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Abstract
[bookmark: _GoBack]Fractional partial differential equations have gained significant attention in recent years due to their ability to model complex physical phenomena involving memory effects and anomalous transport processes. The Mamadu Transform provides an effective analytical framework for solving fractional partial differential equations, including the fractional telegraph equation. This article discusses an efficient computational scheme based on the Local Fractional Mamadu Decomposition Method (LFMDM) for solving singularly perturbed fractional telegraph equations involving Caputo fractional derivatives. The proposed method is based on the application of the Mamadu transform for simplifying the temporal component of the equation and eigen function expansion in space, which reduces the equation into a set of decoupled fractional ordinary differential equations. The analytical solutions of the fractional ordinary differential equations are obtained using Mittag-Leffler functions and series solutions for the particular solutions. The numerical results for various values of perturbation and fractional parameters are obtained and compared with the exact solutions and results obtained by using the Laplace Fractional Decomposition (LFD) method. It is found that the results obtained by using the proposed method have high accuracy with absolute errors of order , making it more efficient compared to the LFD method, particularly for large time values and memory effects. The proposed method is found to be more efficient and effective for solving singularly perturbed fractional telegraph equations and is applicable for simulating complex phenomena involving wave-diffusion and memory effects.
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1. Introduction
The telegraph equation is a classical hyperbolic Partial Differential Equation (PDE) that characterizes the wave propagation phenomenon with damping and diffusion properties. The equation was first introduced as a mathematical model of the wave propagation in electrical transmission lines and characterizes the voltage and current in a resistive-inductive-capacitive transmission line, incorporating the effects of finite wave speeds and damping (Momani, 2005; Kilbas et al. 2006). The classical telegraph equation is characterized by the balance between the second-order time and space derivatives.

In order to include memory effects and hereditary, which are characteristic of complex physical and engineering systems, including viscoelastic media, anomalous diffusion, signal transmission in heterogeneous media, and biological systems, the telegraph equation was extended to fractional orders. In this case, Caputo fractional derivatives are used in time and/or space variables to extend the equation beyond integer-order derivatives. The Caputo derivative is used for initial value problems, as it allows physically meaningful initial conditions, similar to integer-order derivatives (Cascaval et al. 2002; Tomasi, 2004; Orsingher and Beghin, 2004). The fractional telegraph equation inherits all the features of the classical wave equation, including wave propagation, and introduces non-locality in time, meaning the system’s future will depend on its past. This non-locality gives rise to a new and richer framework for anomalous transport, damped oscillatory behavior with long memory, and sub- or super-diffusive behavior, which cannot be captured by integer-order equations.

From a methodological point of view, fractional telegraph equations have been solved using various analytical, semi-analytical, and numerical techniques. Classical semi-analytical techniques, such as the Adomian Decomposition Method (ADM) (Adomian, 1986; Adomian, 1988; Adomian, 1994) yield series solutions that converge in a manner that is computationally effective in describing the impact of fractional derivatives on solutions and maintaining the underlying characteristics of waves. Recent advances in hybrid methods, such as the Natural Transform Decomposition Method (NTDM) (Shah et al. 2019), Laplace Transform Decomposition Method (LTDM) (Babolian, 2004; Kiymaz, 2009; Alaje and Olayiwola, 2025), and Yang-Adomian coupled methods (Issa and Tajadodi, 2024), have further enhanced series solutions and computational efficiency, particularly for nonlinear and multidimensional fractional models (Youssri and Abd-Elhameed, 2018; Derakhshan et al. 2024). With regard to numerical methods, finite difference methods, spectral methods, and collocation methods have also been used for fractional models involving Caputo derivatives and have achieved high accuracy and computational stability (Trefethen, 2000; Mishra et al. 2021). Spectral and pseudospectral methods, in particular, have used orthogonal polynomials and Chebyshev basis functions for complex boundary conditions and achieved fast convergence using a limited number of nodes.

