UNDER PEER REVI EW

Analytical calculation of VTEC and STEC by altitudinal integration of
solar radiation power density


mailto:ksegda1@gmail.com
https://pr.sdiarticle5.com/review-history/147321

UNDER PEER REVI EW

1. Abstract

The objective of this article was to propose a theoretical framework leading to the calculation of VTEC
and STEC. This objective was achieved through the formula for electron volume density, developed
from expressions describing the altitudinal variation of solar radiation power, volume, and ionization
energy of the oxygen atom. After adjusting the formula, which initially yielded exponential values at 6
AM, 12 PM, 6 PM, and midnight, the models showed that the variability of VTEC and STEC is a function
of geographical location, altitude, and vertical drift velocity. Thus, for a fixed longitude, the variability of
VTEC and STEC with latitude presents the same profile, with amplitudes at 6 AM and 6 PM decreasing
with increasing distance from the equator at latitudes from 10°N to 20°N, and conversely for other hours,
although the amplitudes increase from the equator to the North and South Poles. For a fixed latitude,
modeling based on longitude offers diverse profiles, or depending on the location, one might observe
uniqgue maxima. However, a specific look at other hours reveals multiple amplitudes. Also, if we vary
the vertical drift velocity via the production factor, we observe that the higher the drift velocity, the lower
the VTEC and STEC values, and vice versa. Finally, depending on altitude, the thicker the ionospheric
layer, the higher the VTEC and STEC values, and the higher the integration altitude, the higher the
VTEC and STEC values. Other applications include highlighting, on the one hand, expressions for the
variability of critical frequencies and current density. On the other hand, another form of VTEC, STEC,
whose unit is the TECU, equal to 10" electrons per meter. Finally, future research will focus on polar
electron jets, scintillations, electric and magnetic fields, and the magnetosphere.

Keywords: Theoretical framework; VTEC; STEC; volume density; surface density; ionization energy;
production factor; drift velocity; production factor.

altitudinal integration of solar radiation power
density is a model that allows for the theoretical

2. Introduction

Total Electron Content (TEC) is a crucial
parameter of the ionosphere for precise satellite
positioning and navigation. The TEC, the
subject of numerous studies, is obtained after
processing by a system comprised of a
constellation of satellites, multiple ground
control stations, and receivers. Such a system
is known by the generic term GNSS (Global
Navigation Satellite System), which includes
specific versions such as GPS for Americans,
Galileo for Europeans, GLONASS for
Russians, and BeiDou for Chinese. The
inherent uncertainty of obtaining TEC data is
well-established and not the only factor. While
TEC data can be obtained, it is unfortunately
not available for every geographic location.
Even at locations where it is possible, temporal
discontinuities and biases may be observed
due to the inherent variability of the stations or
satellites. In addition to these in-situ
measurements, TEC prediction models have
been developed and are accessible via internet
platforms such as IRI 2020, NeQuick, TIEGCM,
etc. However, these models remain limited
because, besides the predictive quality, the lack
of data quickly becomes apparent due to
internet outages or platform malfunctions. What
alternative is there in the face of such a
contingency? What theoretical basis underpins
the variability of the various ionospheric
parameters? This is where the proposed
theoretical framework comes in. Indeed, the
analytical calculation of VTEC and STEC by

calculation and modeling of VTEC and STEC at
any geographical location. It is an endogenous
model but still requires a broad range of
knowledge to function However, once
programmed, simply entering the desired
latitude and longitude is enough to generate the
VTEC and STEC values, both in terms of data
and graphs. The altitudinal integration
calculation, besides its theoretical nature and
therefore its accessibility, is also a model that
could be implemented, similar to IRl 2020 or
NeQuick, or even more simply on a computer
or laptop. Therefore, the development section
will explain the methodology behind the
theoretical calculation of VTEC and STEC,
highlighting the necessary nuances that led to
the validation of the formula and its importance
as a predictive tool. Beyond VTEC and STEC,
it will also consider other parameters such as
critical frequencies (foF2), current densities,
etc. Finally, after outlining the future prospects,
the conclusion will summarize the key findings
of the study.
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3. Methodology

