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A Note on Explicit Particular Solutions for Third and Fourth order Generalized

Leonardo-Type Recurrences with Polynomial-Exponential Input

Abstract. Sequences, both classical and modern in scope, can be analyzed through a versatile framework
that remains central to mathematics, namely recurrence relations. Previous investigations established explicit
iterative procedures for constructing polynomial-exponential particular solutions of generalized Leonardo-type

sequences. Building upon that framework, this article develops illustrative examples for the cases
m = 3,4,

where the forcing term is given by C'(n) = p(n)d™, with p(n) = >_7_ ¢;n’ a polynomial in n. For such recurrences,

we derive particular solutions of the form

W,§C> =n" (Z Am’) ",
i=0

and demonstrate the computation of the coefficients A; via the established iterative scheme. These examples
reveal how the multiplicity = of the root d in the characteristic polynomial governs the structure of the solution,
while also exposing resonance phenomena in non-homogeneous contexts. By presenting explicit cases, the paper
offers a transparent and accessible illustration of the general theory, reinforcing the connection between abstract
recurrence analysis and concrete symbolic computation.

2020 Mathematics Subject Classification. 11B37, 11B39, 11B83.

Keywords. Leonardo numbers, Leonardo polynomials, nonhomogeneous linear recurrence relations, homo-
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1. Introduction

Recurrence sequences, generated through recurrence relations, have long been recognized as fundamental
objects in mathematics, with influence extending well beyond the discipline into physics, engineering, biology,

computer science, architecture, and even artistic analysis. Despite their elementary formulation, they encapsulate
1
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profound structures: modeling growth dynamics, oscillatory behavior, and intricate symbolic identities. Classical
second-order families such as the Fibonacci, Lucas, Pell, and Jacobsthal sequences exemplify this richness and
continue to serve as paradigmatic cases.

The scope of recurrence theory, however, is not confined to second-order constructions. Higher-order families
occupy an equally prominent position, both in abstract theory and in applied modeling. These generalizations
broaden the classical framework and uncover deeper algebraic and analytic phenomena. Third-order examples
such as the Tribonacci sequence, fourth-order examples such as the Tetranacci sequence, and fifth-order examples
such as the Pentanacci sequence extend the paradigm, each governed by characteristic polynomials whose root
structures dictate closed-form representations. Homogeneous recurrences highlight the decisive role of charac-
teristic polynomials and root multiplicities, whereas non-homogeneous recurrences introduce external symbolic
inputs whose interaction with the root configuration gives rise to resonance phenomena. Taken together, these
families establish a coherent framework that unites classical recurrence identities with modern developments in
symbolic recurrence theory.

We first recall the definition of m-order homogeneous linear recurrence relations.

DEFINITION 1.1. A sequence {Vy,}n>0 is called a homogeneous (linear) recurrence relation order m € N if it

satisfies

V, = Zakvn_k =a1Vo_1+aVu o +anVaom (1.1)
k=1

with the initial conditions Vo, Vi, ..., Vin—1

and
V. = ag, (1.2)
for
m = 0.
The recurrence coefficients ay,as, . . . , an, and the initial conditions Vo, Vi, ..., Vin—1 are complex scalars. We allow

each coefficient a;, for 1 < i < m, to be identically zero.

The integer m is called the order of the linear recurrence.
The characteristic polynomial of the sequence (V},),>¢ is given by
m
A(z)=2" — Zakzm_k =M a2 — 92 T 12 — Ay = (z—=01)" (2 —02)"2...(z — 0,)"
k=1

with distinct 01, 0o, ..., 8, and ug +us+...+u, =m. 01,05, ..., 0, are called the (characteristic) root of characteristic

equation

A(z) = 2" —a12™ —ag2™? — =12 — = (2 — 01)" (2 — 09)"2...(2 — 0,)" = 0. (1.3)
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For m > 1, consider the sequence (W,,) defined by the recurrence relation (a generalized Leonardo-type

sequence)
m m
W, = ZakWn,k + p(n)bd"” = ZakWn,k + C(n) (1.4)
k=1 k=1
with initial conditions Wy, Wy, ..., W,,_1 and the recurrence coefficients a1, as, ..., a,, are complex scalars or

polynomials in C[z] and with the input function
C(n) = p(n)bd"

where
p(n) == p(n,x) = 3 e’
i=0

denotes a polynomial in n of order s, with coefficients belonging to C[z] or C and b € C[z] or C, and d € C or R.
For more information on generalized Leonardo-type sequences, see Soykan [2] and [1].

We consider the homogeneous recurrence relation (1.1) and its characteristic equation (1.3), corresponding
to the sequence (W,,) defined by (1.4).

The particular solution W° of (1.4) is of the form

s s
W) = n’“(z An®)d™ = n"(Ag + Z Aint)d™, (1.5)
i=0 i=1

where the coefficients A; € C[z] or C and r is the multiplicity of d as a root of the characteristic equation (1.3),
(if d is not a root of characteristic equation (1.3) then r = 0).

We proceed to formulate a theorem that provides explicit iterative expressions for the coefficients appearing
in the particular solution W,SC) of (1.4). The derivation is governed by the relationship between the parameter
d and the characteristic roots of (1.3). When d coincides with a root of multiplicity r, the iterative procedure

requires precise adjustments that reflect this multiplicity, ensuring the correct construction of the solution.

THEOREM 1.2. [2, p.100, Theorem 5.1] For each 0 < ¢ < s, A; given in (1.5) can be calculated with the

iteration as follows:

e Ifr =0, i.e., none of the roots of the characteristic equation (1.3) equals d, then

c.bd™ cbd™
As =~ = - o _ forn=s
a1d™ 1t 4+ aod™ 2 4+ aod™ 3 + 4 apm—2d? + apm_1d + ay, — d™ —dm+ 35 a;dm

and

1 > kY ,
An — _ i nbdm _ -1 k—n-+1 k—mn AV A
e =LA D el (4 D DFATITEER

k=n+1 Jj=1
form=s—-1,s—2,...,2,1,0.
o [fr >0 then

IS bdﬂ'l/
Ag= ()M ———, forn=s
(>oj=1Jaj x dm=i)( t )
and
1 S ) k + r m )
An — (_1)r+1 — — (Cnbdm _ (_1)k+r—n+1< )( jk—&-r—na‘ % dm—])Ak)
NI GO R ) w )

