


Anti-Frobenius Algebras and anti-Bialgebras

Abstract

We introduce the notion of g-generalized associative algebras, which unifies associative
(¢ = 1) and antiassociative (¢ = —1) structures, and investigate their bimodule and matched
pair theories. Specializing to antiassociative algebras, we develop the double construction of
quadratic antiassociative algebras — termed anti-Frobenius algebras — by equipping the
direct sum A® A" with a compatible antiassociative product and a non-degenerate symmetric
invariant bilinear form.

We prove that such double constructions are equivalent to matched pairs of antiassociative
algebras and to antisymmetric infinitesimal anti-bialgebras, characterized by suitable
co-derivation and antisymmetry conditions on the comultiplication. Furthermore, we establish
a direct link to Mock-Lie structures: the anticommutator of an anti-Frobenius algebra yields
a Manin triple of Mock-Lie algebras, and the corresponding antisymmetric infinitesimal anti-
bialgebra induces a Mock-Lie bialgebra via symmetrization of the comultiplication.

A detailed low-dimensional example and a relation analysis highlight the analogies and
distinctions with classical Frobenius and Mock-Lie bialgebra theories.
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1 Introduction

The concept of antiassociative algebras was first introduced in the literature by Okubo and Kamiya
in [14]. They outlined the essential properties of these algebras and introduced the framework of
Jordan-Lie (super) algebras, which are closely related to both Jordan-super and antiassociative
algebras. Subsequently, in 2014, M. Markl and E. Remm [13] explored the Koszulness of operads
for n-ary algebras, focusing specifically on the antiassociative operation. This operation, defined as
(ab)c+a(be) = 0 for all a, b, ¢, revealed that the corresponding operad is not Koszul. Consequently,
while standard cohomology lacks meaningful interpretation, deformation cohomology coincides
with triple cohomology [6l[7], which governs the deformations of antiassociative algebras. Related
structures have been intensively studied (see 4], 8], [9], [10], [12])

More recently, P. Zummanovich [15] introduced the notion of Mock-Lie algebras, a class of
commutative algebras satisfying the Jacobi identity. These algebras had previously appeared
in the literature under various names (see [15] and [5] for details). Zummanovich highlighted
two notable properties of Mock-Lie algebras. First, algebras over the operad Koszul dual to the
Mock-Lie operad can be characterized equivalently as:

e anticommutative antiassociative algebras,
e anticommutative 2-Engel algebras (satisfying (zy)y = 0),

e anticommutative alternative algebras.



Second, Mock-Lie algebras can be constructed from antiassociative algebras in much the same
way as they are from associative ones, establishing a strong connection between these two classes.

The study of Frobenius algebras and antisymmetric infinitesimal bialgebras by C. Bai in [1]
further enriches this field. A symmetric Frobenius algebra is an associative algebra A equipped
with a non-degenerate symmetric invariant bilinear form. In contrast, an infinitesimal bialgebra
is a triple (A, m,A) where (A, m) is an associative algebra, (A, A) is a coassociative coalgebra,
and the compatibility condition

A(ab) = Zabl ® b2 + a1 ® agb

holds for all a,b € A. These bialgebras were initially introduced by Joni and Rota [11] to provide
a foundation for the calculus of divided differences, and subsequent work has identified additional
examples and applications.

The importance of antiassociative algebras extends beyond their role in the construction of
Mock-Lie algebras. Their deformations, governed by triple cohomology, offer insights into their
structure and applications [6,/7]. Establishing antiassociative bialgebra structures, particularly in
low dimensions, may provide a more robust framework for understanding related mathematical
constructs. The cohomology and deformation theories of Mock Lie algebras were studied in [2]. In
this work, a cohomology theory based on two operators, called zigzag cohomology, was constructed,
and low-degree cohomology spaces were detailed. Further, bialgebras, the Yang-Baxter equation,
and Manin triples for Mock-Lie algebras were investigated in [3]. A Manin triple of Mock-Lie
algebras is precisely equivalent to the structure of a Mock-Lie bialgebra, establishing a fundamental
correspondence between the two frameworks [3].

In this paper, we define g-generalized associative algebras, along with their related algebraic
structures such as bimodules and matched pairs. Additionally, we explore the double constructions
of quadratic antiassociative algebras, referred to as the double construction of anti-Frobenius alge-
bras, drawing inspiration from Bai’s pioneering methodology on Frobenius algebras. We demon-
strate that the anticommutator derived from the double construction of an anti-Frobenius algebra
naturally forms a Manin triple, thereby establishing a Mock-Lie bialgebra. Moreover, this double
construction exhibits a range of properties analogous to those of a Mock-Lie bialgebra, and it is
fundamentally equivalent to an antisymmetric infinitesimal anti-bialgebra.