The objective of this article was to propose a robust theoretical framework for modeling the variations of both
VTEC and STEC at any geographical location. This framework was formalized starting from the altitudinal
integration of the electron volume density, which was initially neither straightforward nor easy to achieve.
However, this will be possible, firstly through the development of altitudinal expressions for the solar radiation
power and the ionization volume, which will allow the calculation of the solar radiation power density (W/m3).
Thus, from this knowledge, and in conjunction with that of the ionization energy of the oxygen atom or other
atoms, the electron volume density (e/m3) at a given altitude will be determined, and from its altitudinal
integration, the VTEC and STEC will be calculated at a given geographical location. The essential steps are as
follows:

3.1. Analytical calculations of surface and volume power density

3.1.1. Altitudinal expression of the ionization densification surface

The ionization densification surface [1] is the surface through which electromagnetic waves are reflected at a
given critical frequency. Knowing the expression for its temporal variability by the product of the coordinates x(t)
and y(t) we can therefore find its altitudinal variation as a function of z as follows:

ds(x,y) _ds (x,y) dt
{ dz | dt dz
dS(x,y) _ Vx(t).y(€) + Vy(t).x(t)
PP 20 ->Vz(t)#0

Vz(12H) = 0 If we consider only three decimal places, then we can deduce that the altitudinal variation of the
ionization densification surface remains to be determined at this time, either by assumptions or by other methods.
At a given hour or timet, given or fixed other than 12 PM, dS(x,y)/dz is a constant from which, by integration,
we recover the altitudinal expression for the ionization densification surface. Its expression is given by:

das(x,
(Vz(t) #0 - Suy(2) = [% t0

|

| S @ = (2= 20) |

B ds(x,y)

Z + cste — cste = S (2p) — dz Zg
to

ds(x,y)

dz

|+ St @

3.1.2.  Altitudinal expression of the ionization volume

By analogy with the ionization densification surface, we find the altitudinal expression of the ionization volume
at a fixed time.

dv(x,y,z) B dV(x,y,z) dt
dz | dt  dz
dlS(x,y).z] _ [Vx(2).y(¢) + Vy (). x(6)]. z(t) + S(x,¥).Vz(t)
- = 7200 -Vz(t) #0
dV(x,y,z) dS(x,y)
17 = .Zz+Sx,y)
_ ds(x,y)
V(x,y,z) (Z) - (Z - ZO) dz .Z+ S(x' }’) + V(x,y,z) (ZO) (2)

to
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3.2. Analytical calculations of the power density of solar radiation

3.2.1. Altitudinal expression of solar radiation power

The temporal expression of the power of solar radiation P,(t) by Segda et al. (2023a), (2023b) knowing the
altitudinal expression of the ionization densification surface.

dkPO(t) _ dkPO(®) dt  dkPO(t) _ h(t)

dz dt dz dz V(b
h h
kP0(z) = [Vz] . z + cste - cste = kP0(z,) — [Vz]w Zy — Py(t) = 2sin (% t) cos (% t)
h
| kPO(z) = [7] (2 — 29) + kPO(z,) (3)
Z7to

In this formula from Segda et al. (2025) « k » is the ionization production factor. This factor has a latitude A The
given value is obtained from the average daily velocity of the vertical ionization drift velocity using the formula:

Vo2 (4 K)oy = 36,70.107% k. sind (4)
For modeling purposes, the average ionization drift rate is approximately 20,60 m.s™* will be considered. For
example, according to Segda et al. (2026), on 13/09/2025, the production factor obtained from the 2020 IRI for

the city of Singapore (LAT 1.28° and LONG 103.85°E), considered to be the closest city to the equator, was
ksing = 2511,54. Such a factor of production is deduced from an average vertical drift speed of 20,59 m.s™*.

3.2.2. Altitudinal expression of the surface power density (W/m2) of solar radiation

Given that the altitudinal expressions for both the ionization densification surface and the power of solar radiation
are known, the expression for the surface power density (W/m2) of solar radiation can be deduced as follows:

( _ kPO()
| D, (2) Seem @

! (Y] z-z)+kPOz) = ()
Dy(2) = 507

l |20 |[FE2]+ S )]

In this expression, the points of indeterminacy are the points where the density surface as a function of altitude
becomes zero. A priori, these are 6 AM and 6 PM, where their surfaces were already zero to within a few decimal
places. The corresponding altitudes for the other hours are given by the following expression:

das(x,
Zy [% 0 - S(x,y) (Zo)

[dS (€25))
dz

to

After further calculations for the 6 AM and 6 PM points, we find 22 points with altitudes ranging from -100m to
100m.

