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Closed-form Solutions of Third-Order Generalized Leonardo Sequences with

Polynomial Input

Abstract. In this paper, we present closed-form solutions to third-order nonhomogeneous linear recur-
rence relations, referred to as generalized Leonardo-type sequences, where the input function is a polynomial.
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1. Introduction

Sequences defined by recurrence relations have long stood at the heart of mathematics, branching into
diverse disciplines such as physics, engineering, architecture, biology, computer science, and even the arts.
Though their definitions may appear elementary, they conceal remarkable depth: modeling growth, oscilla-
tions, and symbolic structures. Classical second-order families-most notably the Fibonacci, Lucas, Pell, and
Jacobsthal sequences-remain central examples of this tradition.

The scope, however, extends well beyond second-order cases. Higher-order recurrence sequences enrich
both theory and practice, broadening the classical framework and uncovering intricate algebraic and analytic
patterns. The Tribonacci (third-order), Tetranacci (fourth-order), and Pentanacci (fifth-order) sequences
exemplify this expansion, each governed by characteristic polynomials whose root configurations dictate
closed-form expressions. Homogeneous recurrences emphasize the interplay of characteristic polynomials
and root multiplicities, while non-homogeneous forms introduce symbolic terms that interact with root
structures to generate resonance phenomena. Together, these families establish a coherent framework that

unites classical recurrence identities with the evolving field of symbolic recurrence theory.
1
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Let the third order nonhomogeneous linear recurrence relation, referred to as generalized Leonardo-type

sequences, be given by

Wn = CLl‘/Vn—l + aQWn—2 + GSWH—3 +p(n) (11)

with initial conditions Wy = ko, W7 = ki1, Wo = ko where p(n) is the polynomial with degree s, with

coefficients in C[z] or C:
p(n) = Z Cinia
=0

and the recurrence coefficients aj, as, a3 are complex scalars or polynomials in Clz]. For more information
on generalized Leonardo-type sequences, see Soykan [2] and [1].

Let the homogeneous relation corresponding to (1.1) be written as
Vo =a1Vp—1 +a2Vi—2 +asViy—3 (1.2)
with the same initial conditions as W, i.e.,
Vo =Wo, Vi = Wi, Vo = Wa.

Suppose that 61,0, and 63 are the roots of the characteristic equation

22— a1z —asz—a3 =0 (1.3)

of (1.2).
Note that if all the roots of (1.3) are equal to 1 then

Bt —agz—a3=(2-12=2>-322432-1=0
so that a1 = 3, az = —3, ag =1 and (1.2) reduces to
Vi =3Vh—1 —3Vh_2+ V3.

In our earlier work, particular solutions to third-order nonhomogeneous linear recurrence relations (1.1)
with polynomial inputs were established for the cases s = 0,1, 2, 3; see Soykan [3]. In the present paper, we
build upon those results to derive closed-form solutions by systematically applying Theorem 1.1. Within this
framework, the closed-form expressions are obtained by decomposing each recurrence into its homogeneous
and particular components, with the latter determined through an iterative scheme for the coefficients. The
analysis is organized according to the multiplicity  of 1 as a root of the characteristic equation (1.2) and the
degree s of the polynomial p(n), with explicit formulas derived for all cases r = 0,1,2,3 and s = 0, 1,2, 3.
This approach highlights how the root multiplicity and polynomial degree jointly determine the structure
of the solution, while ensuring that explicit formulas are available for all cases considered. By integrating
the previously obtained particular solutions into a unified framework, we provide complete closed-form
expressions that extend the classical theory of recurrence relations and advance the study of generalized

Leonardo-type sequences in the nonhomogeneous setting.
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THEOREM 1.1.

(a): [1, Theorem 7.7. (a)] The case r =0, i.e., all three roots of the characteristic equation of (1.2)
18 distinct from 1.

The solution of (1.1) is given by
W (Wo, W1, Wa) = WM +w»
= Va(Wo, Wi, Wa) = V(W WP, Wiy 4+ wi(p)

where WA =V, (Wo, Wy, Wa) — V(WP W) W)Y is the solution of (1.2) and
S S
W,(Lp) = ZAZTLl = Ao + ZAZ’IIZ
i=0 i=1

is the particular solution of (1.1). For each 0 < i <'s, A; can be calculated with the iteration

Cs

Ag=———"—— forn=s
a1 +as+az—1
and
A, = —;(c — i (—1)k—n+l b (a1 428 ""ag+3""a3)Ay), forn=s5-1,5—2,...,2,1,0
" ar+as+az—1"" it n 3 ’ ’ Y
Here
Wép) — AQ,
S
Wl(p) = ZAM
i=0
Wi = 324,
i=0
and
Va(We? WP W) = V(40,3 ALY 20A,)
i=0 i=0
= BV, (Wo, W1, Wa) + BaVy 1 (Wo, Wi, Wa) + B3V, _o(Wo, Wi, Wa)
where
Yi Y, Y3
1 Av 2 A, 3 A
and

Y1 = (W2+aW2+a1asW2 —2a, Wi Wa — as WoWa+ (a1az — az) Wo W1 ) WP + ((as+araz) W2+
203 W — aa W1 Wy — asWoWs + a2WoWD) WP + ag(ay W2 + asW@ — Wy W + a;Wo Wy )W

Y = ((ag+araz) Wi —asWaWi + (a3 —2aza1 ) Wo Wi +azas Wi +2azas WoWi —azWoWa ) Wi +
(a2W22+2a3W1W2+a§W02f(3a3+a1a2)W1W27(a§72a3a1)WOWQfachlWOWQ)Wl(p)+(a3W227a3a2
WoWs — azai WiWs — a2Wo Wy ) WP

Y3 = a3(—W1W2—|—a1W12+a2W0W1+a3W02)W2(p)+a3(W22—a1W1Wg—a2W0W2—a3WOW1)W1(p)+
as(asW? — asWoWo) W
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A= W23 + ((13 + CL1(12)W13 + (J%WS’ — 2(11W1W22 + ((I% — GQ)WEWQ — a2W0W22 + a3a1W02W2 +
(a% + CL1G3)W0W12 + 2a2a3W02W1 + (—3@3 + alag)WOWﬂ/Vg

i.e.,

Vi = (Wi + a3WE+ arasWg — 20 WiWa — asWoWa + (aras — az)WoWi) >oi_o 2°A; + ((as +
ar1a2)Wi + agasWg — asWiWa — asWoWs + a3WoWh) >0 o Ai + as(a W3 + asWg — WiWs, +
asWoWi) Ao

Ya = ((ag+aias)WE—asWoWi+(a3—2azar ) WoWi+azasWE+2azai WoWi—asWoWa) > 20 A+
(aaW3 + 2a3 W1 Wa + a3W§ — (3az + ar1a2)W1Ws — (a3 — 2azar)WoWa — azai WoWa) > 7o A +
(a3W3 — azaaWoWs — azan Wi Wo — a3WoW1) A

Y3 = az(—=WilWa + as Wi + aaWoWq + asWg) Y0 2°A; + as(W3 — at Wi Wa — aaWoWs —
asWoWh) >oi_y Ai + as(asWi — asWoWa) A

A =W3+ (az + ara) W3 + a3W§ — 21 W1iW3 + (a3 — ag)WiEWs — aaWoW3 + aza WEWs +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) WoW1Wa

In summary, the solution of (1.1) is given by

W, (Wo, W1, Wa) = (—=B1 + 1)V,,(Wy, Wy, Wa) — BoV,,_1 (W, W1, Wa) — B3V,,_o(Wo, Wy, Wa) + ZAini
i=0
(b): The case r = 1, i.e., 1 is a simple root of the characteristic equation of (1.2). The solution of
(1.1) is
W (Wo, Wi, Wa) = W + Wi = V;,(Wo, Wi, Wa) — Ve (WP, WP W) + WP,

where the particular solution of (1.1) is
WP = nz Ain' =n(Ag + Z Ain®).
i=0 i=1

For each 0 < i < s, the coefficients A; are obtained iteratively:

Cs

Ag = (— 23—1, n=s:,
)

1 > k+1
A, = (—1)? — (cn - (—1)k—"+2< )(a1 + 2kt g, + 3k_”+1a3)Ak> ,
Eaa o \" 2, "

form =s—1,s —2,...,1,0. The expressions for Wép),Wl(p),WQ(p) and the representation of
Vn(Wép), Wl(p), 2(p)) in terms of By, Ba, Bs follow analogously to case (a).
Here ) ’
Wi =0, Wi =34, wiP =23 204,
i=0 i=0

and

Va(WP WP Wiy = 1,0, A2) 204
1=0 1=0

= B1V,(Wo, Wi, W2) + BaV,,_1(Wo, Wi, Wa) + B3V, _o(Wy, W1, Wa)
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where