The paper begins in Section 2 with a review of the foundational ideas and properties of g¢-
generalized associative algebras, including an exploration of their bimodules and matched pairs.
Section 3 then examines the double constructions of anti-Frobenius algebras, providing a deeper
understanding of their unique structural aspects. In Section 4, the focus shifts to antisymmetric
infinitesimal anti-bialgebras, with a detailed presentation of their defining features. Section 5 offers
a relation analysis of antiassociative and Mock-Lie bialgebras, highlighting their connections.

Throughout this paper, K is a field of characteristic 0.

2 g¢-generalized associative algebras

2.1 Preliminaries

Definition 2.1 Let ”-” be a bilinear product in a vector space A. Suppose that it satisfies the
following law:

(@ y) z=—z-(y-2) (2.1)

Then, we call the pair (A,-) an antiassociative algebra. Combining both associative (q=1) and
antiassociative (q=-1) cases, any algebra A satisfying

is called a g-associative algebra.



Definition 2.2 [15] An algebra (A, o) over K is called mock Lie if it is commutative:
roy=you, (2.2)
and satisfies the Jacobi identity:
(xoy)oz+ (zox)oy+ (yoz)ox =0 (2.3)
for any x,y,z € A.

Theorem 2.3 [15] Given an antiassociative algebra (A, -), the new algebra At with multiplication
give by the ”anticommutator”

aob=(a-b+0b-a),
is a mock-Lie algebra.

So, it follows from Theorem2.3| that an antiassociative algebra is an admissible Mock Lie
algebra.
Now, let us give a generalized definition.

Definition 2.4 Let (A,-) be an algebra over field K. (A,-) is called g-generalized associative
algebra when it satisfies the following law:

(z-9)-2 = qz-(y-2),q € K - {0}, (2.4)
Example 2.5 Let (A, o) be a Zinbiel algebra, that is for all x,y,z € A, we have
(xoy)oz==zo(yoz)+xo(z0y).
If 707 is commutative, we have
(woy)oz=ao(yoz)+ro(yoz)=2ro(yoz)

Hence, a commutative Zinbiel algebra is a 2-generalized associative algebra.

2.2 Bimodules and matched pairs of ¢-generalized associative algebras

Definition 2.6 Let A be a g-generalized associative algebra and let V be a wvector space. Let
lr,A— gl(V) be two linear maps. V (or the pair (I,r), or (I,7,V)) is called a bimodule of A if

Yr(y)r(z)o, l(x)r(y)v = ¢ 'r(y)l(z)v

Wzy)v = gl(@)l(y)v, r(zy)v = ¢~
forallz,ye A,ueV.
Remark 2.7 Let A be a q-generalized associative algebra and (1,7, V) the bimodule of A
e For the particular case of g =1, (I,r,V)) is a bimodule of associative algebra A ie
Wzy)v = 1(x)l(y)v, r(zy)v = r(y)r(z)v, l(x)r(y)v = r(y)l(z)v, Ve,ye AveV, (2.5)
which is well known in the litterature.
o When ¢ =—1, (I,r,V)) is a bimodule of antiassociative algebra A ie
lzy)v = =l(@)l(y)v,r(zy)v = —r(y)r(z)v, (z)r(y)v = —r(y)l(z)v (2.6)

forallz,ye A,veV.



o When q=2, (I,r,V)) is a bimodule of a commutative Zinbiel algebra of A ie
1 1
l(zy)v = 2U(2)l(y)v, r(zy)v = Fry)r(@)v, lz)ry)v = 5ry)iz)v, Yo,y € AveV. (2.7)

Proposition 2.8 (I,7,V) is a bimodule of a q-generalized associative algebra A if and only if the
direct sum A @V of vectors spaces is turned into a q-generalized associative algebra by defining
multiplication in A®V by

(x4+a)x(y+db)=z-y+ ((z)b+r(y)a)
forallx,y € A,a,be V.
Proof: We have:

[(z1 4+ v1) * (g +v2)] * (k3 +v3) = (21 22) x5+ (a1 - 22)v3
+r(xs)(l(z1)v2) + r(zs)(r(z2)v1)
= qu1- (22 x3) + ql(z1)l(22)vs
+ql(z1)r(zs)vs + qr(ze - z3)01
= q(z1+v1) *[(z2 + v2) * (23 + v3)]

for all z1,x2,x3 € A, v1,v9,v3 € V.

We denote such g-generalized associative algebra (A @ V, %) by A x;, V or simply A x V. .
Lemma 2.9 Let (I,7,V) be a bimodule of a q-generalized associative algebra A.
(i) Let I*,r* : A— gl(V*) be the linear maps given by
" (z)u*,v) = ({(z)v,u”), (r*(x)u*,v) = (r(z)v,u”) (2.8)

forallx € A, u* € V¥, v € V. Then, (¢ %r*,¢*l*,V*) is a bimodule of A.
(ii) (1,0,V), (0,7, V), (g~ 2r*,0,V*) and (0,¢*I*,V*) are bimodules.