j=1
form=s—-1,5s—2,..,2,1,0.
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In the following sections, we present explicit particular solutions to (1.4) for m = 1,2, 3,4, where
C(n) = p(n)bd", p(n) is a polynomial in n.
We seek solutions of the form
WO = P,
where P(n) is itself a polynomial in n.
2. Special Cases
2.1. The Case m = 3. Consider the homogeneous relation
Vi =a1Vy—1+asVy—o+asVi,_3 (2.1)
with the initial conditions Vg, Vi, V5. Suppose that 01,605, 03 are the roots of characteristic equation
22— a1z —asz—a3 =0 (2.2)
associated with (2.1). Note that if all the roots of (2.2) are equal to d then
23 —a12? —agz —az = (2 —d)® = 2% — 3d2* + 3d*2 —d®> = 0
so that a; = 3d, as = —3d?, a3 = d® and (2.1) reduces to
Vi = 3dV,1 — 3d*V,,_o + d*Vi,_3.
We now turn to an example that demonstrates the results derived above.
EXAMPLE 2.1. Consider the sequence (W,,) defined by the recurrence relation
Wy = aiWy_1 + aaWy_o + asW,,_3 + p(n)bd"

where p(n) := p(n,x) is a polynomial in n of order s, with coefficients belonging to Clz] or C and b € Clx] or C,

and d € C or R. We seek a particular solution

for the cases s = 0,1,2,3 where P(n) is itself a polynomial in n. The order (degree) and coffecients of P(n)
depend on the multiplicity v of d as a root of the characteristic equation (2.2) and W< satisfy

W,,? = CLlWS_l + GQWHC_Q + af3W1?—3 +p(n)bdn

i.e.,
P(n)d™ = a;P(n — 1)d" ™ + agP(n — 2)d" % 4+ azP(n — 3)d" > + p(n)bd".

In each case of s, we consider the homogeneous relation (2.1) and its characteristic equation (2.2), corresponding

to the sequence (W,,) with the same initial conditions as W, i.e.,
Vo = Wy, Vi = Wy, Vo = Wo.

We investigate all cases of multiplicity r of of d as a root of the characteristic equation (2.2):
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(a): m =3, s =0. Consider the sequence (W) defined by
Wp = a1Wyh_1 + aaW,_o + asW,_3 + cobd™.
(i): Caser =0, i.e., none of the roots of the characteristic equation equals d:

C(]de
WE = Agd", Ag=— :
n 0 0 a1d2+a2d+a3—d3

(ii): Case r =1, i.e., exactly one root of the characteristic equation equals d:

WC = TLA()dn Ao = CObd3 .
" ’ (a1d2 + 2a2d + 3a3)

(iii): Case r =2, i.e., exactly two roots of the characteristic equation equal d:

C()bd3
(a1d2 + dasd + 9&3) '

(iv): Case r = 3, i.e., all three roots of the characteristic equation equal d:

WS =n?Apd”, Ay =

1
WC =n34pd", Ay = =bco.

(b): m =3, s =1. Consider the sequence (W,,) defined by

W, =ayWph—1 4+ aaWy_o +asW,_3 + (cln + Co)bdn.

(i): Case r =0 (no root equal to d):

WS = (Ain+ Ag)d"

where
A _ _ Clbd3
DT T a@ Tt as = B)
1
Ao = - (a1d? + axd + az — d?) (cobd” — (ard” + 2a2d + 3az) 4v),
i.e.,
A _ Clbd3
T (@@ +adtag— &)
bd®
AO = —

P 2
(@ Fand + oy d3)2 (—cod” + ai(co + ¢1)d” + as(co + 2¢1)d + az(co + 3e1))

(ii): Caser =1 (ezactly one root equal to d):

WS =n(Ain+ Ag)d"

where

Clbd3
Al )
2 (a1d2 + 2a2d + 3&3)
1
Ay =

bd> d? + 4asd + 9a3) A
(a1d2+2a2d+3a3)(co +(C61 et 03) 2

ot



UNDER PEER REVI EW

i.e.,
Clde
Al - )
2 (a1d2 + 2a2d + 3(13)
bd3 )
A() = (a1(260 —+ Cl)d —+ 4&2(00 —+ Cl)d —+ 3&3(260 —+ 301)).

2 (a1d2 —+ 2a2d —+ 3&3)2

(iii): Case r = 2 (exactly two roots equal to d):

Wf = n2(A1n + Ao)dn

where
C1bd3
Al = —_ ,
3 (a1d2 + 40,2d + 9a3)
1
A = — bd3 _ d2 8and + 27 A
’ (a1d? + 4asd + 9a3) (co (a1 + 8agd + a3) 1),
i.e.,
Clbd?’
Al = —_ ,
3 (a1d2 =+ 4a2d =+ 90,3)
bd? ,
Ay = - ) (a1(3CO + Cl)d + 4a2(300 + 261)d + 27@3(00 + Cl))-

3 (a1d2 + 4a2d + 9&3)
(iv): Case r = 3 (all three roots equal to d):

WC =n?(Ain 4+ Ag)d"

n

where
1
A = —
1 24501,
Ay = ib(2 + 3c1)
T Co c1)-

(c): m =3, s =2. Consider the sequence (W,) defined by
Wy, =a1tWh_1+aW,_o+a3W,_3 + (02n2 + cin+ co)bd™.
(i): Case r =0 (no root equal to d):
W = (Aan® + Ayn + Ag)d"

where

Cgbd3
((11d2 + asd + a3 — d3) ’

1
A = — [ bd® — 2(a1d? + 2a2d + 3a3) A
' (a1d? 4+ aad + a3z — d3) (e (14" + 20, + 3a5)4,),

1
Ay = — bd® — (a1d? + 2aod + 3a3) A d? + 4asd + 9a3) A
’ (a1d2 + axd + a3 — d3) (co (14" + 20y +3a5) s + (and” + dagdd + 9a) o),

Ay = -

i.e.,

A, — — Czbd3
2= (a1d2+a2d+a3—d3)’

bd?
Ar=— (a1d? + azd + as — d3)° (—e1d® + a1 (e1 + 2¢2) d® + az (c1 + 4ez) d + a3 (e1 + 6e2)),
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bd®
AO = — 3 (CodG +a%(00+61 +Cg)d4+a%(60+261 +4Cg)d2+a§(60+361 +962) —
(a1d2 + agd + as — dS)

a1 (260 +c1— Cg)ds —2as (Co “+c1— 262)d4 —a3(200 +3c1 — 902)d3 +a1a2(200 + 3¢y +362)d3 + 2@10,3(60 +

261 + 02)d2 + a2a3(2¢:0 + 501 + 1102)d)

(ii): Case r =1 (exactly one root equal to d):

WS = n(Agn® + Ayn + Ag)d"

where
Cgbd3
Ay = ,
3 (a1d2 + 2asd + 30,3)
1
A = bd3 + 3 (a1d? + dasd + 9az) As),
' 2(a1d2+2a2d+3a3)(61 +3 (a1d” + dayd + 9az) 42)
1
0 (a1d2+2a2d+3a3)(00 -‘r(al + 4azd + ag) 1 (al + 8aod + a3) 2)
i.e.,
Cgbd3
Ay = 7
3 (a1d2 + 2asd + 30,3)
bd?
A= ailcy +c d2+2a c1 4+ 2¢9)d + 3as(cy + 3¢ ’
' 2(a1d2+2a2d+3a3)2( et ez) 2(er 2) s(c1 2))
3
do= o (a3(6c0 +3er + c2)d* +8a3(3c +3er +2c2)d? +27a3 (20 + 31 +3e5) +

6 (a1d2 + 2aod + 3&3)3
2a1az(12¢co + 9c1 + 2¢2)d® + 6a1a3(6co + 6¢1 — c2)d? + 6azaz(12co + 15¢1 + 10¢2)d).