" e Y
Bl_Za BQ_A7BS_A

and
Vi = (W +a2W2+aragWe —2a, Wy Wa —asWoWa + (aras —ag) WoW1) Wi + ((as +aras) W2 +
anasWE — asWiWy — asWoWa + aZWoW)W + az(ay W2 + asW — Wi W + asWoWy) WP
Ya = ((ag+a1a2) Wi —aaWoWi + (a3 —2aza1 ) WoW1 +azaaWe +2aza Wo Wi —a3W0W2)W2(p) +
(aaW3+2a3W1 Wa+a3 Wi —(3az+aiaz) W1 Wa—(a3—2aza1 ) WoWa—aza; WOWQ)Wl(p)+(a3W22—a3a2
WoWs — azas Wi Ws — a2 Wo Wy ) WP
Y3 = ag(— Wi Watay W2+asWoW1 +as W)W +a5(W2—a1 Wi Wa—as WoWa—asWo Wy )W) +
ag(asW2 — asWoWa) W)
A = W3 + (a3 + a1a2) WP + a3W§ — 2a. Wi W3 + (a3 — a2)WiWs — aaWoW3 + azai Wi Wa +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) Wo W1 Wa
In summary, the solution of (1.1) is given by
W (Wo, W1, Wa) = (=By + 1)Vyu(Wo, Wi, Wa) — BaVy_1(Wo, Wi, Wa) — BsVy,_o(Wo, W1, Wa) + 1 Y Ain’
i=0
(c): The case r = 2, i.e., 1 is a double root of the characteristic equation of (1.2). The solution of

(1.1) is
W (Wo, Wi, Wa) = WP+ WP =V, (Wo, Wi, W) — Vi, (WP, WP WPy + wp),

where the particular solution of (1.1) is

S

WP = n? Z Ain’.

i=0
The coefficients A; are determined by
Cg
As = (_1)3 . > s , =39,
(351 4%a) (°3%)
and
1 . k+2
Ay = (-1 —5— (cn - (—1)’f—”+3< >(a1 + 2k nH20, 4 Sk_"+2a3)Ak> ,
(ijl 32%)(";2) k:§n:+1 "

form=s—1,s—2,...,1,0. Again, Wép), Wl(p), Wz(p) and the By, Ba, B representation follow the
same scheme.
Here . .
Wi =0, WP =34, Wi =223 24,
i=0 i=0

and

Va(WP WP Wiy = 1,0, 4,22 204,
1=0 1=0

= B1V,(Wo, Wi, W2) + BaV,,_1(Wo, Wi, Wa) + B3V, _o(Wy, W1, Wa)
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where

" e Y
Bl_Za BQ_A7B3_A

and

Vi = (W +a2W2+aragWe —2a, Wy Wa —asWoWa + (aras —ag) WoW1) Wi + ((as +aras) W2 +
arasWg — asWiWa — asWoWa + a3WoW)WP + az(ai W2 + asW — WiWa + aaWo Wi )W)

Ya = ((ag+a1a2) Wi —aaWoWi + (a3 —2aza1 ) WoW1 +azaaWe +2aza Wo Wi —a3WOW2)W2(p) +
(aaW3+2a3W1 Wa+a3 Wi —(3az+aiaz) W1 Wa—(a3—2aza1 ) WoWa—aza; WOWQ)Wl(p)+(a3W22—a3a2
WoWs — azas Wi Ws — a2 Wo Wy ) WP

Y3 = ag(— Wi Watay W2+asWoW1 +as W)W +a5(W2—a1 Wi Wa—as WoWa—asWo Wy )W) +
az(azWi — (ISWOWQ)Wép)

A = W3 + (a3 + a1a2) WP + a3W§ — 2a. Wi W3 + (a3 — a2)WiWs — aaWoW3 + azai Wi Wa +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) Wo W1 Wa

In summary, the solution of (1.1) is given by

W (Wo, W1, Wa) = (= By + 1)Vyu(Wo, Wi, Wa) — BaV;, 1 (Wo, Wi, Wa) — BsViu_o(Wo, W1, Wa) + 02 Y Ain’
i=0
(d): The case r = 3, i.e., 1 is a triple Toot of the characteristic equation of (1.2). The solution of
(1.1) is

W (Wo, Wi, W) = W + W®) =V, (Wo, Wy, Wy) — Vi, (WP, WP wiP)y + w®),

where the particular solution of (1.1) is

S

WP = n? Z Ain’.

i=0
The coefficients A; are determined by
Cg
As = (_1)4 3 . . s , =39,
(Zj:l Jgaj)( §3)
and
1 . k+3
Ay = (1) —5— (cn - (—1)’f—"+4< )(al + 2k nH3g, 4 3’“_”+3a3)Ak> ,
(ijl 33%‘)(";3) k:§n:+1 "

forn=s—1,5—2,...,1,0. The evaluation ofWép), Wl(p), Wz(p) and the decomposition oan(VVép)7 Wl(p), WQ(p))
into By, By, B3 terms are analogous to case (a).
Here . .
Wi =0, WP =34, Wi =22%"2i4,
i=0 i=0

and

Va(WP WP Wiy = 1,0, 4,28 204,
1=0 1=0

= B1V,(Wo, Wi, W2) + BaV,,_1(Wo, Wi, Wa) + B3V, _o(Wy, W1, Wa)
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where

" Y Y
*AaBQ*A7B3*

B A

and

Vi = (W24a2W2+a1asWE — 20y Wy Wa — asWoWa+ (a1as —as) WoW1 ) WP + ((az+aras) W2+
203 W2 — aa Wi Wy — asWoWs + a2WoW) WP + ag(ay W2 + asW@ — Wy Wa + a;Wo Wy )W

Ys = ((ag+ara2)WE —aaWoWi + (a3 —2azar ) Wo W1 +a3a2W02+2a3a1W0W1—a3WOW2)W2(p)—|—
(aaW3+2a3W1Wa+ai Wi —(3az+aiaz) Wi Wa—(a%—2aza1 ) WoWa—azay WOWQ)Wl(p)+(a3W227a3a2
WoWs — azay WiWa — a2WoWp) WP

Y3 = as(—WiWatay W2+aaWoWi+asW2) WP +as (W2 —ay Wy Wa—as WoWa—as Wo W1 ) WP+
as(asW? — asWoWo) WP

A = W3+ (ag + ara) W3 + a3W3 — 2, W1 W3 + (a2 — ag)WEWs — aaWoW3 + azay WEWs +
(a3 + a1a3)WoWE + 2a2a3WEW1 + (—3a3 + aras) WoWi Wo

In summary, the solution of (1.1) is given by

S
W, (Wo, Wi, Wa) = (= By + 1)V, (Wo, Wy, Wa) — BaVi,_1(Wo, Wy, Wa) — B3V,,_o(Wo, Wi, Wa) + n? ZALNZ
i=0

Proof. The result is obtained by combining Theorem 5.5 (p. 104), Theorem 5.6 (pp. 104-105), and
Theorem 3.1 (pp. 88-89) for the case m = 3, as established in Soykan [1]. O

2. Closed-Form Solutions via Theorem 1.1 for Special Cases of p(n)

2.1. The Case: 6; # 1 and 05 # 1 and 03 # 1, i.e., All of the Roots of the Characteristic
Equation of (1.2) is distinct from 1. In the following example, we assume that all of the roots of the
characteristic equation of (1.2) is distinct from 1 and we consider special cases of p(n) defined in (1.1) by

using Theorem 1.1.

ExXAMPLE 2.1. In this example, in each case, the homogeneous relation corresponding to the given non-

homogeneous recurrence relation is expressed as in (1.2), i.e.,
Vo =a1Vp—1 4+ a2Vi—o +asVi_s.