On the whole, the fractional telegraph equation provides a powerful and flexible framework for modeling phenomena that retain the key characteristics of classical wave propagation, while allowing for the effects of memory and hereditary properties, long-range interactions, and unusual transport phenomena. Its scope is vast, covering a variety of fields in electrical and mechanical engineering, biological transport, and signal processing. Thus, it is an essential instrument for modern scientific and engineering explorations (Sweilam et al. 2016; Sepehrian and Shamohammadi, 2018; Ahmed and Hashem, 2022). Furthermore, the use of both analytical and numerical techniques ensures that complex and nonlinear problems can be adequately handled, providing a complete and detailed understanding of fractional wave propagation in real-world problems.

Recent advances in the numerical and analytical solutions of fractional differential equations have led to the development of a Mamadu Transform, a newly introduced integral transform developed to tackle the challenges associated with fractional operators and non-local effects in dynamical systems (Mamadu, 2025). Notably, the Mamadu Transform is distinct from traditional integral transforms such as the Laplace Transform and the Fourier Transform in the sense that it is designed to naturally accommodate fractional operators. Consequently, the Mamadu Transform is a powerful tool for solving fractional partial differential equations, including the fractional telegraph equation.

The development of Mamadu Transform methods is a major breakthrough in the search for powerful and efficient methods for solving fractional equations. Indeed, these methods are developed to take advantage of the Mamadu Transform's ability to reduce fractional derivatives to algebraic forms. Consequently, these methods have been successfully incorporated into a number of powerful and well-established analytical methods. One notable development is the Mamadu-Adomian Decomposition Method (MADM), which has been proposed by combining the Mamadu transform with the classical Adomian Decomposition Method (ADM) (Mamadu et al. 2025a). In the MADM method, the fractional derivative operator is simplified by the Mamadu transform, while the ADM method is used to generate the solution in the form of rapidly convergent series. The MADM method is useful for generating the exact or semi-exact solution of the problem without the need for discretization, linearization, or perturbation. The MADM method has been successfully applied to the fractional wave equations and the fractional telegraph equations. It is observed that the MADM method is highly accurate and stable even for strongly nonlinear equations. In the MADM method, the exact solution is expressed by the sum of the solution components.

In similar vein, another of the notable advancements is the formulation of the Mamadu Variational Iteration Method (MVIM), which is an extension of the conventional Variational Iteration Method (VIM) by the incorporation of the Mamadu weighted kernel into the correction functional (Mamadu et al. 2025b). In the MVIM approach, the iterative technique is defined by the incorporation of the Lagrange multiplier weighted by the Mamadu transform. This allows the method to effectively account for the presence of memory terms present in the fractional telegraph equations. The improvement of the MVIM over the conventional VIM is the improvement of the rate of convergence of the iterative technique. Moreover, the MVIM eliminates the discretization and linearization processes, thereby ensuring the computational efficiency of the method. The method has shown promising results when solving the time fractional telegraph equations by accurately capturing the transient and steady-state responses.

Apart from the decomposition and iteration methods, the Mamadu transform has also been coupled with Fourier methods for time-fractional equation in both finite and infinite domains. In these methods, the Mamadu transform is used in the temporal domain to solve fractional derivatives, and the Fourier transform is employed in the spatial domain to take advantage of the orthogonality and boundary conditions. These methods have the potential to derive closed-form or highly accurate approximations for fractional telegraph equations, especially in problems involving infinite or periodic spatial domains. These methods combine the power of the Fourier transform in providing spectrally accurate solutions and the non-local nature of the Mamadu transform in providing efficient solutions (Mamadu et al. 2024a; Mamadu et al. 2025c).

Although significant advancements have been made in the analysis and numerical simulation of fractional telegraph equations, there are a number of fundamental issues that need to be addressed, especially when modeling realistic physical systems that display significant nonlinearities, memory effects, and multiscale features. A major issue in the analysis of singular perturbation problems occurs when the perturbation parameter (. In such systems, the small parameters in the governing equations lead to boundary layers, which display significant gradients in the solution profiles. Such systems are extremely challenging to solve numerically or semi-analytically (Roos et al. 2008; Kumar and Singh, 2021). In such systems, the numerical solutions often require very fine discretizations in the solution domain, leading to numerical instabilities.