Finally, the altitudinal integration of the surface power density will not give us the equivalent of the TEC (the
number of electrons per square meter), but rather another form of the TEC: linear density, or the number of
electrons per meter.
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3.2.3. Altitudinal expression of the volumetric power density (W/m3) of ionization
(%] (2~ 20) + kPO(zo)
Vilio

(6

D,(2) = )

The altitudinal integration of the volumetric power density will give us the equivalent of the TEC, that is to say
the number of electrons per square meter.

3.3. lonization energy

First ionization energy E;; of the oxygen atom being1421kJ.mol~! The corresponding energy for an oxygen atom
is then obtained by dividing the first ionization energy by Avogadro's number ,. Avogadro's number is defined,
with respect to the mole of oxygen atoms, as the grouping of « 6,0221408.10%3» oxygen atoms. Thus, the
ionization energy obtained from the oxygen atom is:

Ey;

— =236107"%] (7
o ;)

A

Surface or volume power density is expressed in W/m2 or W/m3, respectively, and watts are equivalent to joules
per second, or J/s. Thus, knowing the ionization energy of an atom, one can determine the number of electrons
corresponding to a power density at a specific altitude z. However, in addition to the oxygen atom, other chemical
species exhibit power density variations with altitude, as shown in Figure 1 below, extracted from Banks et al.,
1976.
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Fig.1. Representative ion density profiles for the daytime middle-latitude ionosphere showing the layered
structure (D; E; F1, and F2) [Banks et al., 1976].
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3.5. Surface and volume electron density at altitude z in TECU
3.5.1. Surface electron density at altitude z in TECU

The surface electron density in TECU will be obtained by dividing the number of atoms or electrons by 1 TECU,
i.e., multiplying by 10-16. The number of atoms or electrons per square meter is obtained by multiplying the power
density per square meter by the inverse of the ionization energy of an atom.

N,
N(z) = E—ADp.x 10716 - 42,8.Dp
1i

However, if we consider that this is an hourly variation, we must also divide by 3600. Thus, the surface electron
density at a given altitude z and time is given by the formula:

N (42,38) b
= . ﬁ
@) =\3500) PP
h
42,38 [V] (z —20) + kPO(20) ~ TECU - 10'%e.m™* (8)
2=

3600) [( [dS(x ,Y)

+ S(x,y) (Zo)]
to

\

This method gives us the electron density per m2 at altitude z, expressed in TECU units, where 1 TECU equals
10%%e.m™2. However, its integration or summation between two altitudes VTEC U(Az) will not give the equivalent
of VTEC in the broad sense of the term, but of the number of electrons per meter, which we will denote
VTEC U(AZ)ine-

3.5.2. Electron volume density at altitude zin TECU

- ()

[9] (z = 2,) + kPO(z,)

16 -3
dS(x y) TECU - 10*°e.m™> (9)

( 0) .Z+ S(X, y) + V(x,y,z) (ZO)
to

3.6. Conventional VTEC and Linear VTEC
3.6.1. Linear VTEC or other form of VTEC or STEC

The linear electron density represents the number of electrons per square meter integrated along the path of a
satellite-receiver signal through the ionospheric layer. However, this is not the same as conventional VTEC or

STEC.
2 _ —
VTEC U(A = } N(z)d 42 38 f @~ ) kPO d
(A2)ine = z)dz = 3600 dS(x 0 s =~ z
z1 Zy) T dz " (xy)\40

Which is of the form:

z2
J‘az+bd

cx+d d
z1

a—[ ] —>b—kP0(zO)—[ ] 2

ZtO ZtO

as(x,y) ds(x,y)

After integration, we find the expression that must be expressed in absolute value for negative values:

42,38 cz,+d czy +d
VTEC U(AZ)jine = (m> [(az2 +b) — a( )] In|cz, + d| + [ ( c ) —(az, + b)] In|cz; + d|

+a(z; - Zl)) (10)
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Figure 2 below gives an example of variability at latitude 13°N,S and longitude 358°E

VTECU(450km-100km)-line
2500

2000
1500
1000

500

-500

Fig.2. Electron density in 1016 electrons/m from altitude of 450km to 100km and at geographical position LAT
13° and LONG 358°E with the value of noon 12H exponential but taken as zero on the graph.