(a): The case s=0: (a3 #0, cg #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
Wyn=a1Wy_1+aaW,_2 +az3W,_3 + co. (2.1)
Then the solution of (2.1) is given by

Wo(Wo, Wy, Wa) = WM 4w

= Vo (Wo, Wi, Wa) — Vo (WP, WP Wiy + w®)
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where WA = Vi (Wo, W, Wa) — Vn(Wép),Wl(p), Wép)) is the solution of (1.2) and

Co

.
a1 +as+az—1

is the particular solution of (2.1). Here,

WP = Ao, WP = Ay, WP = Ay,

and
Va (WP, WP W) = Vi(Ag, Ao, Ag)
= B1V,(Wo, Wy, W2) + BaV,,_1(Wo, W1, Wa) + B3V, _o(Wy, W1, Wa)
where
Blz%, BQ:%, Bgz%
and

Y1 = (W34 aiW2 +a1a3W§¢ —2a1 W1 Wa — aaWoWa + (araz — az)WoW1) Ao + ((az +aras) WE +
azasWg — aaWiWy — asWoWa + a3WoW1) Ag + azg(ar W3 + asWg — WiWa + aaWoW1) A

Ys = ((a3 +ara2)WE — aaWoWy + (a3 — 2aza1 ) Wo W1 + azas Wi + 2aza; Wo Wi — asWoWa) Ag +
(aa W3 +2a3W1Wa+a3W§ — (3az+ayaz) Wi Wa — (a3 —2aza1 ) WoWa —aza; WoWa) Ag+ (as Wi —azas
WoWs — azan WiWa — a3WoW1) A

Y3 = azg(—W1iWa+a1 Wi +asWoWi +asWg) Ao+ az(W3 — a1 Wi Wa — aaWoWa —asWoW1) Ag +
az(azWi — azWoWa)Ag

A =W3 + (az + ara2) W3 + a3W¢ — 2a1WiW3 + (a3 — ag)WiEWy — aaWoW3 + azai WEWs +
(a3 + a1a3)WoW? + 2a2a3WEW1 + (—3as + a1a2) Wo W1 Ws

In summary, the solution of (2.1) is given by
Wi (Wo, Wi, Wa) = (= By + 1)V, (Wo, Wi, Wa) — Ba Vi, 1 (Wo, Wi, Wa) — B3V, _o(Wo, Wi, Wa) + Ag

(b): The case s=1: (a3 #0, ¢c; #0).

Let the sequence {W,,} defined by nonhomogeneous linear recurrence relation
Wp=a1Wpn_1+ axWy_o+asW,,_3+cin +co. (2.2)
Then the solution of (2.2) is given by

Wo(Wo, Wy, Wa) = WM 4w

= Va(Wo, Wi, Wa) = Vu (W Wi W3") + WY
where W = Vi (Wo, W1, Wa) — Vn(WO(p)7W1(p), Wz(p)) is the solution of (1.2) and

W7(Lp) = Aln —|— AO



UNDER PEER REVI EW

is the particular solution of (2.2). Here,

A R
! ar+ax+az—1
1
Ay = ——— = (e — 2 3as) A
0 a1+a2+as—1(co (017 202+ 309) )
i.e.,
4 - o
a1 +as+az—1
1
Ay = (a1 +as+ 1)2(—cO +ai(co + 1) +az(co + 2¢1) + az(co + 3c1))
ay a9 az —
i.e.,
A -
! ai+as+az—1
1
Ay = _( o 1)2 ((a1 + a2 + a3 — 1) co + (a1 + 2a2 + 3az)c1)
al an az —
and
Wi = Ao, W = Ay + A1, WP = Ag + 24,
and
Va(Ws" WP W) = Viu(Ao, Ao + Ay, Ao + 241)
= Blvn(Wo,Wl,WQ) +B2Vn71(WO7W1?W2) +B?’V”*2(WO’W1’W2>
where
_h ERCR R
Bl—Ka By = N Bs = A
and

Y1 = (W3 + a2W2 + a1asWe — 2a; Wi Wo — aaWoWa + (aras — az)WoWi) (Ao + 241) + ((az +
araz)W3 + asazWg — asWiWa — agWoWa + a3WoW1) (Ao + A1) + az(ai Wi + asW§ — WiWs +
asWoWi) Ao

Yz = ((ag+a1a2) Wi —aaWoWi + (a3 — 2azar ) WoWi +agas W§ + 2aza; Wo Wi —asWoWa ) (Ao +
241) + (aaW3 + 2a3W1Wa + a2WE — (3as + ara)W1Wa — (a3 — 2aza1 )WoWa — agas WoWa) (Ao +
Ap) + (azW3 — azaaWoWsa — azas W1 Wa — a3WoWi) Ag

Y; = az(—WiWa + a1 WE + aaWoWq + azsWi) (Ao + 241) + az(W3 — as W1 Wa — aaWoWa —
azsWoW1)(Ag + A1) + az(asWi — azWoWs) Ag

A =W3+ (az + ara) W3 + a3W§ — 2, WiW3 + (a3 — ag)WiEWy — aaWoW3 + azai WEWs +
(a3 + ar1az)WoWE + 2a2a3WEW1 + (—3a3 + a1a2) Wo W1 Wa

In summary, the solution of (2.2) is given by

Wy (Wo, Wi, Wa) = (—=B1 + 1)V, (Wo, Wi, Wa) — BoVy 1 (Wo, Wi, Wa) — BsVi—o(Wo, Wi, Wa) + Ain + Ao
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(c): The case s=2: (a3 #0, c3 #£0).

Let the sequence {W,,} defined by nonhomogeneous linear recurrence relation
W, = aiWp_1 + asWp_o + azWp_3 + can® + cyn + co. (2.3)
Then the solution of (2.8) is given by
Wo(Wo, Wi, Wa) = WM 4w
= Va(Wo, Wi, Wa) = Vo (Wg", WP, Wi")) + WP
where WA = Vi, (Wo, Wy, Wa) — Vo (WP, WP WP is the solution of (1.2) and
WP = Ayn? + Ain + Ag

is the particular solution of (2.3). Here,

2
Ay = —— =
2 a1 +as+az—1
1
A = (a1 -2 2a9 + 3az) A
! cu-l—az—i-a:a—l(c1 (a1 +2a> + 3a3) Ao)
1
Ay = ——(cg — (a1 + 2as + 3a3) Ay + (a1 + 4as + 9a3)A
0 a1+a2+a3_1(0 (a1 + 2a2 + 3a3) Ay + (a1 + 4az + 9a3) Az)
i.e.,
Ag— 2
a1+a2+1a3—1
A =— 5(—c1 4+ a1(2co + c1) + az(4ca + 1) + az(6ez2 + c1))
(a1+a2—|—a3—1)
1
Ag=— 3 (CO + a1(62 —C1 — 200) + 20,2(202 —C1 — CO) + a,3(902 —3c1 — 200) +

(a1 +as +as — 1)
a?(ca+e1+cp)+a3(dea+2¢ +co)+a§(902+301 +cp)+aras(3ca+3c1+2c0)+2ara3(co+2¢1 +¢o) +

a2a3(1102 + 5¢1 + 200))

i.e.,

A= ot

A = —m((al +as + a3z — 1)e; + 2(ay + 2a5 + 3az)cs)

Ay = —m((al +ag+az—1)%co+ (a1 +az +az — 1) (a1 +2az + 3a3)er + ((ag + 2a2 +

3a3)? + (a1 + 4as + 9a3) — (aras + 4ajas + azaz))cs)

and
WP = Ag, WP = Ag + A1 + As, WiP) = Ag + 24, + 44,
and
Vn(Wo(p)a W1(p), WQ(p)) = Vi(Ap, Ao+ A1 + As, Ap + 241 + 445)
= B1V,(Wo, W1, Ws) 4+ BoV,,_1(Wo, W1, Wa) + B3V,,_o(Wo, W1, Ws)
where
PRSI R
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and

Y1 = (W3 + a3WE + arasW§ — 2a, W1 Wa — aaWoWa + (aras — a3)WoWi)(Ag + 241 +4A5) +
((az + ara2)Wi + azasWg — aaWiWa — azsWoWa + a3WoWh) (Ao + A1 + Az) + az(arWE + azsWe —
WiWa + aaWoWh) Ay

Y = ((ag+a1a2) W2 —aaWoWi + (a3 — 2azar ) WoWi +azas W +2a3a1 WoWq —azsWoWa) (Ao +
2A1+442)+ (aaWi+2a3 W1 Wa+aZWE — (3az+araz) W1 Wa— (a3 —2azar ) WoWa —aza; WoWa) (Ao +
Ay + Ag) + (a3W3 — azaaWoWa — azai Wi Wa — a3WoW1) A

Yy = az(—=Wi1Wa + ait Wi + aaWoWq + azW@) (Ao + 241 + 443) + az(W3E — ay W1 Wa — ay
WoWsy — asWoWh)(Ag + A1 + Az) + ag(asWi — asWoWa) Ag

A =W3+ (az + ara2) W3 + a3W¢ — 2a1WiW3 + (a3 — ag)WiEWs — aaWoW3 + azai WEWs +
(a3 + a1a3)WoW? + 2a2a3WEW1 + (—3as + a1a2) Wo W1 Ws

In summary, the solution of (2.3) is given by

W, (Wo, Wi, Wa) = (—By+1)V, (Wo, Wi, Wa)—Ba Vi, 1 (Wo, Wy, Wa)—Bs Vi, _o(Wo, Wi, Wa)+Agn?+Ain+ A

(d): The case s=3: (a3 #0, c5 #0).