Proof: Let (I,7,V) be a bimodule of a g-generalized associative algebra A. Show that (¢~2r*, ¢*I*, V*)
is a bimodule of A. Let z,y € A,u* € V*, v € V, we have

(i)

—2, %

(a7 (ay)u”,v) = (¢

r(zy)v,u’) = (¢ r(y)r(z)v,u”) = (g(a*r*) (@) (g ) (y)u*,v)
leading to ¢—r* (zy)u* = q(q~r*) () (¢ ?r*) (y)u’*;
(i)
(@1 (zy)u*,v) = (@l(zy)o,u”) = (CU)l(y)v,u") = (¢ (@) () (@) (@)u",v)
giving ¢*I* (zy)u* = ¢~ (¢*1*) (y) (¢°1*) (x)u*;
(i)
(@) (@) (@) (y)u*,0) = Uy)r(z)v, u) = (¢ r(@)l(y)v, u) = (¢ P (y) (@) (@)u”,v)

providing that (¢7%r*)(z)(¢*1*)(y)u* = ¢~ (¢*1*)(y) (¢~ *r*)(x)u*. Hence, (¢ >r*, ¢*I*, V™)
is a bimodule of A.

Similarly, we can show also that (1,0, V), (0,7, V), (g~ 2r*,0,V*) and (0, ¢?l*,V*) are well bimod-

ules of A.
O



Remark 2.10 o For g =1 we obtain a bimodule dual of an associative algebra which is well
known in [1).

e Forq = +1 the dual bimodule of a bimodule of an antiassociative algebra A and of a bimodule
of an associative algebra A are equal ie (r*,1*,V*).

Example 2.11 Let (A,-) be a g-generalized associative algebra. Let L.(z) and R.(x) denote the
left and right multiplication operators, respectively, that is, L.(z)(y) =z -y, R.(x)(y) =y - z. For
any z,y € A. Let L. : A — gl(A) with x — L.(z) and R. : A — gl(A) with x — R.(z) (for every
x € A) be two linear maps. Then (L.,0),(0,R.) and (L., R.) are bimodules of A too.

Theorem 2.12 Let (A,-) and (B,0) be two q-generalized associative algebras. Suppose that there
are linear maps la, 74 : A — gl(B) and lg,r5 : B — gl(A) such that (Ia,7.4) is
a bimodule of A and (Ig,rg) is a bimodule of B, satisfying the following conditions:

La(z)(aob) = ¢ a(rs(a)z)b+q " (La(z)a) o b, (2.9)
ra(z)(aob) = qra(ls(b)z)a + qao (ra(z)b), (2.10)

Is(a)(z -y) = ¢ 'ls(ra(z)a)y +q (Is(a)z) -y, (2.11)
rg(a)(z - y) = qre(la(y)a)z + gz - (re(a)y), (2.12)
La(ls(a)z)b + (ra(z)a) o b — qra(rs(b)z)a — qao (Ia(x)b) =0, (2.13)
Is(la(z)a)y + (rs(a)z) -y — qre(ra(y)a)z — gz - (Is(a)y) = 0 (2.14)

for any x,y € A,a,b € B. Then, there is a q-generalized associative algebra structure on the direct
sum A @ B of the underlying vector spaces of A and B given by

(x+a)(y+b) = (z-y+Isla)y+rab)z) + (aob+la(x)b+raly)a) (2.15)

forallz,y € A a,b € B. We denote this q-generalized associative algebra by A D<1lA T;“ B or simply
A B.

Proof: We have:

(z+a)«(y+b)x(z+c) = [(z-y+isla)y+rsbd))
+(aob+1a(x)b+ra(y)a)]* (2 +c)
= (z-y)-z2+(s(a)y) =+ (ra(b)z) - =
+p(aob)z +lp(la(z)b)z + lg(ra(y)a)z
+rp(c)(z - y) + re(c)(ls(a)y) + re(c)(rs(b)z)
+ao(boc)+ (la(x)b)oc

+(la(@)b) oc+ (ra(y)a)oc
+Ha(z-y)e+1la(ls(a)y)c
Ha(rs(b)z)c+ra(z)(aob)
+ra(2)(la(x)b) +7ra(2)(ra(y)a)

and

gz +a)[(y+0)x(z+0)] = ql@+a)x[(y-z+15(b)z+rs(c)y)
+(boc+la(y)e+ra(2)b)]
= qr-(y-2)+qr-(5b)2) + gz - (rs(c)y)



als(a)(y - z) + qls(a)(Is(b)2) + qls(a)(rs(c)y)
gre(boc)x + qre(la(y)c)x + qre(ra(z)b)z
gaoboc+qgao (la(y)ec) + qao (ra(z)b)
gla(z)(boc) + gla(x)(a(y)e)gla(z)(ra(2)b)
+qra(y - z)a+ qra(lz(d)z)a + qra(re(c)y) o a.

