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Abstract: This paper investigates a class of dual risk models featuring a dependent structure and a proportional gain mechanism. It is assumed that a dependency exists between the inter-arrival times of gains and the sizes of the gains, and that the surplus increases proportionally upon each gain event. Using renewal arguments, integral equations for the ruin probability and the ruin time are established. Series expressions for the ruin probability and the Laplace transform of the ruin time are derived by means of the Laplace transform, and the existence and convergence of the iterative solutions are proved. Numerical analysis reveals the effects of the proportional gain coefficient, the arrival rate, and the dependence parameter on the ruin probability. The results indicate that a higher gain frequency and a stronger positive dependence significantly reduce the ruin risk.
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Introduction
In classical risk models, insurance companies accumulate capital by collecting premiums, while claim events reduce the capital. The dual model describes a line of business where capital is consumed at a fixed rate and replenished by random gain events. Gerber (1979) was the first to systematize the dual idea within the classical risk framework, introducing the concept of a negative claim model and deriving an explicit expression for the ruin probability. Prabhu (1998) studied the dual model from the perspective of stochastic storage processes, highlighting its equivalence to the busy period distribution in queueing theory. Rodríguez‑Martínez et al (2015) generalised the inter-gain intervals from exponential to Erlang(n) distributions and provided series solutions for the ruin probability and the Laplace transform of the ruin time under arbitrary single gain distributions. These classical dual models all assume independence between inter-gain intervals and gain sizes.
Avanzi et al (2007) investigated dividend strategies in the dual model, deriving explicit formulae for the expected discounted dividends under exponential and mixed exponential distributions. Ng (2009) studied threshold dividend strategies; Boxma and Frostig (2018) considered ruin times and expected discounted dividends under dividend strategies at gain arrival times. Albrecher et al (2008) analyzed ruin probabilities under a tax mechanism. Bayraktar et al (2013) proved the optimality of barrier strategies using fluctuation theory for spectrally positive Lévy processes. Palmowski et al (2018) studied finite-time ruin probabilities in a discrete-time framework.
However, most of the above studies assume independence between inter‑gain intervals and gain sizes. In practice, this assumption is often untenable: a longer capital‑raising period for a firm tends to be accompanied by a larger financing amount, i.e., a positive correlation exists. This limitation has received considerable attention in classical risk models. Cossette et al (2008) described dependence structures in the compound Poisson risk model using the FGM copula and analysed the impact of the dependence parameter on ruin measures. Chadjiconstantinidis and Vrontos (2014) extended these results by assuming Erlang(n) distributed claim intervals. Boudreault et al (2006) introduced a causal dependence structure into the compound Poisson risk model, assuming that the conditional distribution of claim sizes is a mixture of two distributions with weights decaying exponentially with the interval, and derived a defective renewal equation for the Gerber‑Shiu function. Albrecher and Boxma[13] considered the opposite direction of dependence, where claim intervals depend on the size of the preceding claim.
Motivated by the study of dependence structures in classical risk models, Dimitriou (2025) allowed for dependence between inter‑gain intervals and gain sizes within the proportional gain framework proposed by Boxma et al (2023), considered causal dependence, GFGM copula dependence, and other structures, and derived explicit expressions for the Laplace transforms of the ruin probability and the ruin time using iterative methods.
In our model, we assume that the dependence between the inter‑gain interval and the gain size follows the structure given in reference (2006). By employing the Laplace transform and iterative methods, we derive a series solution for the ruin probability and a series solution for the double Laplace transform of the ruin time, and prove the convergence of the iterative solutions. Numerical analysis explores the effects of the proportional gain coefficient, the gain arrival rate, and the dependence parameter on the ruin probability.

1．Model Formulation and Basic Assumptions
Consider a dual risk model in which a dependence exists between the inter‑gain intervals and the gain sizes. Suppose the inter‑gain interval X and the gain size W satisfy the following dependent structure

		(1)


Assume that the inter-gain interval W follows an exponential distribution with parameter . By the conditional probability formula, the joint density of the inter-gain interval W and the gain size X is given by:	
in what follows, we assume

	

If the surplus just before a jump is , then after the jump the surplus becomes

	

where  is the proportional gain coefficient. For simplicity, the expense rate is normalized to 1. The surplus process can then be expressed as

		(2)

where N(t) denotes the number of gain arrivals up to time t, and ​ is the surplus just before the i-th gain.


From (2), the ruin time is defined as ,and the ruin probability is given by .

2. Laplace Transform of the Ruin Probability



If no gain arrives before time x, the surplus decreases linearly and the ruin probability is . If the first gain arrival time is  with gain size y, then after the gain the surplus is updated under the proportional gain mechanism to . Taking into account the dependence between the first gain arrival time and the gain size, we obtain the following integral equation：

		(3)
Define the Laplace transform

		(4)
Taking the Laplace transform of both sides of (3) and interchanging the order of integration after a change of variables yields

		(5)
where




After simplification, we obtain

		(6)
with





After  iterations, we obtain

		(7)




where .Since , we have  as .