A3

Az

Ay

Ap

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
Wo,=a1Wpn_1+ aWy_o+azsW,_3+ 03713 + C2n2 +cin 4+ ¢o.- (24)
Then the solution of (2.4) is given by

W (Wo, Wy, Wo) = WM 4+ w®

Vi (Wo, Wi, Wa) — Vo (WP, WP W) 4 w @)

where W = Ve (Wo, W1, Wa) — Vn(WO(p),Wl(p), WQ(p)) is the solution of (1.2) and
WT(Lp) = A3n3 + AQTLZ + Ain+ Ay

is the particular solution of (2.4). Here,

I B
a1 —+ a9 —+ as — 1
1
T Totata o1 820t 3a)ds)
1
— —m(cl —2(ay + 2a2 + 3a3)As + 3(a1 + 4as + 9az) As)
1 2 3 —
1

= —W(CO - (a1 + 2as + 3a3)A1 + (a1 + 4a9 + 9&3)A2 — (a1 + 8as + 27&3)143)

ay + ag +10,3 — 1

Ay = — 3 (—CQ + CL1(CQ + 363) + CLQ(CQ + 603) + a3(02 + 903))
(a1 +az +az —1)
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A = —7((1&@;@371)3 (1 — a1(2c1 + 2ca — 3c3) + a3(cr + 2¢2 + 3¢3) — 2az(c1 + 2co — bcg) +
a3(c1 +4ea +12¢3) — az(2c1 + 6¢2 — 27¢3) + a3(cq + 6¢ + 27¢3) + araz(2¢1 + 6¢a + 9c3) + 2a1a3(cy +
4co + 303) + a2a3(201 + 10¢o + 3363))

1

Ag=—

1 (—co+a1(3co+c1 —ca+e3) —ai (3o +2¢1 —4es) +af(co+ ¢ +co+
(a1 +a2+a3—1)
c3)+az(3co+2c1 —4ea+8c3) —a3(3co+4c1 —32¢3) +a3(co+2c1 +4ca+8¢3) +3asz(co+c1 —3ca+9c3) —
3a3(co+2c1—36¢3)+a3(co+3c1+9ca+27c3)+arad(3co+5er +Tca+5c3)+a2az(3co+4cr +4dea+4es)+
ataz(3co+5c1+3co+5c3)+ara3(3co+7c1+11ca—17c3)+a%az(3co+7c1+15¢2+31¢3)+aza3 (3co+8c1+
20co +44C3) —2a1a9 (300 +3c1—co —983) — 2@10,3(360 +4c1 —4ey —863) — 2&2@3(360 +5c1—co— 5503) +
2a1a2a3(3co + 661 + 802))

and

Wo(p) = Ay, W1(p) = Ag+ A1 + As + As, Wz(p) = Ao + 241 + 44y + 843,

and
V, WP wiP WP WPy = Vi(Ag, Ag + Ay + Ay + Ag, Ag + 241 + 4A, + 8A3)
= BV, (Wo, W1, Wa) + BaVy 1 (Wo, Wy, Wa) + B3 Vi _o(Wo, Wi, W)
where
" Y R L
Bl_Kv BQ_ A’ B3_ A
and

Yy = (W2 + a3WE + arazWe — 20, Wi Wa — aaWoWs + (a1az — az)WoWi)(Ag + 241 + 445 +
8A3) + ((az +arax)Wi+asasWg —asWiWa —agWoWa +a3WoW1) (Ao + A1 + As + A3) +az(a WP +
azWe — WiWy + aaWoWi) Ag

Y = ((ag+a1a2) W2 — aaWoWi + (a3 — 2azar )\ WoW1 +azaa W +2aza1 Wo W1 — azsWoWa) (Ao +
241 + 44y + 843) + (a2W3 + 2a3W1Wa + a3WE — (3az + ara)W1Wa — (a3 — 2aza)WoWq —
azaiWoWs)(Ag + A1 + Ay + A3z) + (a3W3 — azaaWoWa — azas Wi We — a3WoW1) A

Y3 = ag(—WiWsa + a1 Wi + asWoWi + asW§ ) (Ao + 241 + 445 +8A43) + as (W3 —ay Wi Wa — as
WoWs — asWoWi) (Ao + Ay + As + A3) + az(asWE — azWoWs) Ag

A = W3+ (ag + a1a2) W3 + a3W3 — 2, W1 W3 + (a3 — ag)WEWs — aaWoW3 + azay WEWs +
(a3 + ar1az)WoW2 + 2a0a3WEW1 + (—3as + a1a2) WoW1 Wa

In summary, the solution of (2.4) is given by
Wi (Wo, Wi, Wa) = (=B1+1)V,,(Wo, Wy, Wa)—Ba V1 (Wo, Wi, Wa)— B3V, _o(Wo, Wi, Wa)+Asn®+ Aon®+ Ayn+Ag

2.2. The Case: #; =1 and 0> # 1 and 03 # 1, i.e., Only one of the Roots of the Characteristic
Equation of (1.2) is 1. In the following example, we assume that only one of the roots of the characteristic

equation of (1.2) is equal to 1 and we consider special cases of p(n) defined in (1.1) by using Theorem 1.1.
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EXAMPLE 2.2. In this example, in each case, the homogeneous relation corresponding to the given non-

homogeneous recurrence relation is expressed as in (1.2), i.e.,
Vi =0a1Vp—1+a2Vy_2 +asVi_s.

(a): The case s=0: (a3 #0, co #£0).

Let the sequence {W,,} defined by nonhomogeneous linear recurrence relation
Wn=a1Wpn_1+ aaWy_2+ azW,_3 + co. (2.5)
Then the solution of (2.5) is given by

Wo(Wo, Wi, Wa) = WM 4w

= V(Wo, Wi, Wa) — Ve (WP WP WiP)) + W)
where W = Vo (Wo, W1, Wa) — V,L(VV(EP), Wl(p), WQ(p)) is the solution of (1.2) and
WP =nA,

is the particular solution of (2.5). Here,

Ag = %
a1 + 2as + 3as
and
WP =0, WP = Ay, Wi =24,
V(WP WP WPy = V,(0, Ao, 240)
= BV, (Wo, W1, W3) + BaVy 1 (Wo, Wi, Wa) + B3V, _o(Wo, Wi, Wa)
where
R Y Y
Bl—Z, BQ* A’ B3* A
and

Vi = (W3 + aiWi + arasW§ — 2a,WiWo — agWoWa + (a1ag — az)WoWi) x 240 + ((as +
a1a)Wi + agazWe — aaWiWa — azWoWa + a3WoW1) Ag

Ys = ((ag + a1a2) W2 — aaWoWi + (a3 — 2aza1)WoW1 + azaaW§ + 2aza1 Wo Wy — azWoWa) x
240 + (aaW3 + 2a3W1Wa + a3W@ — (3az + a1a2)W1Wa — (a3 — 2azar)WoWa — aga; WoWa) Ag

Ys = az(—WiWatai Wi+asWoWi+asW§) x 240+ a3 (W3 —ay Wi Wa—asWoWa—asWoWi) Ag

A =W3 + (a3 + ara2) W3 + a3W$ — 2a1WiW3 + (a3 — ag)WiEWy — aaWoW3 + azai WEWs +
(a3 + a1a3)WoW? + 2a2a3WEW1 + (—3as + a1a2) Wo W1 Ws

In summary, the solution of (2.5) is given by

Wy (Wo, Wi, Wa) = (—=B1 + 1)V, (Wo, Wi, Wa) — Bo Vi1 (Wo, Wi, Wa) — BsVi_o(Wo, Wi, Wa) +ndg
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(b): The case s=1: (a3 #0, c1 #0).