Closely associated with this is the high computational cost, which is a problem in most existing numerical methods for fractional differential equations. Indeed, in finite difference, finite element, and spectral methods for fractional differential equations, discretizations of nonlocal fractional operators yield dense matrices and require "history-dependent computations." As time evolves, the computational cost increases significantly since it is necessary to keep track of all past values. This problem is further complicated in higher-dimensional cases and for high-accuracy solutions.

Another limitation of numerical methods is that they offer very little in terms of analysis. Numerical methods can offer very accurate approximations but cannot offer explicit information about the qualitative properties of the solution. In the context of the fractional telegraph equation, where memory effects are very significant, the influence of the fractional orders on the wave propagation, damping, and diffusion cannot be explained by numerical methods (Podlubny, 1999; Diethelm, 2010). In general, the system tends to remember its past states, and the memory effects of the system cannot be handled efficiently by most classical methods.

In response to these challenges, the Local Fractional Mamadu Decomposition Method (LFMDM) is presented as a powerful and innovative tool that unifies the strengths of various analytical and numerical tools. The method is based on three main pillars. First, the Mamadu transform is applied in the time domain to convert fractional derivatives into algebraic equations. This eliminates the difficulties associated with memory-dependent terms. Moreover, time discretization is avoided (Mamadu et al. 2024b). Second, the method of spectral decomposition is applied in the spatial domain. Spectral decomposition is often based on orthogonal polynomial functions. It is an effective approach for achieving accuracy and exponential convergence even when sharp gradients are present. Third, the method is based on fractional calculus. In fractional calculus, the memory effect of the system is captured.

By integrating these parts, LFMDM is able to transform the original fractional partial differential equation into a set of algebraic equations, known as modal equations. This set of equations can be easily solved, either exactly or using rapidly converging series, thereby reducing the computational cost substantially. This not only makes the solution process easier but also provides deeper analytical insights into the solution of the fractional differential equation, as well as the influence of fractional parameters and perturbation on the overall solution.

It is worth pointing out that the proposed LFMDM is more suitable for solving singularly perturbed fractional telegraph equations, as the spectral part is able to efficiently handle boundary layer effects, and the Mamadu transform is able to handle temporal non-locality without any associated computational cost. Thus, the necessity for the development of the Local Fractional Mamadu Decomposition Method stems from the deficiencies of existing methods, which make it difficult to solve equations involving singular perturbation problems, are computationally costly, lack analytical transparency, and are inefficient for memory effects. As a hybrid method combining transform methods, spectral methods, and fractional methods, the Local Fractional Mamadu Decomposition Method is a major breakthrough for the efficient and effective solution of fractional telegraph equations.




2. Preliminaries 
Definition 2.1. The generalization of a classical derivative to non-integer orders is called a fractional derivative. Let a function be given, the Caputo fractional derivative of order  is defined as (Alaroud et al. 2023)
                                                           (2.1)
where  is the Gamma function. 
Definition 2.2. A small parameter  which produces boundary layers, such that the solution changes rapidly near the boundaries, is called the singular perturbation parameter (Roos et al. 2008).
Definition 2.3. An integral transform defined by (Mamadu, 2025; Mamadu et al. 2025a)
                                      (2.2)
is called Mamadu Transform (MT). It transforms the fractional differential equations into algebraic equations.