3.6.2. Conventional VTEC

h
i 4238y [ [77], &= 200 + kPOGz0)
VTECU(Az) = | N(2)dz = (—— L d
§ Z[ i (3600) Z[ [(Z — ) [w_z +5S(x, y)]w + Voeyy (Zo) ’

The integration yielding the VTEC is of the form:

z2
az+b
f dz
cz+c
z1
[h] b = kP0(zo) [h]
a=|—=| -b= Zy) — |=| z
Vol ° /2 ‘
as(x,y)
dz

A

[dS (x,y)
c =|—-
\

iz .Z+ S(x, y)] > d =Vuyn(z0) — [ .Z+ S(x, y)] Z
to to

After integration, we find the expression or where we must use absolute values for negative values:

42,38 cz,+d czy +d
VTEC U(Az) = (36OOC>' [(az2 +b) — a( c )] In|cz, + d| + [a( c )— (az; + b)] In|cz; +d|

+a(z, - Zl)) 1D

The following graphs are obtained from Figure 3 below as an example for a layer of 450 to 100km.
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VTECU with all values. The VTECU values observed VTECU values at 6 AM and 6 PM are taken as
at 6 AM and 6 PM are exponential values comparedto zero. Exponential values relative to other times
other times. are observed at 12 PM and 12 AM.

VTECU(450km-100km)
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Ol-_l, _Il II_ . m . = N

1 2 3 45 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23 24

VTECU values at 6 AM, 6 PM, 12 PM, and 12 AM are considered zero. VTECU values at other times are
recorded.

Fig.3. Histogram graphs of VTEC variability at LAT 13°N or S, LONG 358°E

Thus we obtain the VTECU variability curve in Figure 4 below where the values at 6H, 18H, 12H and 24H
are taken as zero.
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Fig.4.Variability of VTECU at the position LAT 13° North and LONG 358°E or the value at 6H, 12H, 18H
and 24H exponential are taken as zero.
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4. Discussion
4.1. Context: Approach using time measurement of satellite clocks and receivers

The TEC, or Total Electron Content, represents the number of electrons per cubic meter integrated along the
path of a satellite-receiving signal through the ionospheric layer. The TEC therefore represents the number of
electrons per square meter and consequently the electron density along a tube with a cross-section of one
square meter, symbolizing the signal. It is given by the formula:

des - N(e.m™3);ds(m) (12)

The TEC is expressed in TECUs, where 1 TECU equals 10'¢ electrons/m?. The TEC is determined in practice
(Figure 5) using the propagation delay of signals from a dual-frequency satellite f; = 1575,42Hz and f, =
1227,6Hz to a receiver, all based on the theory of radio wave propagation through the plasma, which is the
ionosphere.

satellite @
1 & %
e

m?

lonosphere
Slant TEC

(=

Receiver I-Q

Fig.5. Slant total electron content (STEC) illustration (Phyo et al., 2023)

The TEC thus defined represents the oblique TEC, specifically called the STEC or Slant TEC. Reduced to its
vertical equivalent, the STEC, the TEC will be called the VTEC or Vertical TEC. The STEC and the VTEC are
related by the equation below, where "e" is the satellite's elevation angle and h is the reference ionospheric
height:

2

cose

h
1+R—T

VTEC = {1 - JSTEC (13)

Indeed, according to the theory, every electromagnetic wave propagates along a direction of propagation

characterized by a vector called the wave vector k also called the dispersion relation. This relation is given by
the following formula below if, for example u, is a unit vector indicating the direction of propagation and n the
refractive index of the medium:

- W w __,
k=vuz =nEuz (14)

With w and V respectively represent the angular frequency and velocity of the wave in the propagation medium
with refractive index n. Thus, if the propagation or traversal medium is the ionosphere, then the dispersion
relation is given by the formula below, where w, is the plasma pulse:

(,()2—(1)2 2
=2 et = <er )N (15)

This plasma pulsation is highly dependent on the characteristics of the electrons, which have greater mobility
due to their extremely low mass compared to positive or negative ions. Therefore, the plasma pulsation will be
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approximated by that of the electrons, and in this case, the expression for wp, N is the total number of electrons
at m3, qp the elementary charge e and m, the mass of electrons m,.