Let the sequence {W,,} defined by nonhomogeneous linear recurrence relation
W, =a Wy_1+4+ asW,—o +asW,_3 + cin + co. (26)
Then the solution of (2.6) is given by

Wo(Wo, Wi, Wa) = WM 4w

= Vn(WOa Wla WQ) - Vn(W(Ep)a Wl(p)a WQ(p)) + Wrg,p)
where WA = Vi, (Wo, Wy, Wa) — Vo (WP, WP WP is the solution of (1.2) and
WT(L‘D) = TL(AlTL + Ao) = A1n2 + Aon

is the particular solution of (2.6). Here,

A = a
- 2(a1+2a2+3a3)’
1
A = —_— 4 9 K A

0 (a1 + 2as + 3ag3) (o + (ar + daz + 9ag) A),

i.e.,
¢
A = ,
! 2 (CLl + 2@2 + 3&3)
1
Ay = 5 (a1(2co + 1) + 4az(co + c1) + 3a3(2¢o + 3c1)),
2 (a1 + 2a2 + 3a3)

and

WP =0, WP = Ay + Ay, WP =44, + 24,,
and

V(WP WP WPy = V,(0, A + Ag, 44, + 2A,)
= B1\V(Wo, W1, Wa) + BaV,, 1 (Wo, W1, Wa) + B3V, _o(Wo, W1, Ws)
where
o Y Y
Bl_Zv BQ_K7 B3_ A

and

Y1 = (W3 +aiW32 + a1asW¢ — 2a1 W1 Wa — aaWoWa + (aras — az)WoW1) (441 +240) + ((as +
a1a2)Wi + azazWé — aaWiWa — azsWoWa + a3WoW1) (A1 + Ap)

Ya = ((a3+a1a2)WE —asWaoWi + (a3 —2aza1 ) Wo Wi +azasWé +2aza1 Wo Wi —azWoWs) (4A1 +
240)+ (aaW3 +2a3 W1 W +a3W¢ — (3az +ai1a2) W1 Wa — (a3 — 2azay ) WoWa — aza; WoWa ) (A1 + Ap)

Y3 = as(—WiWa + a1 W + aaWoWi + asW§) (441 + 240) + as(W3 — at W1 Wa — aaWo W —
asWoW1)(A; + Ap)
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A= W23 + ((13 + CL1(12)W13 + (J%WS’ — 2(11W1W22 + ((I% — GQ)WEWQ — a2W0W22 + a3a1W02W2 +
(a% + a1a3)W0W12 + 2a2a3W02W1 + (—3@3 + alag)WOWﬂ/Vg
In summary, the solution of (2.6) is given by

W, (Wo, Wi, Wa) = (=B1 + 1)V, (Wo, Wi, Wa) — Ba Vi1 (Wo, Wi, Wa) — B3Vi,—o(Wo, Wi, Wa) + A1n® + Agn

(c): The case s =2: (ag #0, ca #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
Wo=a1Wp_14+ aWp,_o+asW,_3+ CQTLZ +cin 4+ ¢p. (27)
Then the solution of (2.7) is given by

W, (Wo, Wi, Wa) w4 wp)

= Va(Wo, Wi, Wa) = Vo (WP, WP W) 4 WP
where WA = Vo (Wo, Wr, Wa) — Vn(WO(p)7W1(p), Wz(p)) is the solution of (1.2) and
Wép) = n(A2n2 + Ain + Ao) = AQ?’L3 + A17’L2 + Agn

is the particular solution of (2.7). Here,

Ay = c
7 3(ay + 2as + 3a3)’
1
A = 3 4 9 A
! 3 (ar 1 2az 1 3az) T3 (o F a2 9a3) o),
1
Ay = m(CO =+ (a1 + 4das + 9&3) A — (al + 8as + 27&3) Ag),
i.e.,
C2
Ay = ,
2 3 (a1 + 2a0 + 3@3)
1
Al = (a1(01 -+ CQ) + 20.2(01 + 202) + 30.3(01 + 302))7

2 (CLl —+ 26L2 + 30,3)2
1

= = (af(6co + 3c1 + c2) + 8a3(3co + 3er + 2¢2) + 27a3(2¢ + 3¢1 + 3¢2) +
6 (a1 + 2a9 + 30,3)
2(11(12(1260 + 901 + 202) + 6a1a3(600 + 661 — CQ) + 6&2&3(1200 + 1561 + 1062)),

and
WP =0, W = Ay + Ay + Ao, WP = 84, + 44, + 24,
and
VoW WP W) = (0, A + Ay + Ag, 845 +4A; + 24))
= BiV(Wo, Wi, Wa) + BaVy, 1 (Wo, Wi, Wa) + B3V, —o(Wo, Wi, Wa)
where
Blz%, 82:%7 B3=%

and
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Vi = (W34 aiWi + arasW§ — 2a Wi Wa — aaWoWa + (a1az — az)WoW1)(84z + 441 + 2A0) +
((az + ara2)WE + agasW§ — aaWiWa — asWoWa + a3WoW1)(Az + A1 + Ag)

Ya = ((as+a1a2)WE —agaWaWi + (a3 —2asa1 ) Wo W1 4 asas WE 4 2aza; Wo W1 —asWoWa ) (8 Ay +
4A1 4 24A0) + (aaW3 + 2a3 W1 Wo + a3WE — (3a3 + araz) W1 Wa — (a3 — 2azar )WoWa — azas WoWa)
(As + A1 + Ap)

Ys = az(—WiWa + a1 WE + aaWoW1 + agWi)(8Aa + 441 + 24g) + az3(W3 — a1 W1 W — as
WoWsy — azsWoW1)(As + A1 + Ao)

A =W3+ (az + ara) W3 + a3W§ — 21 WiW3 + (a3 — ag)WiEWs — aaWoW3 + azai WEWs +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3a3 + a1a2) Wo W1 Wa

In summary, the solution of (2.7) is given by

W, (Wo, Wi, Wa) = (= B1+1)V,,(Wo, Wi, Wa)—Ba Vi, 1 (Wo, Wi, Wa)— B3V, _o(Wo, Wy, Wa)+Aan®+A1n*+Agn

(d): The case s=3: (a3 #0, c5 #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
Wn == a1Wn_1 + CLQWn_Q + a3Wn_3 + ans + CQTLZ “+c1n + Co. (28)
Then the solution of (2.8) is given by

WTL(W07 Wl, WQ) = W’r(Lh) -+ W’r(Lp)

=V (Wo, Wi, W) — V(WP W) i)y 4 wi»)
where W = Vi (Wo, W1, Wa) — Vn(WO(p)7W1(p), Wz(p)) is the solution of (1.2) and
Wép) = n(A3n3 + A2n2 + Ain+ Ao) = A3TL4 + AQTLB + A1n2 + Agn

is the particular solution of (2.8). Here,

A3 = %
- 4(&1 —|—2a2—|—3a3)’
1
Ay = 6 4 9 A
2 3(a1+2a2+3a3)(02+ (a1 + daz + 9a5) As),
1
A = c1 + 3 (a1 +4as + 9as) Ay — 4 (ay + 8az + 27a3) As),
1 2(a1—|—2a2+3a3)(1 (a1 2 3) Ao (a1 2 3) As)
1
Ay = ———(co+ (a1 +4as +9a3) A1 — (a1 + 8as + 27a3) A2 + (a1 + 16az + 8lasz) As),
0 (a1+2a2+3a3)(0 (a1 2 3) A1 — (a1 2 3) Az + (a1 2 3) As)
i.e.,
C3
Az = ,
3 4 (a1 + 2a3 + 3a3)
1
A2 = 3 (a1(262 + 363) + 4a2(02 + 363) + 3@3(262 + 903)),
6(a1+2a2+3a3)
1 2 2 2
1 = 3 (ai(2¢c1 + 2¢2 + ¢3) + 8az(c1 + 2c2 + 2¢3) + 9az(2¢1 + 6ca + 9c3) +

4 (a1 + 2a2 + 3a3)
4&1&2(201 + 382 + 63) + 6a1(13(261 + 402 — 83) + 12a2a3(201 + 582 + 563)),
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1 .
Ag = (@ (6o + 3¢y + c2)+16a3 (3co + 3¢1 + 2¢2)+81a3 (2¢o + 3¢1 + 3e2) +
6 (CLl + 20‘,2 + 3(13)

6a1a3 (12co + 10c; + 4co — 3c3)+9ara? (18¢o + 21ey + Teg — 30c3)+6a3as (6co + 4cq + c2)+3ataz(18co+