(iii): Case r =2 (exactly two roots equal to d):

WS =n?(Ayn? 4+ Ain + Ag)d"

where
Cgbd3
A2 - o 2 )
6 (a1d? + 4agd + 9as)
1
A = — bd3—4 d2 Saod 97 A ’
' 3(a1d2+4a2d+9a3)(cl (a1d”® + 8aad + 27a3) Asz)
AO = — 1 (COde _ (a1d2 +8a2d+27a3) Al + (ale + 16(1,2d+ 810,3) AQ)’
(ald2 + daod + 9a3)
i.e.,
Cgbd3
Ay = — 7
6 (a1d? + 4azd + 9a3)
bd®
A = — a1(3cy + 2¢2)d? + 4as(3c1 + 4er)d + 27as(c1 + 2¢2)),
1 9(a1d2+4a2d+9a3)2( 1( 1 2) 2( 1 2) 3( 1 2))
bd®
o= (a3 (18co+6¢1+c2)d* +32a3 (9co +6¢1+2¢2)d>+T729a3 (2¢0+2¢1 +¢2) +

18 (a1d? + 4azd + 9a3)’
4a1a2(36co + 18¢y + Cg)d?) + 54&1&3(600 +4cqy — CQ)d2 + 108&2&3(1200 + 10c1 + 302)d)

(iv): Case r =3 (all three roots equal to d):

WC = n3(A2n2 + A17’L + Ao)dn

n



UNDER PEER REVI EW

where
1
Ay = %ch,
A = Sb(er+3e)
L= 5 c1 C2),
1
Ay = Eb(200 + 3c1 + 462).

(d): m =3, s =3. Consider the sequence (W,,) defined by

Wy = arWpn_1 + asWy_o + asW,,_3 + (c3n® + con® + cin + ¢p)bd"™.

(i): Case r =0 (no root equal to d):

Wnc = (A3TL3 + A2n2 + Ain+ Ao)dn

where
Ar— Cgbd3
3= (a1d2+a2d+a3*d3)7
1
Ay = — (a1d? + asd + a3 — d3) (c2bd® — 3(ar1d® + 2a2d 4 3a3) As3),
1
A =— (a1d? + axd + a3 — d3) (c1bd® — 2(a1d? + 2a2d 4 3a3) Ay + 3(a1d® + dazd + 9a3) As),
1
Ag = — (a1d? + azd + a3 — d?) (cobd® — (a1d® + 2a2d + 3az) Ay + (a1d” + 4azd + 9az) Az — (ard® +
8azd + 27a3)As),
i.e.,
Ao — — Cgbd3
- (a1d? + azd + a3z — d3)’
bd®
— — 3 2
Ap = (a1d? + axd + az — d3)2( c2d” + a1(cz + 3c3)d” + az(cz + 6e3)d + az(cz + 9c3)),
bd?
A =— 5 (c1d®+af(c1+2c2+3c3)d" +a3(c1 +4c2+12¢3)d +a3(c1+6ca+27cs)

(a1d? + axd + a3 — d3)
— CL1(261 + 2¢o — 303)d5 —2a9 (01 +2¢o — 603)d4 — a3(261 + 6co — 2703)d3 +ajag (201 + 6¢co + 903)d3 +

2ay1a3(c1 + 4ea + 3c3)d? + azas(2c; + 10¢z + 33¢3)d),
bd? ) ) ) ;
Ay = — 1(—cod® + a(co + 1 + c2 + ¢3)d® + a3(co + 2¢1 + 4ez + 8cz)d® +
(a1d2 + agd + az — d3)
a3(co+3c1 +9co +27c3) — a2 (3co +2¢1 — 4ez)d” — a3(3co + dey — 32¢3)d® — 3a(co + 2¢1 — 36¢3)d® +

a1(3co+c1—co+c3)d® +az(3co+2c1 —4ea+8c3)d” +3asz(co+c1—3ca +9c3)d® —2a1a2(3co+3c1 —co—
9¢c3)dS — 2a1a3(3co +4cy —4eg —8e3)d® — 2asa3(3co + 5y — ca — 55cz)d* +aya3 (3co + 5ey + Tea +5es)
d* + a2as(3co + 4y + 4eg + 4e3)d® + arad(3co + Tey + 1leg — 17¢3)d? + a2az(3co + 5ey + 3ca + 5es)
d* + a2a3(3co + 81 +20co +44c3)d + a3as(3co + Ter + 15¢a + 31e3)d? + 2a1aza3(3co + 6¢1 + 8ca)d?).

(ii): Caser =1 (ezactly one root equal to d):

W,? = n(A3n3 + Aon® + Ajn + Ap)d"

where
Cgbd3
A3: )
4 (a1d2 + 2a2d + 3(13)
1
Ay = bd® + 6(a1d? + 4asd + 9az) A
2 3(a1d2—|—2a2d+3a3)(02 + 6(a1d” + 4azd + 9a3) As),



UNDER PEER REVI EW

A NOTE ON EXPLICIT PARTICULAR SOLUTIONS 9

1
(a1d2 + 2asd + 3&3)
1

(C()bd3 + (a1d2 +4a2d+9a3)A1 — (a1d2 +8a2d—|—27a3)A2 + (ald2 + 16@2d+

Al = B (Clde + 3(CL1d2 + 4(12d + 9&3)142 — 4(a1d2 + 8&2d + 27(13)143),

A =
0 (a1d2 + QCLQd + 3&3)

810,3)143),
i.e.,
Cgbd3
AB = ;
4 (a1d2 + 2asd + 3&3)
bd?
Ay = a1(2cy + 3c3)d? + 4dag(cy + 3c3)d + 3as(2¢o + 9¢3)),
? 6(a1d2+2a2d+3a3)2( (262 +3¢) 2(c2 +3c3) 3(2c2 1 9c3))
bd?3
Ay = (a%(2c1 + 2co + c3)d* + 8aZ(c1 + 2c2 + 2¢3)d? + 9a3(2¢1 + 6¢2 + 9c3) +