Then ((z +a) * (y + ) * (= + ) = qla +a) * ((y + b) * (= + ). .

Definition 2.13 Let (A,-) and (B, o) be two q-generalized associative algebras. Suppose that there
are linear mapsla,ra: A — gl(B) andlp,rp : B — gl(A) such that (1a,7.4) is a bimodule of A and
(Ig,r5) is a bimodule of B. If the equations @ m are satisfied, then (A, B,la,74,l5,758)
is called a matched pair of q-generalized associative algebras.

Remark 2.14 In the previous definition

o forq=1, (A B,la,r4,l5,78) is called a matched pair of associative algebras which is well
known in [(1J;

o forq=—1, (A,B,la,74,l5,7m5) is called a matched pair of antiassociative algebras;
o when g =2, (A,B,la,74,l5,78) is called a matched pair of a commutative Zinbiel algebras.

It would be interesting to establish a double construction of g-generalized Frobenius algebras if it
is possible to find a compatible natural non-degenerate invariant symmetric bilinear form. Thus,
in the following, we take ¢ = —1 because the case ¢ = 1 is made in [1].

3 Double constructions of anti-Frobenius algebras

Definition 3.1 We call (A, B) a double construction of an anti-Frobenius algebra associated to
Ay and A§ if it satisfies the conditions

(1) A=Ay ® A} as the direct sum of vector spaces;
(2) Ay and Aj are antiassociative subalgebras of A;

(8) B is the natural non-degenerate invariant symmetric bilinear form on Ay ® A5 given by
B(x+a",y+0b") = (z,b") + (a*,y) (3.1)

for all x,y € Aq,a*,b* € AT where (,) is the natural pair between the vector space A; and
its dual space Aj.

Let (A, ) be an antiassociative algebra. Suppose that there is an antiassociative algebra structure
7 0o” on its dual space A*. We construct an antiassociative algebra structure on the direct sum
A @ A* of the underlying vector spaces of A and A* such that (A,-) and (A*, o) are subalgebras
and the symmetric bilinear form on A & A* given by is invariant. That is, (A ® A*,B)
is an anti-Frobenius algebra. Such a construction is called a double construction of a quadratic

antiassociative algebra associated to (A, ) and (A*, o) and we denote it by (A & A*, B).

Theorem 3.2 Let (A, ) be an antiassociative algebra. Suppose that there is an antiassociative
algebra structure ” o7 on its dual space A*. Then, there is a double construction of an anti-
Frobenius associated to (A,-) and (A*,0) if and only if (A, A*,R*,L*, R}, L) is a matched pair

of antiassociative algebras.



Proof: Let us consider the four maps
LT A= gl(A%), (L7 (z)u”,v) = (L.(z)v,u”) = (zv,u’),
RY : A = gl(A"), (R (2)u",0) = (R.(a)v,u”) = (va,u’),
R: A" = gl(A), (R (2", v*) = (Ro(2™ 0", u) = (v* 0 2", u),
L A" = gl(A), (L (2" )u,v™) = (Lo(a*)0",u) = (2% 0 v*, 1),

for all z,v,u € A, z*,v*,u* € A*. If (A, A*,R*,L* R: L}) is a matched pair of antiassocia-
tive algebras, then the bilinear form B(-,-) defined by the equation is invariant on the
antiassociative algebra A Ng* i A* with its product * given by the equatlon 1) that is

Bl(z+a*)x(y+b*), (z+c*)] = B[(sc—i—a ), (y+b*)x(z+c*)], where B(z+a*, y+b*) = (x,b*)+(a*, y),
forall z,y € A*,a*,b* € A* and (z+a*)x(y+b*) = (z-y+ip(a)y+ra(b)x)+(acb+l4(z)b+ra(y)a)
with [4 = R*,rq = L*,lg = R}, r3 = L. Indeed, we have

Bl(z+a")* (y+0b7), (2 +c")] = Bz y+la-(a")y+ra(b")z) + (a* 0 b
Hoa(z)b* +ra(y)a”), z + ']
= ((z-y+la-(a")y +ra(b)z),c")
+((@* 00" +1a(z)b" +ra(y)a”),z)
= (z-y, ")+ (la-(@)y,c") + (ra- (b)), c")
+(a® 0b", z) + (la(z)b", z) + (raly)a®), z)
= (z-y,c)+{c"oa™,y)+ (b"oc", x)
+(@ ob*,2) + {(z-z,0") + (y - z,a)

and

Blz+a™, (y+b")x(z+c")] = Blr+a", (y-z+1a(b")z+1a-(c")y)

+(0* o c® + la(y)c* +ra(2)b*)]

= (z,(b*oc* +1a(y)c* +ra(2)b"))
(Y- 2+ la- (b%)z + rax(cMy, a”)

= (20" oc") + (z,la(y)c”) + (z,7.4(2)b"))
(Y- z,a") + (la-(b7)2,a") + (ra-(c")y,a”)

= (x,b"oc")+(c",z-y)+(b",z 1)
+<y-Z,CL*> —|—(a*ob*, >+<C ca ay>

Thus, B is well invariant. Conversely, set
xxa* =lyg(x)a” +rg(a*)x, 0 xx =1l (a")x + 7ra(x)a”,

for x € A,a* € A*. Then, (A, A*, R*, L*, R}, L) is a matched pair of antiassociative algebras,
since the double construction of the anti-Frobenius algebra associated to (A,-) and (A*, o) pro-

duces the equations (2.9)) - (2.14).