15¢1—ca+6¢3)+18aza2 (18¢c + 24¢y + 19¢o — 6¢3)+6a3as (36¢o + 42¢1 + 28¢a — 3cz)+12a1aza3(18¢y+
1801 + 562 — 903)),

and

WP =0, W) = Ag + Ay + A1 + Ag, Wi = 1645 + 84, + 44, + 240,

and
V(WP WP WPy = V,(0,As + Ay + Ay + Ag, 16A5 + 84, + 44, + 240)
= BV (Wo, Wi, Wa) + ByViu_y (Wo, Wy, Wa) + BsVi_o(Wo, Wy, Wa)
where
PR P TR
and

Y1 = (W3 +a3W? + a1azsWg — 2a, W1 Wa — aaWoWa + (araz — a3) WoWi) (16 A3 + 845 + 4A; +
240) + ((ag + a1a2) Wi + asasW§ — aaWiWo — asWoWs + a3WoW1)(As + Az + Ay + Ay)

Yz = ((a3 + a1a2)WE — aaWoWi + (a3 — 2aza1)WoWq + azaaW§ + 2aza1 WoWq — azWoWs)
(16A3 + 8As + 4A; + 240) + (aaW3 + 2a3W1Wa + a3W¢ — (3as + ara)WiWs — (a3 — 2azay)
WoWs — agayWoWs)(Az + Az + Ay + Ay)

Y3 = azg(—W1iWa+ a1 W2 +aaWoWi +asWg) (16 A3 + 843 +4 A1 +2A0) +az(W3 —a, Wi Wa —a
WoWs — asWoW1)(As + As + A + Ag)

A = W3 + (a3 + a1a2) WP + a3W§ — 2. W1 W3 + (a3 — a2)WiWs — aaWoW3 + agzai Wi Wa +
(a3 + araz)WoW2 + 2a2a3WEW1 + (—3az + a1a2) Wo W1 Wa

In summary, the solution of (2.8) is given by
W (Wo, Wi, Wa) = (=B1+1)V, (W, Wi, Wa)—BaVy,_1(Wo, Wi, Wa)— B3 Vi, o (Wo, Wi, Wa)+Asn*+Aon®+A1n+Aon

2.3. The Case: 0; =1 and 0, =1 and 03 # 1, i.e., Only Two of the Roots of the Characteristic
Equation of (1.2) is 1. In the following example, we assume that only two of the roots of the characteristic

equation of (1.2) is equal to 1 and we consider special cases of p(n) defined in (1.1) by using Theorem 1.1.

EXAMPLE 2.3. In this example, in each case, the homogeneous relation corresponding to the given non-

homogeneous recurrence relation is expressed as in (1.2), i.e.,
Vo =a1Vp—1 4+ a2Vio +asVi_s.

(a): The case s=10: (a3 #0, co #0).
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Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
W, =a1Wn_1+ aaWy_o+a3sW,_3+ co. (29)
Then the solution of (2.9) is given by

Wo(Wo, Wy, Wa) = WM 4w

= Va(Wo, Wi, W) = Va (W, WP W) + wip)
where WA = Vi (Wo, W1, Wa) — Vn(WO(p),Wl(p), W2(p)) is the solution of (1.2) and
W) =n2 A,

is the particular solution of (2.9). Here,

co
Ay=——
0 ay + 4(12 + 9(13
and
WP =0, WP = Ay, WP = 44,,
Vn(W(gp)a Wl(p)) W2(p)) = Vn (Oa A07 4A0)
= BV (Wo, Wi, Wa) + By V1 (Wo, Wi, Wa) + B3V, _o(Wy, W1, W3)
where
Y; Y Y3
Bi=-1 By=22% By=22
1= 7 Dm0 BT R
and

Y1 = Wi+ a3W? + a1a3W§ — 2a.WiWa — aaWoWa + (aras — az)WoWi) x 449 + ((as +
araz)W3 + azasWg — aaW1Wa — asWoWa + a3WoW1) Ag

Yo = ((a3 + araz) W — aaWoWi + (a3 — 2aza1 ) WoW1 + azaaW§ + 2azas WoWq — asWoWs) x
440 + (aaW3 + 2a3W1Wa + a3WE — (3a3 + a1a2)W1Wa — (a3 — 2azar)WoWa — azas WoWa) Ag

Y3 = az(—WiWa+a1 W2 +asWoWi +azW) x 4Ag+az (W3 —ay Wi Wa —aaWoWa —azWoWi) Ag

A = W3+ (ag + a1a2) W3 + a3W3 — 2, W1 W3 + (a3 — ag)WEiWs — aaWoW3 + agay WeWs +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) Wo Wi Wa

In summary, the solution of (2.9) is given by
W, (Wo, Wi, Wa) = (—By + 1)V,,(Wo, Wi, Wa) — BoV,, 1 (Wo, Wi, Wa) — B3V, _o(Wo, Wi, Wa) +n*Ag

(b): The case s=1: (a3 #0, ¢1 #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation

Wy = a1Wp_1 + a2Wy_o + asW,,_3 + cin + co. (2.10)
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Then the solution of (2.10) is given by

W, (Wo, Wi, Wa) w4 P

= Va(Wo, W1, W2) — Vn(W()(p)v fp);Wz(p)) + WP
where WA = Vi (Wo, W1, Wa) — Vn(Wép),Wl(p), Wép)) is the solution of (1.2) and
W) = n2(A1n + Ag) = A1n® + Agn?

n

is the particular solution of (2.10). Here,

A = - o
L= 3 (a1 + 4daz + 9a3)’
1
Ay = ——n—- — — 8 27 A
0 (a1 S day 9(13) (Co (a1 + Sas + a3) 1),
i.e.,
C1
A o= - ,
! 3 (a1 + 4(12 + 9(13)
1
Ay = — 5(a1(3co + c1) + 4az(3co + 2¢1) + 27az(co + c1)),

3 (a1 + 4as + 9as)

and
WP =0, WP = A + Ay, WP =84, + 4A,,
and
Va(WP WP WiP) = Vi (0, Ay + Ao, 8A; +44)
= BV, (Wo, W1, Ws) + BV, 1 (Wo, Wi, Wa) + B3V, —o(Wo, Wi, Wa)
where
N Y Y
Bl*Za BQ*K7 B3*Z

and

Y1 = (W3 +a3W2 + a1asW§¢ — 2a1: W1 Wa — aaWoWa + (araz — az)WoW1) (841 +4A0) + ((az +
araz) W3 + agazWg — aaW1Wa — asWoWa + a3WoW1)(Ar + Ap)

Ya = ((ag+a1a2) Wi —asWaWi + (a3 —2azay ) Wo Wi +agas W +2aza1 WoW1 —asWoWa) (8 A1 +
440)+ (aaW3 +2a3 W1 Wa+a2WE — (3az +ara2) W1 Wa — (a3 — 2aza; )\WoWe — azas WoWa) (A1 + Ag)

Y3 = az(—WiWsa + ar Wi + aaWoWi + asW§)(8A1 + 4Ag) + az(W3 — a1 W1 Wa — aaWoWo —
asWoW1) (A1 + Ayp)

A =W3 + (a3 + ara) W3 + a3W§ — 21 WiW3 + (a3 — ax)WiEWs — aaWoW3 + aza WEWs +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3az + a1a2) WoW1 Wa

In summary, the solution of (2.10) is given by

Wn(Wo, Wi, Wa) = (=B +1)V,,(Wo, Wi, Wa) — BoV, 1 (Wo, Wi, Wa) — B3V, _o(Wy, W1, Wa) + A1n® + Agn?
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(c): The case s=2: (a3 #0, c3 #£0).

