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Selection of Optimum Number of States for a Hidden Markov Manpower Model in a Departmentalized Framework




Abstract 

[bookmark: _GoBack]Hidden Markov models are powerful tools used in studying various dynamic systems, especially where internal transitions are not directly observable. In statistical manpower planning, these models help capture the effects of hidden heterogeneity on personnel transitions across states of the system. However, in practice, a significant challenge is determining the number of hidden states within the model from data, as this choice is often made subjectively because observable data on hidden states are nonexistent. This study presents systematic approaches to handling this problem, in a general departmentalized framework, through two search procedures. The proposed search procedures are formulated to allow any suitable statistical tools. Specifically, Likelihood Ratio statistic, Akaike Information Criterion and Bayesian Information Criterion were applied through the procedures to identify the most suitable number of hidden states for three Hidden Markov manpower model applications reviewed. All the procedures with the various statistical tools employed gave the same and consistent results. In particular, the optimum number of hidden states was found to be two for all the manpower datasets analyzed, raising curiosity about the existence of general threshold points beyond which the addition of more hidden states in hidden Markov manpower models has no significant gain. The procedures are adaptable to other application areas, outside manpower systems, where application of hidden Markov models poses the same problem of choice of number of hidden states.    
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1. Introduction
Hidden Markov manpower model (HMMM) is an essential statistical tool for understanding complex workforce systems. Human resource or workforce management involves the strategic allocation of people and resources, tracking attendance and ensuring compliance with workplace laws and regulations. Ultimately, the objectives are to optimize productivity and reduce risk, and, as well, improve employee satisfaction. Statistical manpower planning has been carried out over many decades now, through modelling and control, to achieve these objectives. In the course of this, many factors inherent in manpower systems have been taken into consideration. One such factor is workforce heterogeneity.  Ugwuowo and McClean [1], Guerry [2] and Udom and Ebedoro [3] are among researchers who identified that manpower systems can have two parts: observable and hidden parts. The observable part is the part that can be observed through available data. The hidden part is more complicated, and cannot be observed through available data, even though it may have a significant influence on the system. The hidden or unobserved part plays a crucial role in governing the overall dynamics of the system [4]. The framework of HMMM allows researchers to study these hidden states indirectly from observable data on employee movements [5].
In past studies, researchers have used HMMM to study workforce systems. However, they have had no conclusive way of deciding how many hidden states to include in the model. Guerry [2] introduced a multinomial Markov-switching manpower model, where the number of hidden states is assumed to be two, arising from two groups of personnel: “movers” and “stayers”. However, [3] increased the number of states to three,  including additional group called “mediocre” within the model. Ossai and Madukaife [6] further increased the number of states to five, representing: “high movers”, “movers”, “above mediocre”, “mediocre” and “stayers”. The reseachers were, however, not guided by any specific rule in making the choices of the number of hidden classes in these cases, nor did they check whether these were the best choices.  
Such subjective choice of features of a model can pose significant problems to modelling and applications. When researchers choose inappropriate numbers of hidden states for HMMMs they can arrive at models which have good fits but which may not be the best. It also means that different individuals can specify different HMMMs for the same system. It might make a model less accurate. To this end, [6] proposed a search procedure that uses the likelihood ratio statistic to conduct pairwise comparisons of a series of HMMMs to determine the optimum number of hidden states. This was done for single-department manpower systems, where all the departments are collapsed into one homogeneous structure, using only one metric, the likelihood ratio, for judging the performance of the proposed procedure.  
There are a number of research works outside the area of manpower modelling focused on the problem of choosing the right number of hidden states for the hidden Markov models of interest, see [7, 8, 9]. A common inference from all such works is that the problem is an important one, which has not been satisfactorily resolved, but is tackled according to the requirements of the area of application. 

The concept of a general departmentalized manpower framework (departments) is crucial for dealing with hidden differences within manpower systems. While we can easily break down visible differences like gender into clear categories, there are other hidden differences that might be missed, [1].  Not recognizing them can lead to inaccurate predictions about the system. Despite its importance, very few studies have looked into these hidden differences in manpower systems, likely because it is hard to identify and measure them [2]. So far, only [10] have looked into this hidden differences under a general departmentalized framework. They gave useful insight in the application of HMMM in such framework, underscoring the presence of hidden states in the expanded manpower structure arising from differing propensities for intra-departmental and inter-departmental transitions.  
In recent years, researchers have shifted focus to modelling workforce systems in general departmentalized frameworks, [11, 12]. The importance of this lies on a truer representation of manpower system dynamics. Ignoring this in modelling the system can cause significant misrepresentation of workforce interactions, [10]. There is also a great need to improve subgroup homogeneity in workforce modelling [13]. Building workforce models in departmentalized framework can be one of the ways of doing this, which also includes how people move between departments [14, 15]. The major penalty in departmentalized workforce modelling is model complexity, which poses no intractable problem in the case of HMMM since, in most cases, it can be handled through the established methods of modelling and estimation of parameters of hidden Markov models. 
 The focus of the current work is, therefore, on the formulation of HMMMs and procedures for choosing the best number of hidden states out of several alternatives in a general departmentalized manpower framework. The formulations and procedures shall be used to review existing applications of HMMMs on different manpower datasets by researchers in this area.  