O

Theorem 3.3 Let (A, ) be an antiassociative algebra. Suppose that there is an antiassociative
algebra structure ” o” on its dual space A*. Then, (A, A*, R*, L* R L%) is a matched pair of
antiassociative algebras if and only if for any x € A and a*,b* € A*,

Li(a")(z - y) = —Lo(R*(y)a*)z — x - (Lg(a™)y), (3.2)

RI(R™(z)a™)y + (Lg(a™)z) -y = —Lo(L(y)a® )z — = - (R:(a)y) (3.3)



Proof: Obviously, (3.2) gives (2.9) and (3.3 reduces to (2.13) whenlq = R*,r4 = L*,lg =14+ =

R, rp =14+ = L}. Now, show that

2.9) = (2.10) <~ (2.11) <= (2.12)
and (2.13) < (2.14)).

Suppose (2.9)) and (2.13)) are satisfied and show that one has:
L (@)(@" o) = ~L*(R3(0)o)a” — a o (L ()b
o(a)z) -

Ri(z - y) = —R3(L*(2)a")y — (R5(a)x
R (2)(a” 0b") = — R (Li(a")a)b" — (R (x)a") o ",
R*(Ri(a™)x)b* + L (z)a™ o b* + L*(L5(b")z)a™ + a* o (R*(x) *)=0.

We have :
(R*(z)a",y) = (L*(y)a",x) = (y - ,a"); (Rg(b")w,a”) = (L5(a")x,b") = (a” o 0", z)
for all x,y € A, a*,b* € A*.Then

(i)
(R*(x)(a" o b%),y) = (y - x,a” 0 b") = (L"(y)(a” 0 b*), x);
(=R (Lo(a®)a)b™, y) = (~L*(y)b", Lo (a")x) = (~a” o (L" (y)b"), z)
(=(R*(z)a™) o b",y) = (=R (x)a”, R5 (b")y) = (—=L" (R (b")y)a”, z)
leading to > (2.10);
(i)
(L*(y)(a® o b%),x) = (=a”o(L*(y)b*), z) + (—L"(R5(b")y) - x,a")
= (=Ro(L*(y)b")z,a") + (=(Ro(b")y) - x,a”)
= (RS(V")(y-=),a%)
giving = ;
(iii)
(R*(z)(a" 0 b"),y) = (=R*(Lg(a®)x)b",y) + (—(R"(x)a”) 0 b",y)
= (=y-Lo(a®)z,b") + (Lo (R* (z)a”)y, b)
= (Lg(a®)(y - x),b")
providing that <= ;
(iv)

(LH (Lo (b )x)a”, y) = ((Lo(b")x) -y, a%); (a” o
((L*(z)a™) 0%, y) = (Ro(b")y, L™ (z)a”) = (2 - ;
(B (Rs(a™)z)b",y) = (L (y)b*, R (a™)x) = (L5 (L7 (y)b")x, a”)

implying that (2.13) <= (2.14]).

4 Antisymmetric infinitesimal anti-bialgebras

Definition 4.1 Let Vi, V5 be two vector spaces. For a linear map ¢ : Vi — Vo, we denote the
dual (linear) map by ¢* : Vo — Vi* given by

(v,9"(u")) = ((v),u")

forallv e Vi, u* € Vy'.



Let A be an antiassociative algebra. Let 0 : A® A — A® A be the exchange operator defined as

oclz®y)=y®z, Vr,y < A

Theorem 4.2 Let (A,-) be an antiassociative algebra. Suppose there is an antiassociative al-

”

gebra structure ” o” on its dual space A* given by a linear map A* : A* @ A* — A*. Then,
(A, A*, R* L*, R, L) is a matched pair of antiassociative algebras if and only if A : A — AR A
satisfies the following two conditions:

Az -y) = =(id® L(x)) A (y) — (R(y) @ id) A (z), (4.1)

(L(y) ®id+1d ®@R(y))A(z) + o[(L(z) @ id +id ®R(x))A(y)] = 0 (4.2)
for all x,y € A.

Proof: For any z,y € A and any a,b € A*, we have
(A(z-y),a®b) = (z-y,aob),=(L(a)(z - y),b),

(=(R.(y) @id)A(z),a @ b) = (z, =(RI(y)a) o b) = (=L5 (R (y)a)z,b),
(—(d@L.())A(y),a @ b) = (y, —ao (L7 (2)b)) = (—z - (Ls(a)y), ).