Thus, if the angular frequency w of the wave incident on the plasma is greater than that wp of the plasma, then
the wave vector k > 0 and the domain is said to be dispersive. In such a case, part of the wave will be reflected
and the other propagates beyond the plasma without attenuation, with two types of velocities, one called the
phase velocity and the other the group velocity. Indeed, an individual wave propagates at a speed called the
phase velocity. However, if the wave results from the summation of several coherent waves called wave packets,
the group velocity is the one that modulates the amplitude and is therefore almost independent of the angular
frequency, while the phase velocity is the speed associated with the average of the individual wave vectors and
is related to the phase. For example, consider a packet of coherent waves, that is, waves with almost the same
angular frequency or frequency, comprising two waves, as in the case of our dual-frequency satellite with the
same amplitudes:

E,(z,t) = Ey.cos(w;.t — ky.z )y ; Eo (2, ) = Eg. cos(w,. t — ky. 2 ),
E(z,t) = Ey(2,0) + E5(z,) -

I(E)(z, t) = 2E, cos [(wl ; wz) t— (kl ; kz)z] .COS [(wl ; w2> t— (kl ; k2)z]@’

Sow; nearw, SOw; —w, =0and w; + w, = 2w - w = w; = w, then the resulting wave will be of the form:

E(z,t) = 2E, cos [(kl _ k2> z] .COoS [wt - (kl il k2> ]7 (16)

2

Group speedVj, will be associated (k; — k;)/2 and that of the phase 1, associated (k; + k,)/2. However, in
practice, the phase velocity and its index will be given by:

) C C wpy?
e A Aal Al L 050
< 1- () 17)
n, = 1—(%)2—>n,,_1—%(%)2—>n,,_1 40,3%2

The group speed and its index will be given by:

U)P
41_ %3 y 8

ngziz—mgz 1+E(?) ny = 14403
w
1-(3)
The propagation time related to the phase and its variation will thus be described:

ds 1 40,3
T, = —=—J-npds—>rp fd Nds]

f?

p V C
P (19)

1
l C.ATyy1 = C(Tpy — Tpy) = 40 3( == ) TEC
£l f

As for the groups, we obtain:

ds 1 40,3
Irg=f79=zfngds—>rp J-ds J-Nds]
40,3 1 (20)
L ATy, = (Tgl - ng) = - f — fz .TEC
1

This method of determining the TEC is based essentially on the difference in code measurements C(sz - Tm)
Equation 19, called the pseudo-frequency range f; and f, Ouattara et al., (2011), Zoundi et al., (2012), Ntumba
10



UNDER PEER REVI EW

P. et al., (2012). These codes are contained in RINEX files, and a processing algorithm, as shown in Figure 6,
has been proposed for this purpose Fleury R., (2017).

Donneées Biais sat Almanach CcCOoDG
D - —
fichier fichier fichier fichier
RINEX DCB Y UMA IOMNEX
i = —

+
STEC absolu comparaison
MEG

VTEC 4> Vertical

Fig.6. TEC processing algorithm Fleury R., (2017).

The TEC thus obtained is the STEC which will be corrected to VTEC taking into account the satellite biases
provided by CODE (Center for Orbit Determination Europe) and the receiver bias determined by comparing the
results of the model provided by CODE (CODG) with the in situ measurements.

4.2. Approach using analytical calculations of VTEC and STEC by altitudinal integration

The methodology section demonstrated the process of obtaining VTEC and STEC, and the diurnal modeling of
these values shows exponential growth at 6 AM, 12 PM, 6 PM, and midnight. These exponential values are
justified because these times represent periods of uncertainty. On the one hand, the densification surface should
be non-zero, but it is at 6 AM and 6 PM, within a few decimal places. The same applies to 12 PM and midnight,
where the velocity (Vz), which should not be zero, is also non-zero at noon and midnight, within a few decimal
places. How can this be resolved? Does this mean that we would observe VTEC maxima at these times and at
any geographical location? To address this, in the following sections, we will propose hypotheses and
approximations capable of resolving this, but which will remain, or appear in this respect, as limitations.

4.2.1. VTEC issues during the hours of 6 AM and 6 PM

Observation of both measured and modeled TEC variability curves shows that TEC variability is complex. Besides
geographical location, this variability is a function of the seasons, the solar cycle, and, for the same cycle, TEC
variability depends on the phase of the cycle. The TEC variability observed at 6 AM and 6 PM is not always at its
maximum. At times, minimums or other values are observed, as illustrated in the figures below:

11
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for: (a) 7 December 2008 and (b) 8 December (March)and Spring 1990 (March). llboudo et al., (2021)
2008. Zoundi et al., (2012).