2. HMMM specification









Consider a manpower system with observable departments , which are internal to the system, and an external department  for individuals who leave to the outside environment. Each , contains  observable categories of members: . Thus, represents the observable state of being in grade within department . The principle of HMMM assumes that there are hidden states of manpower that governs the workforce flow in each according to a Markov chain.




The observable state membership is therefore partitioned by the set of active states in  and  non-active states in .  Active state membership ensures probable movement to other states within and outside the active class; non-active state membership means no potential movement to other states within and outside the non-active class. A member of the system must be in one and only one of the states at a time . 










Let the process of state membership in the system be defined by . Then, is the probability of transition from state at time to at time (from in to in).The following transitions with the corresponding probability and assumptions are possible in the system:


i) Within the active class - intra-departmental transitions: ,

    (assumed possible only for ).

ii) Within the active class - interdepartmental transitions: , 

    (assumed possible only for ). 




iii) From the active class to non-active class - (transition from in to in):


     , (assumed possible only for ).












In general, therefore, the transition probability of all possible transitions in the system can be expressed as: where, for intra-departmental transition ; for inter-departmental transition ; for wastage transition and . The assumptions above imply:for all ;  for all ; and  for all  (all states in are absorbing).























Let have equal number of  hidden states, characterizing workforce flow heterogeneity. Thus, members of each are categorized into , whose transitions to other states are governed by a Markov chain, . Let , denote the states of the unobserved process .  The , are ranked based on the values of . In all cases,  has the largest transition probability, followed by , and so on down to . The transition probability of the hidden Markov chain within an observable state is denoted by for , representing the probability of moving from the hidden state  to the hidden state within the observable state . The transition probability of moving from state , in to  in is given by .













Let the observed number of manpower that transits from to within the time interval to be , so that. Since there are departments to which manpower can flow, from , and since each department has observable grades,  is the overall manpower transition block vector for state , where is the number of such flows to the outside environment . 




















To establish the probability distribution of the overall flows from , is defined as the vector having its member, (for  ), as . Since is random,  is random and has a multinomial distribution. This arises from the fact that the event of each transition from excludes all other such transitions, and all possible transitions from are included in . Define as the conditional probability that the multinomial process   has its value as , from the interval of time to , given that the state of the chain at is . That is: . Thus,  has the following distribution.     


Where,




For there are probability parameters, , in (2.1) to be estimated. The estimates of these parameters are necessary for the implementation of the procedures utilized in this work, for finding the right number of hidden states for a any given manpower system. 

3. Estimation of parameters of HMMM

   The parameters of the HMMM can be estimated using the Maximum Likelihood (ML) estimation method, for simple cases not involving hidden states (or, for cases involving one hidden state), and the Expectation-Maximization (EM) method, for HMMMs with more than one hidden states; see [2, 3, 10]. Rabiner [4] and [16] also provide detailed explanations of EM algorithm in other application areas different from manpower planning. Since interest in the current work is more on the practical implementation of HMMM using the right number of hidden states, only a brief presentation of the estimation methods is done. The probabilities presented in Section 2 above can be estimated as follows. The ML estimator of , based only on observable state transitions [17], is given, following the preceding definitions, by: 








The EM estimation for and other parameters, which involve hidden states, is more intricate, but tractable. The Expectation step of the EM estimation involves the application of  conditional probabilities of the hidden chain, , assuming the different hidden states, given the different realizations of the observed values of  at different time, as well as  the forward and backward probabilities of  a series of realizations for  from different standpoint in time.  This step leads to the joint likelihood of the  observed workforce transitions, , for ; that is:




 By taking the log  ofand then the expectation of the resulting log function,  which is the end result of the Expectation step, is obtained as follows in (3.2):

                                                                                                                                       (3.2)

Where, 



is the initial distribution value of for the hidden state; . 







In the current application, the maximization step of the EM method involves maximizingwith respect to the constraints on its variables,, and. The maximization process, through the Lagrange multipliers method, results to formulas for ,  and as follows [10].






(3.5)

The formulas in (3.3), (3.4) and (3.5) are utilized in an iterative manner, for any observed manpower data on which the variables are defined, beginning with a set of initial or chosen starting values, until the values of the parameters converge; that is when (3.2) is maximized. The optimum values obtained become the estimates of the parameters for the HMMM with the given . The methods in this section shall be utilized in the procedures for choosing the right number of hidden states of HMMMs in the next section.  