Then Eq. (2.9) is equivalent to Eq. (4.1). Moreover, we have

0(1d®R( )A(Y),a@b) = (y,bo (R¥(z)a)) = (RS (R’ (z)a)y,b),
id®R.(y))A(z), a @ b) = (z,a0 (R (y)b)) = ((Ls(a)z) - y,b),
o(L.(x) ©1d)A(y),a @ b) = (y, (L' (z)b) 0 a) = (z - (R:(a)y), D),
(L.(y) ®id)A().a ® b) = (2. (L (y)a) 0 b) = (L3 (L’ (y)a)z.b).

Then Eq. (2.10) is equivalent to Eq. (4.2). Hence the conclusion holds.

(
(
(
(

O

Remark 4.3 From the symmetry of the antiassociative algebra (A, -) and (A*,*) appearing in the
double construction, we can also consider the operation 3 : A* — A*®QA* such that f* : AQA — A
gives an antiassociative algebra structure on A. Thus, /\ satisfies the equations and if
and only if B satisfies

Bla* o b") = —(id ®Lo(a*))B(b) — (Ro(b*) @id)B(a”),
(Lo(b*) @ id +id @ R0 (b™))B(a*) + o (Lo(a*) ® id +id @ Rs(a™))B(6*)] = 0

for all a*,b* € A*.

Definition 4.4 Let A be an antiassociative algebra. An antisymmetric infinitesimal anti-
bialgebra structure on A is a linear map AN : A — A® A such that

(a) AN : A* @ A* — A* defines an antiassociative algebra structure on A*;
(b) A satisfies and ({-9).
We denote it by (A, A) or (A, A¥).

Corollary 4.5 Let (A,-) and (A*,0) be two antiassociative algebras. Then, the following condi-
tions are equivalent.

(1) There is a double construction of an anti-Frobenius algebra associated to (A,-) and (A*,0);

(2) (A, A*, R*, L* R L%) is a matched pair of antiassociative algebras;
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(8) (A, A*) is an antisymmetric infinitesimal anti-bialgebra.
Proof: It follows from Theorems 2.12] and [£.21 O

Definition 4.6 Let (A, A4) and (C,Ac) be two antisymmetric infinitesimal anti-bialgebras. A
homomorphism of antisymmetric infinitesimal anti-bialgebras ¢ : A — C is a homomor-
phism of antiassociative algebras such that (¢ @ ©)Aa(z) = Ac(p(x)) for all z € A.

An isomorphism of antisymmetric infinitesimal anti-bialgebras is an invertible homo-
morphism of antisymmetric infinitesimal anti-bialgebras.

Definition 4.7 Let (A; < Af,By) and (Ay >t A5, Bs) be two double constructions of anti-
Frobenius algebras. They are isomorphic if and only if there exists an isomorphism of antias-
sociative algebras ¢ : A; b1 A7 — Ag > A5 such that

o(A1) = Az, o(AT) = A3, Bi(x,y) = Ba(p(2), ¢(y))
for all z,y € (A 1 AY).

Proposition 4.8 Two double constructions of anti-Frobenius algebras are isomorphic if and only
if their corresponding antisymmetric infinitesimal anti-bialgebras are isomorphic.

Proposition 4.9 Let (A, A) be an antisymmetric infinitesimal anti-bialgebra. Then, its dual
(A*, B) given in Remark is also an antisymmetric infinitesimal anti-bialgebra.

Example 4.10 Let {e1,...,en} be a basis of A and {e7,...,e},} be its duals basis. Set e; - e; =
Sk chen and ef oef =300 fler. Therefore, we have A(ex) = Y7, fliei @ e

n n
R*(e;)ej = Z cfjez, L*(e;)ej = Zcfjez,
k=1 k=1
n . n .
Ri(e)e; =D flien, Lilees =Y fliex-
k=1 k=1

Notifie that, for n = 2, there are two non-isomorphic 2-dimensional antiassociative algebras A
given by the following:

62"6]‘:0, €1 €1 = €.

Now, we discuss their antisymmetric infinitesimal anti-bialgebras and anti-Frobenius algebras on
the direct sum A @ A*.
Let

Aler) = flie1 ® e1 + flser @ e2 + fo1e2 @ €1 + fogea @ ea, [} €C,
and
Ale) = flie1 ® e1 + [lae1 ® ea + f3162 @ €1 + firea ® e, fzzj eC.

Case(I). e;-e; = 0: This is the trivial class. By the use of conditions the antisymmetric
infinitesimal anti-bialgebra A is any.