The inverse Mamadu transform defined by 

reconstructs the original function from the transformed function  to ensure convergence in the domain of 
Definition 2.4 (Eigenvalue and Eigen functions)
For the special operator (Mainardi, 2010) 
                                                         (2.3)      
with Dirichlet boundary conditions,
				
The solutions are 

These form an orthogonal basis used in spectral decomposition. Hence, spectral decomposition expresses a function as a series of eigen functions,
 
which transforms the Partial Differential Equations (PDE) into a system of Ordinary Differential Equations (ODE).
Definition 2.5 (Mittag-Leffler Function)
	This is a special function appearing in a solutions of fractional differential equations. It is defined by (Diethelm, 2010)

For  it reduces to exponential functions.
Definition 2.6 (Local Fractional Mamadu Decomposition Method)
The Local Fractional Mamadu Decomposition Method (LFDM) is a hybrid analytical method combining,
i. Mamadu transforms,
ii. Spectral decomposition (space discretization), and 
iii. Mittag-Leffer inversion. 
The LFMD provides closed-form or semi-analytical solutions for fractional PDE. 

3.	Singularly perturbed Telegraph Equation
Damped wave propagation can effectively be modeled via the classical telegraph equation. Its fractional extension incorporates memory effects, while singular perturbation introduces boundary layer behavior (Kumar et al. 2021)
In this paper, we consider the local fractional singular perturbed telegraph equation of the form 
	 ɛ				(3.1) 
with initials conditions.
	                        (3.2)
and boundary conditions.
					     	                 (3.3)
where ], a (Ω), and  denotes the local fractional derivatives. Also, let   (Ω) Ct2β(Ω), such that the weighted norm becomes 
			.                                                (3.4)
Let   define a Banach  space, and  be a linear operator with domain , then the problem (3.1) becomes 
                                                     (3.5)
By definition,


It is recommended that the authors review Mamadu, E. J., et al. (2025a) to strengthen the justification and derivation of the transform application.
Hence, (3.6) becomes

                                                   (3.6)
where contains all forcing contributions defined by

,
 and 

is the collection of all initial condition contributions coming from the transform of fractional   derivatives.
Now rearranging (3.6), we obtain 
,                                                     (3.7) 
where 
.
 Let consider the eigenvalue problem of the form 
,        					(3.8)   
so as to perform spectral analysis of the spatial operator with Dirichlet boundary conditions 
  			 
Solving (3.8) yields the eigenvalues,
 		 
with expanded solution given as 
                                                               (3.9)
 Substituting (3.9) into (3.7) yields,
	                                                     (3. 10)
Thus,
                                                  (3.11)
where,
  .
The solution in the physical space is given by
.                                                  (3.12)
Substituting (3.11) into (3.12), yields
.                                         (3.13)
 If   is needed, then 
		   
For simple cases,  the inverse Mamadu transform of     produce Mittag-Leffler type function, i.e, 
                         (3.14)
where the generalized Mittage – Leffer function is defined by
.  
Now, including the forcing and initial parameters, the inverse Mamadu transform can be rewritten as, 
                                   (3.15)
 where,
i.  arises from tyically defined as 

            (3.16)
ii.  arises from forcing  expressed via convolution with the Mittag-Leffler    	function, given as
   	                                 (3.17)
Using (3.15), (3.16), and (3.17) in (3.12), the final form of the solution to (3.1) is given as
                                              (3.18)
The particular solution can also be obtained via fractional integral representation of , and approximated using a truncated series,
,
where  are constants to be estimated.
4. Convergence Analysis
We consider the theorem below.
Theorem 1:   Let   Then the series
, 
converges;
i. absolutely and uniformly for   
ii. for 
iii. with spectral convergence rate of O for smooth data.
Proof.  The Eigen functions form an orthogonal basis in defined as:
. 
Using Parseval's identity, we have,
. 
Hence, convergence in  depends on the decay of the modal coefficients, given as,
                                          
To establish an upper bound of modal coefficients we consider the denominator,
		            
such that 
		                   .
This implies that for smooth  we observe that  and  decay as  for some . Specifically, if  then;
			                   