Let the sequence {W,,} defined by nonhomogeneous linear recurrence relation
Wn = aan,l + (LQWH,Q + (lanfg + CQTL2 +c1n + ¢p. (211)
Then the solution of (2.11) is given by

Wo(Wo, Wy, Wa) = W 4w

= Vn(WOa Wa, WQ) - Vn( O(p)v Wl(p)’ WQ(p)) + Wv(zp)
where W = Vi (Wo, W1, Wa) — Vn(WO(p)7 Wl(p), Wz(p)) is the solution of (1.2) and
W(p) = n2(A2n2 + Ain+ Ao) = A2n4 + A1n3 + Aon2

n

is the particular solution of (2.11). Here,

Ay = - c2
2 6(CL1 +4a2+9a3)’
1
Av = 3 (a1 + 4dag + 9a3) (e1 = 4(ar + 8az + 27as) As),
1
AO = 7m(60 — (CLl + 8&2 + 27&3) A1 + (a1 + 16(12 + 81(13) Ag),
i.e.,
C2
Ay = —
> 6 (ay + 4ag + 9a3)’
1
A1 = — ) (a1(361 —|— 262) —I— 40,2(301 —|— 402) —|— 27&3(01 —|— 202)),
9 (a1 + 4as + 9a3)
1
Ay = 3 (a2 (18co+6c1 + c2) +32a3(9co + 6¢1 +2¢2) +729a3 (2¢ +2¢1 +c2) +

18 (a1 + 4as + 9as)
4(11(12(3600 + 18¢1 + CQ) + 54&1&3(600 +4c1 — Cg) + 108&2&3(1200 + 10c1 + 302)),

and
W =0, WP = Ay + Ay + Ay, WP = 164, + 8A, + 44,
and
VoW, WP WP = Vi(0, As + Ay + Ao, 164z + 8A; + 440)
= BV, (Wo, W1, Ws) + BaVy 1 (Wo, Wi, Wa) + B3V, _o(Wo, Wi, Wa)
where

Y, Yy Y3
Bi=2' By=-2% By=12
TATTPT AT T A

and

Y, = (W22 +G%W12 +(11CL3W02 —2a1 W1 Wqy —asWoWs + (a1a2 — a3)W0W1)(16A2 +8A1 +4A0) =+
((CL3 + (11(12)W12 + GQCLgWOQ - a2W1W2 — (13WOW2 + Q%W()Wl)(AQ + A1 + Ao)
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Ys = ((az+ara)WiE—aaWoWi+ (a3 —2aza1 ) WoWi +azas We +2aza; WoWi —azsWoWs) (16 Ay +
8A1 +4A0) + (aaW3 + 2a3W1Wo + a2 W@ — (3az + araz)WiWa — (a3 — 2azar)WoWs — aza; WoWs)
(A2 + Ay + Ap)

Y3 = az(—W1Wa + a; Wi + aaWoWy + asW§) (16 Ay + 8A1 + 44¢) + az3(W3 — a1 W1 Wa — az
WoWa — azWoW1) (A2 + Ay + Ao)

A =W3+ (az + ara2) W3 + a3W§ — 2a1WiW3 + (a3 — ag)WiEWs — aaWoW3 + azai WEWs +
(a3 + a1a3)WoWE + 2a2a3WEW1 + (—3a3 + ayag) WoWi Wa

In summary, the solution of (2.11) is given by
Wi (Wo, Wi, Wa) = (=B1+1) Vo (Wo, Wi, Wa)— By Vi1 (Wo, Wi, Wa)— B3V _o(Wo, Wi, Wa)+Aan*+A1n’+Agn®

(d): The case s=3: (a3 #0, c5 #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
W, = a1 Wp_1 4+ aaWi_o + asWy_3 + csn® + can? + e1n + . (2.12)
Then the solution of (2.12) is given by

Wo(Wo, Wi, W) = WM +w®
= Va(Wo, Wi, Wa) = Va (W, WP W) + wip)
where WA = Vi (Wo, W1, Wa) — Vn(Wép),Wl(m, Wép)) is the solution of (1.2) and
WP = n2(Asn3 + Agn? + Ain + Ag) = Asn® + Ayn* + Ayn® + Agn?

n

is the particular solution of (2.12). Here,

Ay = - &
> 7 T 10(ay + 4as + 9a3)’
1
Ay = — —10 8 27a3) A
2 6 (a1 + 4as + 9as) (c: (a1 + 8, + 27as) As),
1
A = — —4 8 27 A 5 16 81 A
! 3 (a1 + 4as + 9as) (e (a1 +8az +27as) Az +5(ar + 16az + 8las) 4s),
1
A = -— — 8 27 A 16 81 Ay — 32 243 A
0 (a1 + das + 9az) (co — (a1 + 8az + 27ag) Ay + (a1 + 16as + 8lag) As — (a1 + 32a2 + az) As),
i.e.,
C3
Az = —
3 10 (al + 4as + 9@3) ’
Ay = — 5 (a1(02 + Cg) + 4@2(62 + 203) + 9@3(62 + 303)),
6 (a1 + 4a2 + 9a3)
Al = 1 (a2(6c1 + 4co + c3) + 32a3(3cy + dea + 2¢3) + 243a3(2¢1 + dea + 3e3) +

" 18(a1+4az4+9as3)?
4(110,2(1261 + 1262 + 63) + 18(110,3(661 + 802 - 303) + 36&2&3(1261 + 2062 + 903)),
1
— 1 (a?(QOC() + 3061 + 562 — 63) + 1280,%(456() + 3061 + 1062 — 463) +
90 (a1 + 40,2 + 9@3)
6561a3(10co + 10c1 + Hea — 3ez) + 16a1a3(270co + 150¢1 + 25¢a — 27¢3) + ba?(216azco + 96azcy +

A(] =
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8agcy — 45azc2) + 1215a1a3(18¢o + 14ey + o — 9e3) + 27a3az(90co + 50¢1 + 17¢3) + 1944asa2 (45¢0 +
40c; + 15¢0 — 12¢3) + 144a3a3(270cq + 210c¢; + 65¢0 — 33¢3) + 144a1a2a3(135¢o +90¢1 + 5ea — 18¢3)),

and

WP =0, W = Ay + Ay + Ay + Ay, W) = 3245 + 164, + 84, + 44,

and
V(WP WP WPy = V,(0, A3 + Ay + Ay + Ag, 3245 + 164, + 8A; + 44y)
= BV,(Wo, W1, Wa) + BaV;,—1 (Wo, W1, Wa) + B3V, —o(Wo, Wr, Wa)
where
PR R Y,
and

Vi = (W3 +aiWE +a1asW§ —2a1 WiWa — aaWoWa + (a1a2 — az) WoW1) (3243 + 16 A5 + 8A;1 +
4A0) + ((az + ara2) Wi + asasW§ — aaWiWa — asWoWa + a3WoW1)(As + A + A1 + Ao)

Yo = ((az + ara2)WE — aaWoWi + (a3 — 2aza1)WoWi + azaaW§ + 2azai WoWi1 — asWoWs)
(3243 + 1645 + 8A4; + 4A0) + (aaW3 + 2a3W1Wo + a2WE — (3az + ajaz)W1Wa — (a3 — 2azaq)
WoWs — azai WoW2)(As + Az + A1 + Ao)

Y3 = a3(—WiWa+aiWE+aaWoWi +azWe)(32A3+16 A2 +8A1 +4Ag) +az(W3 — a1 W1 Wa —as
WoWs — asWoWi)(As + As + A; + Ap)

A = W3+ (ag + ara2) W3 + a3W3 — 2, W1 W3 + (a2 — ag)WEWs — aaWoW3 + azay WEWs +
(a3 + ar1az)WoW2 + 2a2a3WEW1 + (—3as + a1a2) Wo W1 Wa

In summary, the solution of (2.12) is given by

W, (Wo, Wi, Wa) = (= B1+1)V,, (Wo, Wy, Wa)—BaV,, 1 (Wo, W1, Wa)— B3 Vi, —o(Wo, Wi, Wa)+Azn®+Aan + Ayn®+ Agn?

2.4. The Case: #; =1 and 0>, = 1 and 63 = 1, i.e., All of the Roots of the Characteristic
Equation of (1.2) is 1. In the following example, we assume that all of the roots of the characteristic

equation of (1.2) is equal to 1 and we consider special cases of p(n) defined in (1.1) by using Theorem 1.1.

EXAMPLE 2.4. In this example, in each case, the homogeneous relation corresponding to the given non-

homogeneous recurrence relation is expressed as in (1.2), i.e.,
Vi =3Vi1 —3V2 + V3.

so that ay = 3, as = —3, ag = 1.