Case(II). ey - e; = es. Conditions lead to the following two systems

_f121:O7 _f122:f111a 2f111:05
1 2 1 1 2 and 1 1
— =I5 fatfia=—J5n 2fia+ fo1 =0,

which implies fiy = f4 = f& = f3H = f2, = 0 and fly = —f}. Thus the antisymmetric
infinitesimal anti-bialgebra A is given by the following relation

Aler) = flyer @ ex — flaea ®e1 + frpe2 @ e,  Alez) = 0. (4.3)

11



The product on the dual space is the following relations:

1
ejoe; = f12€17 e30e] = —fpe] and ejoe; = f22e1 (4.4)

Using relation whenlg = R*,rq = L*,lg =l = R:, v =14+ = L}, we obtain the double
construction of quadratic antiassociative algebra (A & A*, x,B) associated to (A,-) and (A*,0)
given explicitly by the following relations:

(ex +eq) * (ex +e7) = (er-ex + Ri(eT)er + Li(eT)er) + (ey o ef + Ri(ex)e] + L7 (e1)eq),
=(1- 2f112)62,
(e1 +e7) x (e1 +€3) = (e1- e + Ro(ef)er + Li(ez)er) + (€] o e3 + Ri(ex)ey + LT (e1)eq),
= —flyer + (1 — flo — fan)ea + 2f1zel,
(ex +e7) * (e2 +€]) = (e1 - e2 + Ro(eT)ez + Li(eT)er) + (e] o ef + Ri(ex)e] + LT (e2)ed),
= —fia(e2 + 1),
(ex +eq) * (e2 +e3) = (e1 - e2 + Ri(eT)e2 + Li(ez)er) + (ey o €5 + Ri(ex)es + LT (e2)ed),
= fla(er +€]) + farea,
(e1 +e3) x (e1 +e]) = (e1- e + Ro(ez)er + Li(el)er) + (e3 0 ef + Ri(ex)e] + LT (ex)eq),
= (1= fay — fla)ea + flaen,
(ex +e3) * (€1 +e3) = (er-e1 + Ri(ez)er + Li(ez)er) + (e3 0 €5 + Ri(ex)es + LT (e1)e3),
= (2fi2 + fa2)er + (1 + far)ea + (2112 + faoel,
(e2 +e7) * (ex +e]) = (e2-ex + Ri(eT)er + Li(ez)er) + (ey o ef + RI(e2)e] + L7 (e1)eq),
= _f11261< - f112€2,
(e2 +e€7) x (e1 +€3) = (e2- e + Ro(ef)er + Li(ez)ez) + (€] o e3 + RI(e2)ey + LT (e1)eq),
= —fizea + (flo + fa2)el,
(ea +e3)x(e1 +e]) = (ea-e1 + Ri(e5)er + Li(e])ea) + (e oel + R (ea)el + L (e1)es),
= fize1 + feo,
(e2 +e3) * (€1 +e3) = (e2 - ex + Ri(ez)er + Li(ez)ez) + (e3 0 €5 + Ri(e2)es + LT (e1)e3),
= fia(er +e7) + far(ez + 2e7),
(e2 +€3) x (e2 +e]) = (e2- e + Ro(ez)ea + Li(el)ez) + (e 0 ] + Ri(e2)e] + LT (e2)ey),
*f12@1a
(e2+€3) * (€2 +€3) = (e2 - e2 + Ri(ez)e2 + Li(ez)e2) + (e3 0 €5 + Ri(e2)es + LT (e2)e3),
= 3f5€],
(ex +e3) * (e2 +€]) = (e1 - e2 + Ri(ez)e2 + Li(eT)er) + (e3 0 €] + RI(ex)e] + L (e2)e3),
= —flaea + faei,
(e1 +e€3) x (2 +e3) = (e1 - ea + Ro(ez)ea + Li(ez)er) + (e5 0 €3 + R (e1)es + LT (e2)e3),
= (fiz + far)ea + (2fon + fla)el,
(e2 +e7) * (e2 +e]) = (e2- 2 + Ri(eT)e2 + Li(el)e2) + (e] o €] + Ri(e2)e] + L (e2)eq),
= _2f12€17
(e2 +e7) * (e2 +€3) = (e2 - e2 + Ri(eT)e2 + Li(ez)e2) + (e] o €5 + RI(e2)es + L (e2)e]),

= f22€1~
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5 Relations Between Antiassociative and Mock-Lie Bialge-
bras

In this section, we show a relationship between the matched pairs of the antiassociative algebras
and Mock Lie algebras. Next, from Proposition The anticommutator of a double construc-
tion of anti-Frobenius algebra is a Manin triple of Mock Lie algebras Proposition5.6] Thus, by
equivalence, we obtain the result of the Proposition [5.7]

Definition 5.1 [15] A vector space V is a module over a Mock Lie algebra G, if there is a linear
map(a representation) p : G — End(V') such that

p(zoy)(v) = —p(x)(p(y)v) — p(y)(p(x)v) (5.1)
forany x,y € G andv € V.