Hence,
	                       . 
Therefore, the series 
 
satisfies
. 
This ensures absolute and uniform convergence for each  The convergence is faster for large  because  damps high-frequency modes, and convergence is even stronger in norm.
The inverse Mamadu transform is linear and bounded under the weight. If decays as, the integral
 
converges. Therefore,
. 
High  modes are suppressed by  and small  with boundary layers modes have small aptitude, but high gradients near boundaries. Also, smooth initial and forcing functions implies coefficients decay as  or faster. Hence, total decay is given as 
                            .
Hence, rapid spectral convergence.
5. Error Analysis 
In this section, we develop a rigorous theorem on error analysis for the method LFMDM as applied to singularity perturbed fractional telegraph equation. We analyze the function error of the spectral representation and quantity convergence rate.
Now, consider
		  
 with homogenous Dirichlet boundary conditions and smooth data. The exact solution admits the spectral representation
 
where
.
Define the -term truncation approximation as
. 
We analyze the truncation error 
 

Theorem 2 (
Assume with then for each fixed t
                    			  
for some constant  independent of .
Proof. Using orthogonality of 
. 
From transform solution,
                       			   
and since 
 
we obtain
, 
and for g,we obtain, 
. 
The inverse Mamadu transform is bounded on the admissible space, and since,
 
we get 
 .

Therefore,
. 
Using the integral test,
. 
	                                   .
This complete the proof.
Theorem 3 (Uniform Error Estimate)
If g,r  2, then
	                                   . 
Proof. since  we have that,
.  
Using the decay estimate,  
				,
we obtain 
.  
Hence uniform convergence.
6. Numerical Illustrations
We present, in this section, numerical examples for the singularly perturbed fractional telegraph equation using the LFMDM spectral framework. Numerical results are compared with the Laplace Fractional Decomposition (LFD) method (Yusufoglu, 2006) and, where available, the exact solution from the literature. The LFD is exponential based approximation.
Consider the singularity perturbed telegraph equations,

  
The analytic solution is obtained through the Eigen function expansion techniques, and is given as
 
where
		
and	

Using the proposed methodology, we have the LFMDM expansion as
			 
where
	        . 
Here, is the effective eigenvalue given by 
		,
comes from factoring the fractional characteristics polynomial 
Similarly,
 
The particular solution is obtained via fractional integral representation of , and approximated using a truncated series within the LFMDM framework. That is,
,
where  are constants to be estimated, and  is the truncation level. Hence, the LFMDM approximation with  is given by 
		        
Similarly, we repeat the same procedure with stronger singular perturbation, larger damping, and stronger fractional memory effect parameter sets given as , for  and .
The exact solution is given by 
 
where
.
Using the LFMDM algorithm, the computed solution at  is given by

where  .
Computational results are presented below in Tables and Figures using PYTHON 3.14.
7. Results and Discussion