4 (a1d2 + 2a2d + 3a3)3
4(11@2(261 + 3co + C3)d3 + 6(11@3(201 + 4dcy — Cg)d2 + 12&2&3(201 + 5¢o + 503)d),

bd? ) i ) ‘
Ao = a3 (6co+3c1 +c2)d® +16a3 (3¢ + 3c1 + 2¢2)d® +81a3 (2¢o + 3¢1 +3¢o) +
’ 6(a1d2+2a2d+3a3)4( ilBeo+3e1+e2) 2(3¢o+3e1+22) 5(2¢0+3c1+3c2)

6a1a3(12c + 10c1 + 4cg — 3e3)d* + 6a2as(6co + 4cq + c2)d® + 9ara3(18¢y + 21cy + Tea — 30c3)d? +

3a2a3(18co+15¢; —co+6c3)d* +18aza2(18¢o+24c1 +19¢0 —6c3)d+6aZasz (36co+42¢1 +28c2 —3cz)d? +
12a1a2a3(18co + 1801 + 562 — 963)d3).

(iii): Case r = 2 (exactly two roots equal to d):

W,LC =n?(Azn® 4+ An® + Ayn + Ag)d"

where
C3bd3
A3:— ’
10 (Cle2 —+ 4(12d —+ 9&3)
1
Ay = — bd® — 10(a,d? 4 Saxd + 27a3)A
2= 5l T dagd + 9a3) (a1 +8azd + 2Taz) 4s),
1
Ay =— bd?® — 4(ayd? 4 Saxd + 27a3)Ag + 5(a1d? + 16asd + 8las) A
1 3(a1d2+4a2d—|—9a3)(cl ((11 + Saqd + a3) 2 + (a1 + 16aqd + ag) 3),
1
Ay = — bd3 — (a1d? + 8asd + 27a3) A d? + 16asd + 8laz) Ay — (ayd?
0 (a1d2+4a2d+9a3)(00 (a1d” + 8ayd + 27a3) Ar + (ard” + 1602 +8lag) Az = (ard” +
32a2d + 243&3)A3),
i.e.,
Cgbd3
ABZ_ )
10 (a1d? + 4azd + 9as3)
bd3
Ay = — ai(cy + ¢3)d? + 4as(co + 2¢3)d + 9asz(ca + 3c3)),
2 6(a1d2+4a2d+9a3)2(1(2 2 2(c2 +2¢3) 3(cz + 3c3))
bd? 2 4 2 2 2
A = (a3 (6c1+4catcs)d* +32a3(3c1+4ca+2c3)d*+243a3 (2¢1 +-4ea+3c3)+

a 18 (a1d2 + 4asd + 9&3)3
dayaz(12¢1 + 12¢ + ¢3)d® + 18aja3(6¢y + 8co — 3c3)d? + 36azaz(12¢1 + 20co + 9c3)d),

bd?
Ap = — a$(90cq + 30c; + 5ea — c3)d® + 128a3 (45¢o + 30cy + 10cy — 4e3)d® +
0 90(a1d2+4a2d+9a3)4( 1(90¢o 1 2 —C3) 3(45¢o L > — des)

6561a3(10co+10c1 +5c2 —3c3) +16a1a3(270co + 150c1 +25¢0 — 27cz)d* +40a3az (27co +12¢1 +co)d° +
1215a1a3(18¢o + 14ey + ca — 9c3)d? +9a2a3(270cy + 150c; — 25¢o + 5lcg)d* + 1944aza3 (45¢ + 40cy +

1502 - IQCd)d + 144@%0,5 (27000 + 21001 + 6502 - 3305)(12 + 1440.10,20,3(1350() + 9061 + 502 - 1803)d3).

(iv): Case r =3 (all three roots equal to d):

WC = nd(AgnJ + A2n2 + A17’L + Ao)dn

n
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where
1
Az = gples
1
Ay = —b(2
9 1201)( co 4 9¢3),
1
A = —
1 24b(61 + 3¢y + 603),
1
Ay = ﬂb(ll(}o + 6¢1 + 8ca + 9¢s).

2.2. The Case m = 4. Consider the homogeneous relation
Vo =a1Vu_1+asVyu_o+asViu_3+ asVy_a (2.3)
with the initial conditions Vg, Vi, V5, V3. Suppose that 64, 05, 03,04 are the roots of characteristic equation
Ao —ax2 —azz—as =0 (2.4)
associated with (2.3). Note that if all the roots of (2.4) are equal to d then
2 a2t —as? —asz—ag = (z — d)4 =2 —4d2® +6d%22 —AdPz +d* =0
so that a; = 4d, ay = —6d?, ag = 4d3, ay = —d* and (2.3) reduces to
Vo = 4dV,,—1 — 6d*V,,_o + 4d*V,,_3 — d*V,,_a.
EXAMPLE 2.2. Consider the sequence (W,,) defined by the recurrence relation
Win =artWn_1+ aaWy_o+ asWy_3 + asW,_4 + p(n)bd"

where p(n) := p(n,x) is a polynomial in n of order s, with coefficients belonging to C[z] or C and b € C|x] or C,

and d € C or R. We seek a particular solution

for the cases s = 0,1,2,3 where P(n) is itself a polynomial in n. The order (degree) and coffecients of P(n)
depend on the multiplicity r of d as a root of the characteristic equation (2.4) and W< satisfy

n
W,? = alVVf_l + aQWnC_Q + a3W5_3 + a4Wf_4 + p(n)bd"

i.e.,
P(n)d™ = a1 P(n — 1)d" ' + aaP(n — 2)d" % + az3P(n — 3)d" > + a4 P(n — 4)d"~* + p(n)bd".

In each case of s, we consider the homogeneous relation (2.3) and its characteristic equation (2.4), corresponding

to the sequence (W,,) with the same initial conditions as W, i.e.,
Vo = Wo, Vi = Wy, Vo =Wy, V3 = Ws.