At , we have . By continuity, there exist  and  such that for all ,

	 


Because , there exists N such that for all . The first N terms are bounded, so

	

Moreover,  is bounded; hence






As , and tends to the constant . Thus for all m

	
Consequently



By the comparison test, the geometric series  converges, so the original series converges absolutely.

Letting , we obtain the infinite series solution 

		(8)

3. Laplace Transform of the Ruin Time
Define the Laplace transform of the ruin time as

		(9)
Following a similar derivation to that for the ruin probability, we obtain the integral equation


Define the double Laplace transform of the ruin time

	
After straightforward calculations, we obtain

		(10)
where



After simplification, equation (10) reduces to

		(11)
where





After  iterations, we obtain

	

Following the same reasoning as in Section 2, letting , we obtain the infinite series solution

		(12)

4. Numerical Analysis
In this section, we present numerical examples to verify the theoretical results derived in Section 2 and to analyze the influence of model parameters on the ruin probability R(x). All numerical computations are carried out in MATLAB, using a truncated approximation of the infinite series solution from Section 2 and the Euler method for Laplace inversion.

To simplify the calculations and focus on the impact of the key parameters, we assume that the gain size follows a simple exponential distribution, i.e. set. Then the joint probability density function simplifies to

		(13)
The corresponding expressions for J(s) and H(s) are




The Laplace transform  of the ruin probability R(x) is given by the infinite series

	




In numerical computations, we truncate the series after M=30 terms, for which the truncation error is less than . The unknown quantities  and  are obtained by solving a nonlinear system using a fixed‑point iteration method with convergence tolerance . Laplace inversion is performed using the Euler method with parameters A=18.4 and series terms N=40.
[image: ]
        Figure 1 Curve of the Laplace transform of the ruin probability









Figure 1 shows  as a function of  s  for parameter valuesand. It can be observed that  decreases monotonically as ss increases, which is consistent with the fundamental properties of the Laplace transform. As ,  tends to, the integral of the ruin probability; for large s,  decays rapidly, indicating that high‑frequency components contribute little to the ruin probability.



The proportional gain coefficient  is one of the most critical parameters in the model, reflecting the amplification effect of the firm’s surplus on its capital growth. Figure 2 presents the ruin probability R(x) as a function of the initial surplus x for different values of , with parameters .
[image: ]
Figure 2 Ruin probability R(x) with proportional gain coefficient a = 3 and compares R(x) for different values of a 





From Figure 2, we observe that for fixed , R(x) is strictly monotonically decreasing in the initial surplus x. A larger initial capital implies a stronger ability to withstand risk and thus a lower ruin probability. In particular, when x=0, we have , meaning the firm starts in a state of ruin; when , , indicating that ruin is almost impossible with infinite capital. As the proportional gain coefficient  increases, the ruin probability decreases significantly, but the marginal reduction diminishes.



The arrival rate  represents the average number of gain events per unit time. Fixing the other parameters , we examine the behavior of R(x) for in Figure 3.
[image: ]

Figure 3 Effect of different arrival rates on the ruin probability R(x)


Figure 3 shows that an increase in  leads to a substantial decrease in the ruin probability. A higher frequency of gains implies more opportunities for capital injection, thereby more effectively compensating for the fixed expense rate. In particular, when  is large, the ruin probability decays to nearly zero even for small x, illustrating the strong risk‑reducing effect of high‑frequency gains.

To ensure the reliability of the numerical results, a sensitivity analysis of the truncation parameter M is performed. Table 1 reports the values of  for different truncation levels M.

Table 1 Values of for different truncation numbers M of the series
	

	

	相对变化

	1
	0.573327
	—

	5
	0.605123
	—

	10
	0.605246
	0.02%

	15
	0.605246
	<0.01%

	30
	0.605246
	<0.01%



The results indicate that for , the values stabilize with a relative change below 0.1%. All numerical computations in this paper are carried out with sufficient accuracy.

Conclusion

In this paper, a proportional gain mechanism is introduced into a dual risk model with a dependent structure. Using the Laplace transform and iterative methods, series solutions for the ruin probability and the Laplace transform of the ruin time are derived, and their convergence is proved. Numerical analysis shows that the ruin probability decreases monotonically as the initial surplus increases; the proportional gain coefficient aa significantly reduces the ruin risk, albeit with diminishing marginal returns; a higher gain arrival rate  effectively lowers the ruin probability. Our results extend the theoretical framework of dual risk models to proportional‑gain risk systems with dependent features.
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