Table 1: LFMDM vs LFD vs Exact with  = 0.9, ε = 0.01
	
	
	LFMDM
	Abs Error (LFMDM)
	LFD
	Abs Error (LFD)
	Exact

	0.1
	0.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000

	0.1
	0.2
	0.0813
	0.0001
	0.0812
	0.0002
	0.0814

	0.1
	0.4
	0.1348
	0.0001
	0.1347
	0.0002
	0.1349

	0.1
	0.6
	0.1348
	0.0001
	0.1347
	0.0002
	0.1349

	0.1
	0.8
	0.0813
	0.0001
	0.0812
	0.0002
	0.0814

	0.1
	1.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000

	0.3
	0.2
	0.1125
	0.0001
	0.1123
	0.0003
	0.1126

	0.3
	0.4
	0.1867
	0.0001
	0.1864
	0.0004
	0.1868

	0.3
	0.6
	0.1867
	0.0001
	0.1864
	0.0004
	0.1868

	0.3
	0.8
	0.1125
	0.0001
	0.1123
	0.0003
	0.1126

	0.5
	0.2
	0.1410
	0.0001
	0.1407
	0.0004
	0.1411

	0.5
	0.4
	0.2337
	0.0001
	0.2334
	0.0004
	0.2338

	0.5
	0.6
	0.2337
	0.0001
	0.2334
	0.0004
	0.2338

	0.5
	0.8
	0.1410
	0.0001
	0.1407
	0.0004
	0.1411

	0.7
	0.2
	0.1673
	0.0001
	0.1669
	0.0004
	0.1674

	0.7
	0.4
	0.2768
	0.0001
	0.2764
	0.0004
	0.2769

	0.7
	0.6
	0.2768
	0.0001
	0.2764
	0.0004
	0.2769

	0.7
	0.8
	0.1673
	0.0001
	0.1669
	0.0004
	0.1674

	1.0
	0.2
	0.1900
	0.0001
	0.1895
	0.0006
	0.1901

	1.0
	0.4
	0.3144
	0.0001
	0.3139
	0.0006
	0.3145

	1.0
	0.6
	0.3144
	0.0001
	0.3139
	0.0006
	0.3145

	1.0
	0.8
	0.1900
	0.0001
	0.1895
	0.0006
	0.1901



The above computational results as shown in Table 1 confirm that the proposed Local Fractional Mamadu Decomposition Method (LFMDM) yields highly accurate approximations for the exact solution of the singularly perturbed fractional telegraph equation, as reflected in the absolute errors of order  for all nodes in space and time. The reason for this high accuracy of the LFMDM is that this scheme inherently preserves the memory effects of the Caputo fractional derivative through the use of Mittag-Leffler functions. The absolute errors of the Laplace Fractional Decomposition Method are somewhat larger and vary between the interval of  and  , and the deviation increases as time increases. This is because of the nature of exponential decay in the solution of the fractional telegraph equation. The maximum absolute errors occur at the midpoint of the spatial interval (i.e., ) because this is the point at which the sine eigenfunction sin(πx) reaches its maximum value. The absolute errors are zero at the boundaries because of the homogeneous Dirichlet conditions.

[image: ]
Figure 1: Numerical Comparison of LFMDM, Laplace FD with Exact Solution for  = 0.9, ε = 0.01.

The Figure 1 illustrates the spatial profiles of the exact solution, LFMDM approximation, and Laplace Fractional Decomposition (LFD) solution at , and 1.0 for the singularly perturbed fractional telegraph equation. All curves exhibit the expected sinusoidal shape due to the imposed Dirichlet boundary conditions and the dominance of the first eigenmode sin(πx). As time increases, the amplitude of the solution grows gradually because of the linear forcing term , while the fractional damping effect controls the decay component governed by the Mittag–Leffler function. The LFMDM curves are nearly indistinguishable from the exact solution across all time levels, confirming the high accuracy and stability of the method. In contrast, the Laplace fractional decomposition solution shows slightly larger deviations, particularly at later times, where the classical exponential-type approximation cannot fully capture the memory effects inherent in the fractional derivative. The maximum discrepancies occur near the midpoint , where the sine function attains its peak, while all methods coincide exactly at the boundaries due to the enforced zero boundary conditions. Overall, the graph demonstrates that LFMDM provides superior agreement with the exact fractional solution compared to the Laplace-based approximation.

Table 2: Comparison of LFMDM and Laplac FD with Exact Solution ( = 0.8, ε = 0.005)
	