We investigate all cases of multiplicity v of of d as a root of the characteristic equation (2.4):

(a): m =4, s =0. Consider the sequence (W) defined by

Win=a1Wn_1+a2Wp_o+azWyp_3 + asWp_y + cobd™.
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(i): Case r =0, i.e., none of the roots of the characteristic equation equals d:

Co bd4

WS = Agd", Ag=— :
n 0 ’ 0 a1d3+a2d2+a3d+a4fd4

(ii): Case r =1, i.e., exactly one root of the characteristic equation equals d:

Co bd4

C m
=nAgd Ay = .
Wn na0d, 0 (a1d3 + 2a9d? + 3asd + 4CL4)

(iii): Case r =2, i.e., exactly two roots of the characteristic equation equal d:

b00d4
(a1d3 + 4asd? + 9asd + 160,4) '

W =n2A¢d?, Ag=—

(iv): Case r =3, i.e., exactly three roots of the characteristic equation equal d:

Cobd4
(a1d3 + 8agd? + 27azd + 64ay)”

WS =n34pd", Ay =
(v): Case r =4, i.e., all four roots of the characteristic equation equal d:

1
Wg = ’I’L4A()dn, A(] = ﬂbCO.
(b): m =4, s =1. Consider the sequence (W,,) defined by
Wy =aiWn_1 4+ aaWy_o+ asWy_3+ asWy,_4 + (c1n + co)bd".
(i): Case r =0 (no root equal to d):

Wnc = (Aln + A())dn

where
A _ C1bd4

- (a1d3 + aod? + asd + ay — d*)’

1

doo= - (a1d3 + azd?® + azd + ag — d*) (cobd” = (ard” +2aad” + Baad + 4as)A0),
i.e.,
A = — Clbd4

te ((11d3 +a2d2—|—a3d—|—a4 —d4)’

bd*

Ay = — (—cod* + ai(co + c1)d® + aa(co + 2¢1)d? + as(co + 3¢1)d +

(a1d3 + axd? + azd + ag — d4)2
0,4(60 +4Cl)).

(ii): Case r =1 (exactly one root equal to d):

W =n(Ain + Ag)d"

where
A o Clbd4
! 2 (d3ay + 2a2d? + 3das + 4ay)’
1
Ao = bd* + (dBay + 4d2as + 9das + 16a4) A
’ (@ar T 2ar® T 3dag + day) 000+ (@%a + 4day + 9das + 16as) Ay),
i.e.,
A _ Clbd4
' 2(dBay + 2a0d? + 3dag + day)’
bd*
Ao = (a1(2co+c1)d3 +4as(co+c1)d? +3as(2co+3c1)d+8as(co+2c1)).

2 (d3a1 4 2a9d? + 3das + 4@4)2
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(iii): Case r = 2 (exactly two roots equal to d):

WS = n2(A1n + Ao)dn

where
A _ Clbd4
! 3(ar1d® + dayd® + 9azd + 16a4)’
1
Ay = —— bd* — (ayd® + 8agd® + 27azd + 64a,) A
’ (a1d3 + 4azd? + 9azd + 16ay4) (eo (026" + Baad” + 2Mazd + Gdas) Av),
i.e.,
A _ Clbd4
YT T3 (ad® + dagd? + 9asd + 16ay)’
bd* .
Ay = - a1(3co 4 ¢1)d® + 4as(3co + 2¢1)d? + 2Tas(co + ¢1)d + 16a4(3co + 4ey)).
0 3 (a1d® + dasd? + 9azd + 16a4)2( 180 + 1) 2(3¢0 +2¢1) s(coter) 430 +der))
(iv): Case r =3 (ezactly three roots equal to d):
W,f e nS(A1n + Ao)dn
where
A _ Clbd4
! 4 (ayd3 + 8agd? + 27azd + 64ay)’
1
Ay = bd* d® + 16azd? + 81lazd + 256a4) A
0 (a1d3+8a2d2+27a3d+64a4) (CO +(G,1 + a2 + as + a4) 1)3
i.e.,
A . Clbd4
L 4(a1d3 4 8aqd? + 27asd + 64&4) ’
bd*
Ay = (a1(4co + c1)d® + 16az(2co + c1)d? + 27as(4co + 3¢1)d + 256a4(co + ¢1)).

4(a1d3 + 8@2d2 + 27a3d + 64&4)2
(v): Case r =4 (all four roots equal to d):

Wr? = TL4(A17’L + A())dn

where
1
A1 = mbCl
1
A() = ﬂb(C()‘FQCl)

(c): m =4, s=2. Consider the sequence (W,,) defined by
Wy =aiWn_1 4+ asWp_o + asWy_3 + aaWy_4 + (con® + c1n + co)bd"™.
(i): Case r =0 (no root equal to d):

Wnc = (A2n2 + Ain+ Ao)dn

where
A — — Cgbd4
2T (a1d3+a2d2+a3d+a4 —d4),
1
Al = — (Clbd4 - 2(a1d3 + 2a2d2 + 3a3d + 40,4)142),

(a1d3 + G2d2 + a3d + a4 — d4)



UNDER PEER REVI EW

A NOTE ON EXPLICIT PARTICULAR SOLUTIONS 13

A — 1
o= (a1d3 + agd? + aszd + a4 —d4)
9a3d+ 16@4)A2),

(Cobd4 — (a1d3 —+ 2a2d2 —+ 3CL3d —+ 4(14)141 —+ (a1d3 —+ 46L2d2 —+

i.e.,
A, — Cgbd4
27 (a1d3+a2d2+a3d—|—a4 —d4),
bd’
A1 = — (701d4+a1 (Cl + 2C2) d3+a2 (Cl + 402) d2+a3 (Cl + 602) d+

(a1d3 + agd? + azd + aq — d4)2
as (c1 +8¢2)), \
bd
A:f Cd8+a2c+c +C d6+a20+26 +4C d4+a2c+
’ (ald3+a2d2+a3d—|—a4—d4)3( 0 r(co+e1+c2) 2(co 1 2) 3(co
3cy +902)d2 —|—a421(co +4c1+16¢2) — a1 (2co+ 1 —02)d7 —2as(co+ec1 — 2@2)d6 —as3(2¢o+3c; — 962)d5 _

2a4(co + 2¢1 — 8cz)d* + araz(2co + 31 + 3c2)d® + 2a1a3(co + 2¢1 + ¢2)d* + araq(2co + 5ey — co)d® +
aza3(2co + 51 + 11ea)d? + 2asa4(co + 31 + 6¢2)d? + azaq(2co + Tey + 23¢o)d).