Fig. 7. Variability of the TEC in different years and periods of the year by RINEX and by IR1 2016

To resolve this in the proposed model, since the volume is zero and the only non-zero parameters at these times
are the speeds Vx, Vy and Vz then we will consider the W.s3/m?3 that is, the power of solar radiation divided by
the product of the velocity coordinates. For this, the variations at 6 AM and 6 PM will only be considered for the

latter.
(AGWY) _dGhY) 1 _ (el +%ha))V; + i,
{ dz  dt 'V, v,
| d(v,ézyvz)_ (@, + ay) +Vxl‘/2az
vVa,

| +@un)e
2 [%]m (z — 25) + kPO(z,)

74,

VTEC U(Az) = 42,38 dz
i = 20| (@ + hay) + 25|+ ()G
z to

The integration that produces VTEC takes the form:

12
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r z2

az+b
dz
cZ+c¢C
z1

h
g b = kPO(Zo) - I:V:I ZO
Z7t0

A

[
a=|—
Vo
V.V,a,

V.V,a
c:[(axvy+vxay)+" Tz

] d d = V(x,y,z)(ZO) - [(axVy + any) + T] Zy
to Z to

cz, +d
c

czy +d

’

VTEC U(Az) = (@) . ([(azz +h)—a (

)] lnlczz+d|+[a( )—(azl+b)] In|cz, +d|

+a(z, - Zl)) 21

We obtain the following graph Figure 8 below where the value at 12H is taken as zero but whose VTECU
values at 6H and 18H are no longer zero but 3.27 TECU.

VTEC (450km-100km)
120

100

0 4 8 12 16 20 24

Fig. 8. The problem at 6 AM and 6 PM, where the values found were exponential, is now 3.27 TECU.
Lat 13° and long 358°

4.2.2. Problem of VTEC hours at 12 PM

The problem at 12:00 PM, where the velocity Vz becomes zero, could be resolved by assuming that 12:00 PM
is the median time and that the altitudinal variation of the power density at 12:00 PM is such that the h' at 12:00
PM is the average of the h' values during the day. This ultimately yields the following graph, where the value at
12:00 PM is now 42.34 TECU:

VTEC (450km-100km)
120

100
80
60
40

20

o
SN
(o]

12 16 20 24
Fig. 9. LAT 13° - LONG 358° The value at 12:00 is now 42.34 TECU

13
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The following graph is obtained exactly at the position of the Koudougou station (Lat 12°15'N, Long -2°20’E):
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Fig. 10. Variability of the TEC at Koudougou Lat 12.25°N, Long 357.67°E

4.2.3. Factors affecting VTEC variability

The formula thus obtained eliminates the exponential values observed at 6 AM, 12 PM, 6 PM, and midnight. We
can therefore observe that for the same longitude, the profile remains identical, but that the VTEC increases in
amplitude from the equator to the poles. For the same latitude, we obtain diverse profiles depending on the
longitude, and at certain positions at 12 PM, we observe maxima in VTEC values, further reinforcing the
proposed formula. Also (Figure below), at 11 AM for the city of Fada N'Gourma, located at the geographic
position Lat 12.05°N, Long 0.35°E, we observe that the VTEC is at its maximum.

4.2.3.1. Impact of Vertical Drift Velocity and Factor k on VTEC Variability

VTEC (450km-100km) Fada N'Gourma-VTEC (450km-100km)
450 700
400 600
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250 400
200 300
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100 100
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0
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0 4 8 12 16 20 24 -100
Lat 13°-Long 180°E: Vmoy=20,57m.s™!, k= 536,73 w.m* Lat 12,05°-Long 0,35°E: Vmoy=20,57m.s%, k= 268.61W.m
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Fig.11. TEC variability showing the impact of vertical drift velocity parameters and ionization production factor at
Fada N'Gourma (Lat 12.05°N-Long 0.35°E) and at Lat 13°N, Long 80°E.

Thus, we observe that for the same geographical location, the higher the ionization velocity or vertical drift, the
higher the production factor k and the lower the VTEC. Conversely, the lower the ionization velocity or vertical
drift, the lower the production factor k and the higher the VTEC.

4.2.3.2. Latitudinal variation of VTEC
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Fig.12. Variability of the TEC as a function of latitude for a fixed longitude.
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The latitude variations in VTEC show an equatorial ionization anomaly between 6 AM and 6 PM. This anomaly
is inverse. VTEC values at these times are highest at latitudes increasingly closer to the equator and decrease
with distance from the equator. During the day, an increase in VTEC is observed from the equator to the poles,
where the observed values are exponential, suggesting that this could explain the auroras (northern and
southern lights) observed at these latitudes, which are often attributed to the precipitation of energetic particles
by polar cusps.