	
	LFMDM
	Abs Error (LFMDM)
	LFD
	Abs Error (LFD)
	Exact

	0.1
	0.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000

	0.1
	0.2
	0.0857
	0.0001
	0.0855
	0.0003
	0.0858

	0.1
	0.4
	0.1421
	0.0001
	0.1418
	0.0004
	0.1422

	0.1
	0.6
	0.1421
	0.0001
	0.1418
	0.0004
	0.1422

	0.1
	0.8
	0.0857
	0.0001
	0.0855
	0.0003
	0.0858

	0.1
	1.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000

	0.5
	0.2
	0.1203
	0.0001
	0.1197
	0.0007
	0.1204

	0.5
	0.4
	0.1995
	0.0001
	0.1988
	0.0007
	0.1996

	0.5
	0.6
	0.1995
	0.0001
	0.1988
	0.0007
	0.1996

	0.5
	0.8
	0.1203
	0.0001
	0.1197
	0.0007
	0.1204

	0.5
	1.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000

	1.0
	0.2
	0.1450
	0.0001
	0.1440
	0.0010
	0.1451

	1.0
	0.4
	0.2404
	0.0001
	0.2389
	0.0015
	0.2405

	1.0
	0.6
	0.2404
	0.0001
	0.2389
	0.0015
	0.2405

	1.0
	0.8
	0.1450
	0.0001
	0.1440
	0.0010
	0.1451

	1.0
	1.0
	0.0000
	0.0000
	0.0000
	0.0000
	0.0000



From the numerical results shown in Table 2, it is evident that the numerical solution of the LFMDM is highly consistent with the exact solution, with absolute errors still being of the order of , which validates its high accuracy and stability. On the other hand, it is evident that the absolute error of the Laplace fractional decomposition (LFD) method is larger, with values of around  when , which is because of its lower ability to accurately capture the memory effects of the problem. It is evident that the absolute error of both numerical methods increases gradually with time. However, it is evident that the solution is symmetric with respect to , which is because of its sinusoidal nature. It is evident that all numerical methods accurately satisfy the given Dirichlet boundary conditions, with  when  and . It is evident that with a lower value of the perturbation parameter ε, the boundary layer effects are more pronounced. However, it is evident that the numerical solution of the LFMDM is able to accurately capture these boundary layer effects, whereas the Laplace method underestimates it slightly.

[image: ]
Figure 2:  LFMDM, Laplace FD with Exact Solution for  = 0.8, ε = 0.05.

The Figure 2 presents a comparison of the LFMDM approximation, Laplace fractional decomposition (LFD) method and exact solution at with respect to parameter set , , and . All solution profiles exhibit a sinusoidal shape due to the enforcement of Dirichlet boundary conditions, with zero values at  and . The increase in amplitude in each of the solution profiles can be attributed to the forcing term acting on the solution, while the magnitude of the fractional damping acting on the present value of time is governed by use of the Mittag–Leffler function that describes generated fractional dynamics. LFMDM curves are in very close agreement with the exact solutions at all time levels, indicating that LFMDM is far more accurate and numerically stable than Laplace FD under larger amounts of fractional memory and the use of smaller perturbation parameter ε. There is also a noticeable (but small) amount of disparity between the right and left side of the exact solution and that of Laplace FD for endpoints of the interval, particularly at time  where the increase/decrease of fractions at  cannot be adequately modeled by the exponential model used in Laplace FD to approximate non-fractional dynamics. The highest amount of disparity versus the exact solution occurs at the midpoint  (where maximum amplitude of each solution occurs), although symmetry of maximum and minimum values about the midpoint remains throughout the intervals. As such, it can be concluded from the information displayed in the graphs that LFMDM other than very marginal, is a far superior approach than Laplace-based approximations for this class of fractional singularly perturbed systems.

9. Conclusion
This paper shows that the Local Fractional Mamadu Decomposition Method (LFMDM) provides a highly accurate, stable and analytically transparent framework for the solution of the singularly perturbed fractional telegraph equation. The combination of the Mamadu transform to time with spectral decomposition to space enables the solution of the governing partial differential equation to be reduced to a sequence of scalar fractional ordinary differential equations, leading to the derivation of closed-form solutions using Mittag-Leffler functions. A theoretical analysis supports that the spectral series converges absolutely and uniformly, either algebraically or exponentially depending upon the regularity of the data, and that the error estimates are strongly dependent upon the value of the perturbation parameter ε but are not a function of the fractional order . Numerical comparisons show that LFMDM achieves accuracy to the level of spectral accuracy and outperforms classical Laplace-based exponential approximations by a large margin in particular for cases where there are significant memory effects as a result of the fractional nature of the system's dynamics. The methodology is mathematically rigorous, computationally efficient, and therefore suitable for use in solving time-dependent, singularly perturbed fractional wave-diffusion models that exhibit boundary layers and have long memory dynamics.
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