(ii): Case r =1 (ezactly one root equal to d):

Wc = TL(AQTL2 + AlTL + Ao)dn

n

where

Cgbd4
3 (a1d3 + 2a2d? + 3azd + 4ay)’

1 f
A = bd* d? 4d? d 1 A
! 2 (ard® + 2asd® + 3azd + daz) (c1bd” +3 (dar + dd%ay + 9dag + 16a1) o),

1
Ay = bd* + (&2 4d? 9d 16a4)A; — (d° 8d? 27d 64ay) A
0 (@ T 20 1 Bazd + dag) 00h T (e +Adar ¥ Odag - 1600) Ay = (dar + 8 az o 2das + 6dai) Ay)

i.e.,
A — Cgbd4
2= 3 (a1d3 + 2a2d2 + 3a3d + 4(14) ’

bd*
Al = a1 (c1+c2)d3+2as(c142¢2)d?+3as(c1+3cs)d+4aq(c1 +4¢s)),
1 2 (ardd + 2and? +3a3d+4a4)2( 1(c1+c) 2(c1 2) 3(c1 2) a(cr 2))

bd*

6 (a1d3 + 2a2d? + 3azd + 4(14)3
3co)d? +32a3(3co + 6¢1 + 8¢a) + 2a1as(12¢o 4 9e1 +2¢0)d® + 6a1as(6¢ + 6¢y — c2)d* 4 4ajaqs(12¢y +

1561 - 1002)d3+6a2a3(1200+1501 +1002)d3+16a2a4(600+901 +402)d2+12a3a4(1200+2101 +2202)d)

(a3 (6co+3c1+c2)d® +8a3(3co+3c1 +2¢2)d* +27a3 (2¢o + 3e1 +

(iii): Case r =2 (exactly two roots equal to d):

WC = n2(A2n2 —+ Aln —+ Ao)dn

n

where
A, — — Cgbd4
27 6 (a1d3 + 4asd? + 9asd + 16@4)’
1 .
A= — bd* — 4 (a1d® + 8asd? + 27asd + 64a4) A
! 3 (a1d? + 4azd? 4 9asd + 16a4)(01 (al Raad T 2asd T a4) 2
1
Ay = — bd* — (a1d® + 8asd? + 27asd + 64a4) A d3 + 16a,d?
0 (a1d3+4a2d2+9a3d+16a4)(00 (a1d® 4 8aqd? + 27asd + 64a4) A1 + (a1d® + 16a2d” +
8lasd + 256&4)142),
i.e.,
A2: Czbd4

_6 (a1d3 + 4a9d? + 9asd + 16@4)’
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bd*
== a1(3c1 + 2¢2)d® + 4ax(3cq + 4ea)d? + 27as(c1 + 2¢2)d +
1 9(16@4 +9da3 +4d2a2 +d3a1)2( 1( 1 2) 2( 1 2) 3( 1 2)

16a4(301 + 862)),

bd*

18 (16a4 + 9das + 4d2as + d3ay)
2c1 + ¢2)d? + 512a3(9co + 12¢1 + 8ca) + dajaz(36¢o + 18¢1 + ¢2)d® + 5dajaz(6cy + dep — co)dt +

Ay = = (a3 (18co+6c14¢2)d+32a3(9co+6c142¢2)d* +729a3 (2co+

16a1a4(36co+30c; —19¢2)d3+108aza3(12¢o+10c; +3co ) d3+256aza4 (9co+9ci +co ) d2+432aza4(12co+
1461 + 762)d)
(iv): Case r =3 (exactly three roots equal to d):

w¢ = n3(Ayn® + Ain + Ag)d™

n

Cde4
10 (a1d3 + 8agd? + 27asd + 64a4)’
1
Al = (Clbd4 + 5(a1d3 + 160,2(12 + 81(13d + 256&4)142),

4 (a1d3 4 8aqd? + 27asd + 64&4)
1
(cobd* + (a1d® +16a2d? + 81lazd + 256a4) A1 — (a1d® + 32a2d? +

A =
07 (a1d® + 8asd? + 27azd + 64ay)

243a3d + 1024a4) A2),

i.e.,
A, — Cgbd4
> 7 10 (a1d® + 8asd? + 27azd + 64ay)’
bd*
A = 2(&1(201 + Cg)d3 + 16&2(01 + Cg)d2 + 27@3(201 + SCg)d +

8 (a1d3 + 8a2d2 + 270,3d + 64@4)
128@4(01 + 202)),
bd*

Ay = ~(a2(40¢y + 10¢; + ¢2)d® + 256a2(10¢y + 5¢q + co)d* +

© 740 (ard® + Sasd? +27a3d+64a4)5( 1(40e0 1t e) 2(10co - Bex - c2)
729a3(40c + 30c1 + 9c2)d? + 32768a3(5co + Her + 2¢2) + 80araz(8co + 3c1)d® + 270a1a3(8co +
401 - Cg)d4 + 128(11(14(4000 + 2561 - 1402)d3 + 432&2&3(4000 + 2501 + 402)d3 + 10240(],2(14(460 +
3c1)d? + 17280a3a4(8co + Tey + 2¢o)d).

(v): Case r =4 (all four roots equal to d):

WC = n4(A2n2 + A17’L + Ao)dn

n

where
1
A= ggpben
1
Al = ﬁb(61 + 462),
1
A() = Eb(SCO —+ 601 + 1102).

(d): m =4, s =3. Consider the sequence (W,,) defined by
Wop=a1Wyn_1+ aWy_o+asW,_3+asW,_4+ (Cg'fls + CQ?’L2 +cin + C())bdn.
(i): Case r =0 (no root equal to d):

Wnc = (Agnd + A2n2 + Ain+ Ao)dn
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where
A — Cgbd4
57 (a1d3 + a2d? + azd + ay — d*)’
1
Ay = — bd* — 3(a1d® + 2a2d? + 3asd + 4a4)As),
? (a1d3 + axd? + azd + ag — d*) (e2 (a1d” + 2050”4 3asd + day)43)
1 ) .
A1 = — (Clbd4 - 2(a1d5 + 2a2d2 + 3a3d + 4(14)A2 + 3(a1d‘5 + 4a2d2 +

(a1d3 + agd? + azd + ay — d4)
9asd + 16@4)143),
1

Ay = — bd* — d® + 2asd? + 3asd + 4as) A d® + dasd?
’ (a1d? + azd? + azd + as — d*) (eo (a1 + 205" 4 Sazd + dag) s + (ard” + dapd” +
9asd + 16&4)142 — (a1d3 + 8a2d2 + 27a3d + 64&4)143),

i.e.,
A — Cgbd4
8 (a1d3 + a2d? + azd + ay —d4)’
bd
Ao = — 5 (—ng4 + aq (CQ + 303)d3 + GQ(CQ + 6Cg)d2 + ag(CQ + 903)d +

(a1d3 + axd? + azd + ag — d*)
(CQ + 1203)&4),
bd*
A =— —(c1d®+a?(c1 +2¢o 4+ 3¢3)d® + a2 (cy +4cy +12¢5)d* + a2 (e +
S Tt and® 4 agd 1 ag O Terlate J s | & as(
602+2763)d2+ai(61+802+4863)7CL1(261+2CQ7363)(17720.2(61+2627663)d670,3(261+66272703)d57

