechanics, 13(4), 80-222, 2026. https://doi.org/10.26541/ijaamm.2026.130408
Ozimamoglu, H., On Leonardo Sedenions, Afrika Matematika (2023) 34:26, 2023. https://doi.org/10.1007/s13370-023-01065-5
Ozkan, E., Akkus, H., Generalized Bronze Leonardo Sequence, Notes on Number Theory and Discrete Mathematics, 30(4),
811-824, 2024. DOI: 10.7546 /nntdm.2024.30.4.811-824