4.2.3.3. Longitudinal variation of VTEC
Unlike altitudinal variation, which maintains the VTEC variability profile, longitudinal variations show a diversity

of profiles for the same latitude but different longitudes. We can therefore deduce that VTEC profiles are rigid in
terms of latitude but flexible with regard to longitude.
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Fig.13. Variability of the TEC as a function of longitude for a fixed latitude.

4.2. STEC Profile

As mentioned above, the STEC profile will be given by applying the formula:

[ i
cose VTEC
VTEC =1 — STEC - STEC = 5
h [ 1
1+
T cose
1= R
1+ R_T
350
300
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200
150
100
50
0
0 4 8 12 16 20 24
e \/TEC (450km-100km) e STEC(Angl Elevation 30°)

Fig. 14. VTEC and STEC variability at LAT 13° LONG 358° elevation angle 30°
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Fig. 15. Variability of STEC as a function of the elevation angle LAT 13° Long 358°

From observing these variability curves, we can deduce that the greater the angle of elevation, the more the STEC
decreases.

4.3. Importance of the study

This study provides a theoretical framework that not only enables the calculation of VTEC and STEC through
altitudinal integration at any geographical location and altitude variation, but also allows us to deduce the
variation of critical frequencies and current densities from parameters such as electron density per cubic meter
at a given altitude. Furthermore, knowing the density per square meter allows us to develop another form of
VTEC and STEC: the number of electrons per meter along a receiving satellite signal.

4.4.1. variation of critical frequencies

Critical frequencies are defined as the maximum reflection frequencies on an ionospheric layer. For the F2
subshell, for example, the critical frequencies in hertz are denoted foF2 and given by the expression below, where
N is the electron density per cubic meter:

foF2 =8,96.VN (22)

Thus, knowing the electron density for a given altitude, we can deduce the diurnal variability of the critical
frequencies foF2 at any geographical location. As a reminder, the volume density of electrons at a given
altitude is given by the expression:

22 [%]w (z — 2,) + kPO(z,)

VTEC U(Az) = (42'38) f ds(x,y)

dz
3600
i |e -2 [ B2 25wy + V@)
to

r 42,38 [%]m (z = 29) + kPO(z)
VIEC U(az) = f Ndz >N = <3600) [(Z ) [dSElx,y)
Z

k z1

.z + S(x, y)] + Vixy2) (zo)]
to

Since N is in TECU.m3, i.e., 106 electrons.m, then from this expression we deduce the formula giving the

variation of foF2:

18



UNDER PEER REVI EW

4238 [9] (= 20) +kPO(z)
foF2(z),, = 8,96. (W) . [(Z — [ TR y)]w - V(x,y,z)(ZO)]
{ forz— o (23)
h
foF2(z)y, = 8,96. @26’33). 16, [Vz]“’
[dSEixZ, Y) .z + S(x, y)]t0

For example, at the geographical positions LAT 13°N and LONG 358°E, LAT 1°N LONG 38°E and at an altitude
of 350 km, the following variations in foF2 are obtained (Figure 16):

foF2(MHz)-LAT13°N-LONG358°E foF2(MHz)-LAT1°N-LONG38°E
16 2,5
14
2
12
10 15
8
1
6
4 0,5
2
0 0
0 4 8 12 16 20 24 ©o 4 & 121620

Fig. 16. Variability of critical frequencies exhibiting different profiles

4.4.2. Current densities

Knowing the volume density of electrons as well as the different components of the velocity vector of the
ionization densification surface we can deduce the electric current density at a given altitude as well as these
different components.

R . Jx=N.q.V;
J=N.q.V->J]=N.Vand:{J, =N.q.V, (24)
J:=N.q.V,

For example, at the geographical position LAT 13°N and LONG 358°E and at an altitude of 350 km, the following
variation in current densities in A.m-2 is obtained:

0,00005 \
0,00003 /
0,00001 /

[ — R e
-0,00001 0 4 8 12 16 20 24
-0,00003

Ix Jy Jz J

Fig. 17. Current densities at LAT 13°N and LONG 358°E
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Finally, an example of variation in critical frequencies and current densities of six West African countries (Figure
18 below) shows that the peak times of current densities are also the peak times of critical frequencies.