2a4(cy + 4eg — 24c¢3)d* + ajaz(2c1 + 6¢a + 9c3)d® + 2aya3(cy + 4eg + 3e3)d* + arag(2¢y + 10cz — 3c3)

d? + azaz(2c1 + 10cy + 33c3)d> + 2aza4(cy + 6¢o + 18¢3)d? + azaq(2cy + 1dea + 69¢3)d),

b’ 12 4,3 9, .3 6
Ag = — (@ T gl & ayd a1 (—cod'*+a3(co+c1+ca+c3)d” +as(co+2¢; +4ca+8cs)d® +

a3(co+3c1+9ca+27c3)d3 +a3(co+4cr +16c2+64c3) —a? (3co+2c1 —4e3)d*0 — a3 (3co+4ey —32¢3)d® —

3a3(co+2c1 —36¢3)d® — a?(3co+ 8¢y — 256¢3)d* +ay (3co + 1 — ca + c3)dM +aa(3co +2¢1 — 4ea +8c3)
d*® + 3az(co + c1 — 3ca + 9¢3)d? + aq(3co + dey — 16¢o + 64c3)d® — 2a1a2(3co + 3¢1 — c2 — 9e3)d® —
2a1a3(3co + 4cp — deg — 8¢3)d® — 2a1a4(3co + 5ey — 9o + 5ez)d” — 2azaz(3co + 5ey — co — 55e3)d” —
2a2a4(3co + 6¢; — 4eg — T2¢3)d® — 2aza4(3co + Tep — ca — 161c3)d® + a1a3(3co + 5e1 + Tea + Hes)
d" + a3az(3co + dey + 4deg + 4es)d® + arad(3co + Tey + 1leg — 17c3)d® + alaz(3co + 5eq + 3ez + beg)
d” + 3ajai(co + 3c1 + Beg — 29¢3)d? + 3ataq(co + 2¢1 + 4ez)d® + aza3(3co + 8¢y + 20cy + 44c3)
d*+a2a3(3co+Tey +15¢0 +31c3)d® +aza?(3co +10c1 +28¢o +40c3)d? + aZaq(3co +8cy +16¢2 +32¢3)
d*+aza3(3co+11e1+39ca+131c3)d+a3as(3co+10ct +32¢2+100c3)d% +2a; azaz (3co+6¢1 +8c2)d® +
2a1a2a4(3co + Tey + Teg — 5ez)d® + 2arazaq(3co + 8¢y + 12¢o — 40c3)d* + 2azazaq(3co + 9y + 23¢o +
45¢c3)d?),

(ii): Case r =1 (exactly one root equal to d):

Wnc = n(A3n3 + A2n2 + Ain+ Ao)d”

where
As = Cgbd4
574 (a1d® + 2a2d? + 3azd + 4a4)’
1
A, = bd4 6 d3 4d2 9d 16 A ’
2 = S (and T Dayd® T Bagd 1 day) 20T T 6@ a1+ Ad7az + 9day + 16a4) As)
1
Ay = (c1bd* + 3(day + 4d?ay + 9daz + 16a4) Ay — 4(ard® + S8azd® +

~ 2(a1d3 + 2a2d? + 3azd + 4ay)
27(13d + 64&4)143)7
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1
bd* + (d? 442 9d 16a4)A1 — (a1d® 4+ 8aqd? +27asd
(a1d3 + 2a2d? + 3azd + 4ay) (cobd” +(d”ar+ az +9daz+16a4) Ay — (a1d” +8azd” +27azd +

64&4)142 + (a1d3 + 160,2(12 + 810,5(1 + 256@4)145),

Ay =

i.e.,
A — Cgbd4
7 4 (aydP + 2a2d? + 3azd + day)’
bd* )
Ay = a1(2¢a +3¢3)d 4 4as(co + 3c3)d? + 3az(2¢o +9cs)d 4 8ay (co +
2 6(a1d3+2a2d2+3a3d+4a4)2( 1(22+3cs) 2(c2+3¢s) 3(2cz +9c5)d+8a(c,
6C3)),
bd* 2 6 2 4 2
Ay = 3 (af(2¢1 4 2c2 +c3)d° +8aj(c1 +2co +2¢3)d* +9a3(2¢y +6c2 +

4 (a1d3 + 2a2d2 + 3a3d + 4&4)
9c3)d? + 32a3(cy + dea + 8¢3) + dajaz(2¢y + 3ca + ¢3)d® + 6ajaz(2c; + deg — c3)d* + 8ajaq(2c; +
5ca — beg)d® + 12aza3(2¢; + 5ea + 5ez)d® + 32asa4(cy + 3ca + 2¢3)d? + 24azaq(2¢y + Tea + 11e3)d),
bd*
B 6 (a1d3 + 2a2d2 + 3a3d + 4&4)4
3¢y +3c2)d? +128a3 (3co + 6¢1 + 8cz) + 6ara3(12¢o + 10¢1 +4eo — 3c3)d” +6a2as (6o + 4ey + c2)d® +

(a3(6co + 3c1 + c2)d® + 16a3(3co + 3c1 + 2¢2)d® + 81a3(2¢co +

9a1a3(18¢co+21c1+Tca—30c3)d® +3atas(18co+15¢1 —ca+6c3)d" +24a1a3 (12¢0+18¢; +4c2—63c3)d> +
36a3a4(2co+2c1 —co+3c3)dS +18aza3 (18co+24c1 +19c3 —6c3)d* +6a%az (36¢o+42¢1 +28¢c —3c3)d® +
192asa2(3co + 5y +4co — 6¢3)d? + 96a2aq(3co + 4ey + 2¢2)d* + 24a3a2 (36¢y + 66¢; + 76c2 — 15¢3)d +
36a3a4(18co + 30cy + 3lea — 3e3)d? + 12a1aza3(18¢o + 18¢1 + 5eg — 9c)dS + 24ajazays(12¢o + 14cq —
3c3)d® + 24a1azas(18co + 24c¢1 + Heg — 48¢3)d* + 24azazaq(36¢y + 54cy + 40cy — 27¢3)d?).