4. Procedures for determining the optimum number of hidden states
  Two procedures are formulated to admit any statistical test that is appropriate for the problem at hand. In the current study, the Likelihood Ratio statistic ()  [18-20], the Akaike Information Criterion (AIC) [21] and the Bayesian Information Criterion (BIC) [22] will be utilized through the procedures to obtain the best for a set of competing HMMMs, on the bases of a desired property of interest, such as model parsimony. The utilization of multiple tests in the search procedures checks result consistency in more than one approach.

Each of the statistic to be employed requires the log likelihood function of the given HMMM. Now, let the HMMM with hidden states be and log likelihood for HMMM be . It can be shown, for the system structure considered in the current work, that for given time :,

And, for ,







First, a modification of the procedure by [6] to accommodate departmentalization and the implementation through any suitable statistics is done as follows:

Ordered comparison procedure under a desired property:

Step 1: Set ; the choice of may be guided by prior information about the level of heterogeneity in the system, if any, or any anticipated value can be used depending on available resources. 


Step 2: Execute the EM algorithm for all included HMMMs(for ) to obtain the estimates of their workforce flow probabilities and check the existence of the models. Eliminate any HMMM that does not exist for the given manpower data.  



Step 3: For tests that compare only two models at a time, and where lack of equality of performance is in favour of the HMMM with greater value of , arrange HMMMs in decreasing order of a chosen property, such as parsimony, on the basis of value; then, conduct pairwise comparison tests following the order of arrangement.



Step 4: For tests that compare only two models at a time, and where lack of equality of performance is in favour of the HMMM with smaller value of , arrange HMMMs in decreasing order of a chosen property, such as parsimony, on the basis of value; then, conduct pairwise comparison tests following the order of arrangement.


Step 5: If Step 3 is followed, identify the pair, following the order, which first records equal performance for the two models; choose the smaller of the two models to be the optimum value of for the manpower data. 


Step 6: If Step 4 is followed, identify the pair, following the order, which first records unequal performance for the two models; choose the smaller  of the two models to be the optimum value of for the manpower data. 
Step 7: For tests that can compare more than two models at a time, conduct paired comparison search but reconstruct the current pair according to the decision on the previous pair. Alternatively: compare all the models together as far as the test permits. 



Note that the procedure yields an  optimum value of at the first record of models’ equality (following Step 3), or at the first record of models’ non equality (following Step 4), since the HMMM with the chosen will be preferred to any other succeeding HMMM under the ordered comparison according to the desired property. 

Elimination procedure for paired comparisons:

Step 1: Set ; the choice of  may be guided by prior information about the level of heterogeneity in the system, if any, or any anticipated value can be used depending on available resources.


Step 2: Execute the EM algorithm for all included HMMMs (for ) to obtain the estimates of their workforce flow probabilities and check the existence of the models. Eliminate any HMMM that does not exist for the given manpower data. 



Step 3: Test the performance of all included HMMMs with against HMMM1. If non outperforms HMMM1, stop and conclude that there is no significant hidden heterogeneity in the system; that is no point employing HMMM to the system; that is the optimum value of  is 1. Otherwise, continue with Step 4.


Step 4: If, in Step 3, any of the HMMMs with outperform HMMM1, eliminate








HMMM1 and all HMMMs with  that failed to outperform HMMM1 from the search. Reconstruct the test for the set of all the with  that outperformed HMMM1; test all HMMM in the set against the HMMMin the set with the smallest value of and make elimination as before. Continue this process until the last pair. Choose the optimum to be the of the HMMM that outperforms the other in the last pair.  




Note that the set of all the HMMMs with that outperformed HMMM1, as stated in Step 4 above, under elimination procedure for paired comparisons, is where anyone who would not search for optimum value of would make an arbitrary choice from. Though such choice would have clear evidence of the need and superiority of the chosen HMMM over HMMM1, it might fall short of the best choice, which is the aim of the procedures.


4.1 Tests for implementing the procedures for identifying the optimum value of 
The search procedures above admit any suitable tests. For applications in the current work, tests based on , AIC and BIC are employed. For l and ,  is given as in (4.3):



In (4.3),  follows chi-square distribution having  degrees of freedom. Equality of fit of the two models to a given data is rejected in favour of if ;  is the level of significance.
The AIC compares the goodness of fit of competing models. It takes model complexity into consideration through the number of parameters, . The model with the smallest value of AIC is judged the best for a given data. The AIC measure for l is given in , see [23].


Similarly, BIC compares competing models in favour of the model with the smallest value, with a higher penalty against models with more parameters. The BIC measure for , with number of observations , is given in . 



The use of  requires computing log likelihoods and . The log likelihoods are computed from stages of the EM algorithm. The value of  in (4.3) is computed as the difference between the free parameters of the two models. For the general case of departmentalized system in this work, the following result for , Result 4.1, covers all cases of pairwise comparison under  test.