250

200

150

100

50

0

120

100

80

60

40

20

0

40

30

20

10

100

80

60

40

20

Accra-LAT 5,55°N-359,82°E

30
20
10
&m 0
0 4 8 12 16 20 24
e \/TEC (450-100km) foF2(MHz)
Bamako-LAT 12,65°N-352°E 25
20
15
10
AN |
0
0 4 8 12 16 20 24
——VTEC (450-100km) foF2(MHz)
Cotonou-LAT 6,33°N-2,33°E .
10
5
0
4 8 12 16 20 24
e \/TEC (350-100km) foF2(MHz)
Lomé-LAT 6,13°N-1,2°E 50
15
10
5
0
4 8 12 16 20 24
= V/TEC (350-100km) foF2(MHz)

Accra-Lat 5,5°N-Long 359,82°E

0,0004
0,0003
0,0002
0,0001 L\
O _ —
0 4 8 ; ;12 16 20 24
-0,0001
e JX(A\.N1-2) e Jy (A, N-2) e J2(A.1-2) J(Am-2)
Bamako-Lat 12,65°N-Long 352°E
0,00015
0,0001
0,00005
0
-0,00005
= X (A.m-2) == Jy(A.m-2) Jz(A.m-2) J(A.m-2)
0,00005 Cotonou Lat 6,33°N-Long 2,33°N
A
0 _ -
0 4 8 12 16 20 24
-0,00005
JX(A.m-2) == Jy(A.m-2) Jz(A.m-2) J(A.m-2)
Lomé-Lat 6,13°N-Long 1,2°E
0,0002
0,0001
7\
0 I I
0 4 8 2 16 20 24
-0,0001
-0,0002
IX(A.M-2) = Jy(A.m-2) Jz(A.m-2) J(A.m-2)

20



UNDER PEER REVI EW
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Fig.18. Example of variability of critical frequencies and current density for different cities in West Africa.

4.2.4. Seasonal variations

VTEC and STEC variations, in addition to latitude, longitude, and altitude, are also linked to vertical drift or
ionization velocity via the production factor. Seasonal studies are then possible using the average ionization
velocity. Thus, using satellite data such as that from Jicarmarca or others like IRI 2020, or by considering a city
very close to the equator, we can deduce the values for all other geographical locations and consequently
determine the ionization factor k, which in turn allows us to understand the seasonal variability of other parameters
such as VTEC, STEC, foF2, current densities, efc.

4.3. Limitations of the study

The hours 6 AM, 12 PM, 6 PM, and 12 AM showed indeterminacies because Vz was zero to within a few decimal
places, as was the ionization densification surface. Exponential values were observed at these times.
Approximate calculations were then undertaken.

4.4. Perspectives

As a perspective we will study the northern and southern lights, the maximum heights of critical frequencies,
scintillations, electric and magnetic fields etc.
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5. Conclusion

Following the completion of this article, the objective of analytically calculating VTEC and STEC by altitudinal
integration of solar radiation power density has been achieved. To this end, a formula for modeling the diurnal
variability of VTEC and STEC is proposed. This formula is derived from the integration of the electron volume
density, which itself is the product of the solar radiation power density and the number of electrons, taking into
account the ionization energy of the oxygen atom. After refining the formula for the hours 6:00 AM, 12:00 PM,
6:00 PM, and 12:00 AM, which exhibited exponential values, the VTEC and STEC models revealed a variability
profile that is a function of geographical location, with some specific characteristics. The variability profile is rigid
in terms of latitudinal variability for a fixed longitude and flexible along longitudes for a fixed latitude. Indeed, the
profile remains constant across latitudes, and only the amplitudes vary. The maximum VTEC values are reached
between 6 AM and 6 PM at the equator, gradually decreasing to zero around latitudes of 10°N, S to 20°N, S. At
other times of day, the amplitudes increase with distance from the equator. Depending on the longitude, the
profiles are atypical, and a given time can record the maximum VTEC value at any given location. The same
observations made with VTEC will also be true for STEC, which has also shown that the greater the elevation
angle, the lower the STEC values. Other important aspects of the study, besides VTEC and STEC, include the
fact that knowing the electron volume density allows us to deduce the formulas for the variability of critical
frequencies and the electric current density. Knowing the surface density of electrons, its altitudinal integration
has allowed us to highlight another form of VTEC which is expressed not in TECU, whose unit is 1016 electrons
per m2, but in TECU, whose unit is 1016 electrons per m. After showing that it is possible to carry out models
according to the seasons by the production factor or the vertical drift velocity, given the limits, the study concludes
with the formulation of many perspectives.
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