Theorem 5.2 [3] Let G and H be two Mock Lie algebras and let y: H — gl(G) and p : G — gl(H)
be two Mock Lie algebra representations. Then, (G, H, p, 1) is called a matched pair of the Mock Lie
algebras G and H, denoted by H l><;1’p G if and only if 1 and p satisfy: for all z,y € G,a,b € H,

p(x) [a, 0] + [p(z)a, b] + [a, p(x)b] + p(p(a)z)b + p(p(b)z)a = 0, (5.2)

p(a) [z,y] + [p(a)z, y] + [z, p(a)y] + plp(z)a)y + pp(y)a)z = 0. (5:3)
In this case, (G ® H,[,]) defines a Mock Lie algebra with respect to the product x satisfying:
[(z +a), (y + b)] = [z, 9] + p(a)y + p(b)z + [a, b] + p(2)b + p(y)a. (5.4)
Proposition 5.3 Let (A,-) be an antiassociative algebra. Define the anticommutator by
[zyl=z-y+y -z, Vr,ye A (5.5)

Then it is a Mock Lie algebra and we denote it by (B(A),[, ]) or simply &(A), which is called
the sub-adjacent Mock Lie algebra of (A,-).

Corollary 5.4 Let (A,-) be an antiassociative algebra and V' be a vector space over K. Consider
two linear maps, l,r : A — gl(V), such that (I,7,V) is a bimodule of A. Then, the map: | +
r: A — gl(V) z — I, + 72, is a linear representation of the sub-adjacent Mock Lie algebra
(B(A),[,]) of A.

Proof: Let (I,7,V) be a bimodule of the antiassociative algebra A. Then, Vz,y € A l,r, =
—7ylailey = —laly;Tys = —ryT. Besides, it is a matter of straightforward computation to show
that [ 4+ r is a linear map on A. Then, we have:

=[0+r)(2),(+r)W)] = —llo+raly+1y]
= [l } [ x> Ty] - [Trv ly] - [T:c,Ty}
= —[laly] = [rz,my]
= —lply —lyly —rzry —TyTs

Therefore, (I,r,V) is a bimodule of A implies that [ 4+ r is a representation of the linear represen-
tation of the sub-adjacent Mock Lie algebra of A. O

Proposition 5.5 Let (A,B,la,74,l5,78) be a matched pair of antiassociative algebras. Then,
( B(A),B(B),la+7ra,lp+ 18 ) is a matched pair of sub-adjacent Mock Lie algebras &(A) and
&(B).
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Proof: By the direct computation and with the corollary [5.5] we obtain the result.
O
So, we have the following result:

Proposition 5.6 The anticommutator of a double construction of anti-Frobenius algebra is a
Mamnin triple of Mock Lie algebras.

Recall a Mock Lie bialgebra structure on a Mock Lie algebra & is a linear map § : & - & ® &
such that 0* : &* @ 8" — &* defines a Mock Lie algebra structure on * and § satisfies

0z, y] = —(ad(x) ®id + id ® ad(x))d(y) — (ad(y) ® id +id ® ad(y))d(x), Vz,y € &,  (5.6)
where ad(z)(y) = [z, y] for any z,y € . We denoted it by (&, ).

Proposition 5.7 Let (A, A) be an antisymmetric infinitesimal anti-bialgebra. Then (B(A),0) is
a Mock Lie bialgebra, where 6 = A + o A.

Example 5.8 From the exampld{.10, the antisymmetric infinitesimal anti-bialgebra A on A :
ey - e1 = ey is given by the following relation

Aler) = fizer ® €2 — [laes @ e1 + [ape2 @ e2,  Alez) = 0.
Then, the Mock Lie bialgebra (B(A),d) is given by

5(61) = 2f212€2 & ea, 5(62) =0.

6 Conclusion and Outlook

In this paper, we have developed a comprehensive framework for g-generalized associative alge-
bras and their bialgebraic extensions in the antiassociative setting. By generalizing Bai’s double
construction, we introduced anti-Frobenius algebras and established their equivalence to anti-
symmetric infinitesimal anti-bialgebras and to matched pairs of antiassociative algebras. This
framework naturally produces Mock-Lie bialgebras via the anticommutator construction, thereby
strengthening the deep interconnection between antiassociative and Mock-Lie structures first ob-
served by Zumano.

The theory parallels the classical associative/Frobenius case while exhibiting distinctive “anti”
features, such as the crucial role of the flip operator o and the specific form of the infinitesimal
compatibility conditions. The explicit two-dimensional example provides concrete illustrations
and a testing ground for further computations.

Several directions remain open for future research:

e Classification of low-dimensional anti-Frobenius algebras and antisymmetric infinitesimal
anti-bialgebras.

e Hom- and quasi-deformations of these structures.

This work lays a solid foundation for a richer “anti” non-associative bialgebra theory and
invites further investigation into its connections with other generalized Lie-like structures.
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