(a): The case s=0: (a3 #0, cog #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation

Wy, =3W,_1—3W,_o+ W,_3+ cg. (213)
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Then the solution of (2.18) is given by
W, (Wo, Wi, Ws) = W +w®
= Vo (Wo, Wy, Wa) — Vo (WP, WP, Wiy + w)
where W = Ve (Wo, W1, Wa) — WL(W()(p),Wl(p), W2(p)) is the solution of (1.2) and
WP =n®A,

n

is the particular solution of (2.13). Here,

AO = %CQ
and
Wi =0, WP = Ay, WP =84,
and
V(WP WP WPy = ,,(0, Ao, 8.40)
= BV, (Wo, W1, Ws) + BaVy 1 (Wo, Wi, Wa) + B3V, —o(Wo, Wi, Wa)
where
Y, Y Y3
1 A ) 2 A ) 3 A
and

Yy = (W2 + 9WE + 3WE — 6W1 Wy + 3WWa — 10WoW1) x 8Ag + (—8WE — 3WZ + 3W1 Wy —
WoWs + 9WoW1) A

Yo = (—8W3 + 3WaoWi + 3Wo W1 — 3WE + 6WoWy — WoWa) x 8Ag + (—3W3 +2W  Wo + WE +
6W1 Wy — 3WoWy — 3WoWs) Ao

Y = (=W Wy + 3W32 — 3WoWy + W) x 84g + (W3 — 3W 1 Wo + 3WoWa — WoW1) A

A = W3—-8WE+W§ —6W 1 WE+12WEWo+3WoWE+3WEWo+12WoWE—6WEW1 —12Wo W1 Wo

In summary, the solution of (2.13) is given by

W (Wo, Wi, Wa) = (=B + 1)V, (Wo, Wi, Wa) — BaV,, 1 (Wo, Wi, Wa) — B3V, _o(Wo, Wi, Wa) +n® Ay

(b): The case s=1: (a3 #0, ¢1 #0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
W, =3W,—1 —3W,_o+ W, _3+c1n + cg. (2.14)
Then the solution of (2.14) is given by

Wo(Wo, Wy, Wa) = WM 4w

= Vo (Wo, Wi, Wa) — Vu (WP, WP Wiy + w,®)
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where WA = Vi (Wo, W1, Wa) — Vn(Wép),Wl(p), Wép)) is the solution of (1.2) and
WP =n3(Ain + Ag) = Ain* + Agn®

is the particular solution of (2.14). Here,

1 1
A= 220 Ap = E(ZCO + 3c1),
and
WP =0, WP = Ay + 4y, WP =164, + 84,
and
V(WP WP WPy = V,(0, Ay + Ao, 164, + 8A)
= BV, (Wo, W1, Ws) + BoVy 1 (Wo, Wi, Wa) + B3V, —o(Wo, Wi, Wa)

where

Yy Y Y3

1 A ) 2 A ) 3 A

and

Vi = (W2 + 9W2 + 3W2 — 6W, Wy + 3Wo Wy — 10WW1) (164, + 84g) + (—8W2 — 3W3 +
3WL Wy — WoWa + 9Wo W1 )(A; + Ao)

Yo = (—8W2 + 3Wa Wy +3Wo Wy — 3WE + 6Wo Wy — WoWa) (1641 +8Ag) + (—3W2 +2W, W +
W& + 6W1Wa — 3WoWo — 3WWa) (A1 + Ap)

Y3 = (—WiWa+3WZ—3WoW1+W§) (16 A1 +8Ag) + (W3 —3W1 Wa+3WoWa —WoW1) (A1 + Ap)

A = W3—8W3+W3—6W, W2+ 12W2Wa+3WoWE+3W2Wart 12WoW2—6WEW1 —12Wo Wy Wiy

In summary, the solution of (2.14) is given by

W, (Wo, Wi, Wa) = (= By +1)V,,(Wo, Wy, Wa) — Ba Vi, _1(Wo, Wi, Wa) — B3V, _o(Wo, Wy, Wa) + Ayn* 4+ Agn?®

(c): The case s =2: (a3 #£0, ca £0).

Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
W,, = 3Wn_1 — 3Wy_o + Wy_s + can® + c1n + co. (2.15)
Then the solution of (2.15) is given by

Wo(Wo, Wy, Wa) = W 4w

= Va(Wo, Wi, W) = Vo (W, Wi”, W3™)) + WP
where W = Voo (Wo, W1, Wa) — Vn(WO(p),Wl(p), WQ(p)) is the solution of (1.2) and

W(P) = nS(AQTLZ —+ Aln + Ao) = AQTLS —+ A17’L4 + Ao?’L3

n
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is the particular solution of (2.15). Here,

1 1 1
A2 = @027 Al = ﬂ(01 + 302), AO - E(QCO + 361 + 462)5
and
WP =0, WP = Ay + A + Ay, WP =324, + 164, + 84,
and
V(WP WP WPy = V,(0, Ay + Ay + Ag, 3245 + 16A; + 8A)
= BV, (Wo, W1, Wa) + BoVy—1(Wo, Wi, Wa) + B3V, _o(Wo, Wi, Wa)
where
N Y Y
Bl* Av BQ* A’ BB* A
and

Y, = (W22 + 9W12 + 3W02 — 6W Wy + 3WoWo — 10W0W1)(32A2 + 164, + 8A0) + (—8W12 —
3W02 + 3W1 Wy — WoWs + 9WOW1)(A2 + A+ AO)

Yo = (—8WE + 3WoWy + 3WoWy — 3WE + 6WoWy — WoWs) (3245 + 16 A1 + 8A4) + (—3W3 +
2W1Wso + W02 + 6W1Wo — 3WyWs — 3WOW2)(A2 + A1+ Ao)

Y; = (—W1W2 +3W12 —3WoWi + Wg)(32A2 +16A4, —|—8A0) + (W22 —3W Wy +3WyWs — WOW1)
(As + A1 + Ap)

A = W3—8WE+W§—6W 1 WE+12WEWo+3WoWE+3WEWo+12WoWE—6WEW, —12Wo W1 Wy

In summary, the solution of (2.15) is given by

W, (Wo, Wi, Wa) = (= Bi+1)V,,(Wo, Wi, Wa)—Ba Vs, 1 (Wo, Wi, Wa)— B3V, o (Wo, Wi, Wa)+Aon®+ Ain*+Agn®
(d): The case s =3: (a3 #0, c3 #0).
Let the sequence {W,} defined by nonhomogeneous linear recurrence relation
Wy =3Wp_1 —3Wy_2+W,_3+ 0377,3 + C2n2 +cin+co. (216)
Then the solution of (2.16) is given by
W (Wo, Wi, Wo) = WM +w®
= Va(Wo, Wi, Wa) = Va (W, WP W) + wip)

where WA = Vi, (Wo, Wy, Wa) — Vo (WP, WP WP is the solution of (1.2) and

WT(LP) = n3(A3n3 + A2n2 + Ain + Ao) = A37’L6 + AQ?’LS + A17’L4 + A()TL3

is the particular solution of (2.16). Here,

1 1
Ay = —c3, Ay =—(2
3 12063, 2 120( ¢o + 9¢3),
1 1
A = ——(c1+3ca+6c3), Ag= = (4co + 6¢1 + 8ca + 9e3),

24 24



UNDER PEER REVI EW

and
WP =0, WP = Az + Ay + Ay + Ay, WP = 6445 + 324, + 1641 + 84,
and
V(WP WP WPy = V,(0, A3 + Ay + Ay + Ag, 6445 + 324, + 16A; + 8Ay)
= B1V,(Wo, Wi, Wa) + BaViu_y(Wo, Wi, Wa) + BsVi_o(Wo, Wi, Wa)
where
PRI .
and

Yy = (W24+9W2 +3W2E —6W, Wy +3Wo Wy — 10Wo W1 ) (6443 + 3245+ 1641 +8A4¢) 4 (—8W2 —
3WE + 3W1 W — WoWa + OWo W1 )(As + A + Ay + Ao)

Yo = (—8W? + 3WoWi + 3WoW; — 3WE + 6Wo Wy — WoWa)(64A3 + 3245 + 1641 + 84¢) +
(—3W3 + 2W Wo + WE + 6W Wo — 3WoWa — 3WoWa)(As + Az + Ay + Ag)

Yy = (—WiWsy + 3WE — 3WoWq + W) (6445 + 3245 + 164, + 8Ag) + (W3 — 3W1Wa + 3
WoWy — WoW1)(Az + Az + Ay + Ap)

A = W—8W3+WE—6W1 W2+12W2Wa+3Wo W2+3W2Wa-+ 12WoW2—6W2W, —12W, W1 W,

In summary, the solution of (2.16) is given by

W, (Wo, Wi, Wa) = (—B1+1)V,,(Wo, Wi, Wa)—Ba Vi1 (Wo, Wi, Wa)— B3V, o (Wo, Wi, Wa)+A3nS+Asn®+ Ay n*+ Agn®
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