(iii): Case r = 2 (exactly two roots equal to d):

wé = n?(Azn® + Agn? + Ayn + Ag)d"

n

where
Ag — — Cgbd4
57 710 (a1 d® + daxd® + 9asd + 16a4)’
1
Ay = — bd* — 10(a1d® + 8a2d? + 27asd + 64a4)A
2 6(a1d3+4a2d2+9a3d+16a4)(62 (a1d” + 8azd” + 2Tagd + G4a4) As),
1
A= — bd* —4(a1d® +8asd? +27asd+64a4) As +5(a1d® +16a5d?
! 3(a1d3+4a2d2+9a3d+16a4)(01 (a1d*+-8ayd"+27azd +64as) Az -5 (ard” +16azd™+
81a3d + 256(14)A3),
1
Ay = — (Cobd4 — (a1d3 + 8a2d2 + 27asd + 640,4)141 + (a1d3 + 16a2d2 +

(a1d3 + 4a2d2 + gagd + 16&4)
8laszd + 256&4)142 — (a1d3 + 32a2d2 + 243a3d + 1024(14)143),

i.e.,

An — — C3bd4
7 710 (a1d® + dasd? + asd + 16aq)’
bd*
Ay = — ai(ca+c3)d? +4as(ca+2c3)d? +9az(ca +3c3)d+16a4(co +
S S (ard + duad® + 0agd + T6ay)7 2T Aaa a2+ es) e
4es)), ,
bd
Ay = (a?(6c1+4ca+c3)dS +32a3(3cy +4dea+2c3)dr +243a3 (2¢1 +

18 (ayd? + 4azd? + 9azd + 16a4)°
deg + 3ez)d? + 512a3 (3¢ + 8co + 8¢3) + dajaz(12¢1 + 12¢o + ¢3)d® + 18aya3(6¢1 + 8ca — 3e3)d* +

16a1a4(12¢1+20c—19¢3)d® +36aza3(12¢1 +20c2+9c3)d> +256aa4 (3¢t +6c2+c3)d?+144azaq (12¢1 +
28cy + 2103)d),

bd*
A() = (a‘;’(QOCo + 3001 + 502 — C3)d9 + 128@% (450(] + 3001 + 1062 —

90 (a1d3 + 4azd? + 9azd + 16a4)”
4c3)d®+6561a3(10co+10c1 +5ca —3c3)d3 +8192a3 (45¢o +60c1 +40co —32¢3) +16a1a3 (2700 +150c; +
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25c9 — 27c3)d" + 40a3a2(27co + 12¢1 + ¢2)d® + 1215a1a%(18¢o + 14ey + c2 — 9c3)d® + 9aZaz(270co +
150c; —25¢0 +51c3)d” +768a1a3(90co +90c¢1 — 5eg — 133c3)d> +96a3 ayq(45¢o +30c1 — 15¢2 +34cez)d® +
1944aza3(45co +40cy + 15¢2 — 12¢3)d* + 144a2a3(270co + 210c1 + 65¢2 — 33¢3)d® + 2048a2a3(135¢ +
150¢; + 50co — 108¢3)d? + 2560a3a4(27co + 24cy + 4ez)d* + 11520aza3 (54co + 66¢; + 37co — 33¢3)d +
777603 a4(45¢0 +50c1 + 25 — 18¢3)d? + 144ay azaz(135¢o +90c; + 5ea — 18¢3)dC +128a; azay (270co +
210c; — 35c¢y + 27¢3)d® 4 576a1a3a4(135¢y + 120c; — 5ea — 96¢3)d* + 1152aza3a4(270cy + 270¢; +
85c0 — 99¢3)d%).

(iv): Case r =3 (exactly three roots equal to d):

WC = TLS(AgnS + A2n2 + Aln + Ao)dn

n

where

A3 _ C3 bd4

20 (a1d?® 4 8agd? + 2Tasd + 64a4)’
1
(Cde4 -+ 15(a1d3 -+ 16a2d2 + 81(13d -+ 256&4)A3),

A =
2710 (a1d3 + 8agd? + 2Tasd + 64ay4)
1

(Clbd4 + 5A2(a1d3 + 16a2d2 + 81a3d + 256@4) — 6A3(a1d3 +

A =
7 A(ar1d® + 8asd? + 2Tazd + 64ay)
32a9d? + 243a3d + 1024a4)),

Ay = bd* + (ayd? + 16a3d? +8lazd + 256a4) Ay — (a1d? +32azd2
0= (o + 8asd 1 2Tagd + 6day) (00d H(ard" +16a2d" 4 8lasd +256a1) Ay — (ard” + 82a;d" +

243a3d + 1024&4)/12 + (a1d3 + 64a2d2 + 729a3d + 4096@4)143),

i.e.,
Ao — C3bd4
57 20 (a1 d® + Bagd? + 27asd + 64ay)’
bd*

(a1(4cg + 3c3)d? + 16az(2co + 3c3)d? + 27az(4ea + 9cz)d +

A =
7 40 (ayd® + 8azd? + 27azd + 64as)?
256@4(62 + 363)),
bd*

160 (a1d? + 8agd? + 27asd + 64ay)
729a3(40c¢q +60ca +27¢3)d? 4+ 32768a3 (5e1 +10co + 6¢3) + 160ar az(4ey +3ca)d® +270a1 a3 (8¢t +8ca —

303>d4 + 256&1&4(2001 + 25¢9 — 2103)d3 + 864asas (20C1 + 25¢c9 + 603)6[3 + 204800,2&4(201 + 302)d2 +

34560asa4 (461 + Teo + 303)d),
bd*

160 (ayd® + 8asd? + 27asd + 64ay)*
c3)dS 419683a3 (160cq + 120c; + 36c2 — 27c3)d> 4 8388608a3 (5co + 5ey + 2¢2 — 2¢3) + 256a1 a3 (120c) +

50c1 +4cy — 5eg)d” + 16a3az(240cy + 80cy + 2¢2 + c3)d® + 729a;1a3(480cq + 280cy — 4cy — 9les)d® +
27a2a3(480co + 200c; — 36¢o + 55¢3)d” + 98304aya3(20co + 15¢1 — 2¢o — 11ez)d® + 768a2as(40co +
20c; — 9cg + 17¢3)d® + 11664a2a3(240co + 160c; + 34ca — 3lez)d? + 6912a2a3(120co + 70c; +
12¢9 — Tes)d® + 524288aqa3 (30co + 25¢1 + 4eg — 10¢3) d? + 65536a3a4 (30co + 20¢y + c2 + ¢3) d* +
884736a3a3(60co+55¢1+18co—19¢3)d+186624a%a4(120co+100c; +29co —25¢3)d?+864a1 azas(240co+
120c¢; —2co —9¢3)d8 +8192a1a2a4(60co +35¢1 — Tea + Te3)d® +13824a1azaq (120co +80c; —9ca —29¢3)
d* + 221184asa3a4(60cy + 45¢; + Tea — 9c3)d?).

Ay 3 (a?(40c1 + 20co + 3c3)d® + 256a3(10c; + 10cz + 3c3)d* +

(a3(160cq +40c; +4cg — c3)d® +4096a3 (20cq +10c; +2co —

A

(v): Case r =4 (all four roots equal to d):

WC = n4(A3n3 + A2n2 + A17’L + Ao)dn

n



UNDER PEER REVI EW

where
1
Az = %bc37
Ay = %b(w + 6c3),
A = %b(cl +4co + 11c3),
Ay = %b(?)co + 6¢1 + 11eo + 18c¢3).
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