Result 4.1
For a general departmentalized system with  departments and  categories per department,  for  test in (4.3), for m ≥ l, is given as follows:

v = uk(m l )(uk + m +l )

Proof
Given l, the free parameters are obtained thus: there are l hidden classes in each state, , from where workforce flows to other states in and outside the system, resulting to luk free parameters. Also, the system dynamics within , through the l hidden states, results to (l 1) lfree transition probability parameters and (l 1) initial state probability parameters.  These give, altogether, luk + (l 1)l +(l 1) free parameters from each  in l. So, overall, there are uk(luk + (l 1)l +(l 1)) free parameters in l. Similarly, there are  free parameters in . The result follows from the definition of .

   In the application of the search procedures in the current paper,  is to be set at 5; so, . Table 1, therefore, contains all the formulas that lead to the realization of all the values of  that may be of use when . 









Table 1: Specific Formulas for  in the  Test in Search Procedures with 
	Models Compared
	Formula for 

	HMMM1 vs. HMMM2
	

	HMMM1 vs. HMMM3
	

	HMMM1 vs. HMMM4
	

	HMMM1 vs. HMMM5
	

	HMMM2 vs. HMMM3
	

	HMMM2 vs. HMMM4
	

	HMMM2 vs. HMMM5
	

	HMMM3 vs. HMMM4
	

	HMMM3 vs. HMMM5
	

	HMMM4 vs. HMMM5
	




5.  Numerical application

The techniques discussed in the previous sections will be applied to manpower data used by different researchers in the area of hidden Markov manpower model. This move has two main objectives. The first is to illustrate how the optimum number of hidden states in hidden Markov manpower models can be identified using the procedures. The second is to review the work of these researchers to ascertain whether they chose the right number of hidden states. Specifically, the , AIC and BIC tests will be utilized in the procedures to re-analyze data used by [2], [3] and [10]. 
The dataset used by [10] is that of a university non-academic manpower system, which is divided into two main departments: the academic department (AD), corresponding to i or j = 1 , and the non-academic department (NAD), corresponding to i or j = 2. The personnel within these departments are classified into two main categories: junior staff (JS), corresponding to , and senior staff (SS), corresponding to . In the study conducted by [3], a single-department university academic manpower data,  previously analyzed by [24], were utilized. The data contain the academic staff record of a university, where the staff are categorized in ascending order of rank: graduate assistant , assistant lecturer , lecturer II , lecturer I , senior lecturer , associate professor  and professor . An additional category , is also included to represent staff leaving the system (wastage). Also, [2] analyzed the personnel data from an organization over a nine-year period, collecting information on various employee characteristics such as job grade, monthly working hours, age, years of service, and number of children. Using this dataset, it was possible to note internal staff movements such as promotions and transfers as well as staff wastage, including retirements and resignations.






For the purpose of application in the current work, for each dataset, going by the proposed procedures, the existence of the HMMMsfor all (where ) is first assumed. This assumption is confirmed by estimating the parameters of each model using the EM formulas. The resulting transition probabilities are then analyzed to confirm that the hidden classes are effectively represented by distinct transition probabilities. In the case of [10], this confirmation has already been done for all , where also was chosen as the optimum value, but on the basis of  procedure only. This is reviewed here on the basis of all the search procedures presented in the current work. Likewise, [2] confirmed the existence of HMMM1 and HMMM3 for the manpower system they studied, but only compared these two models and chose  as the better one. This is reviewed here on the basis of the search procedures presented in the current work, for . Also, [3] confirmed and compared HMMM1 and HMMM2 for the system studied, and chose  as the better model on the basis of  test only.




Therefore, to confirm the existence of HMMMfor all , the estimate of the transition probabilities is computed only for for the data of [2] and for for the data of [3]. The transition probability matrix (tpm) for each of the five models HMMM1, HMMM2, HMMM3, HMMM4and HMMM5 are respectively denoted as  and  for data of [10]; as  and  for data of [2]; and as and  for data of [3]. These matrices are shown below, (the omitted ones are contained in the respective works cited). Tables 2-7 contain the results of the search procedures for the data utilized. 
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Table 2: Results of ordered comparison search procedure for data of [10]
	Compared
models

	Log-Likelihood Value
	
	;

	AIC
	BIC
	Better model based on 
	Chosen model based on AIC
	Chosen  model based on BIC
	Best model based on , AIC & BIC

	HMMM1 vs. HMMM2
	

	
	28,
	

	

	
	
	
	

	HMMM1 vs. HMMM3
	

	
	64,
	

	

	
	
	
	

	HMMM1 vs. HMMM4
	

	
	108,
138.63
	

	

	
	
	
	

	HMMM1 vs. HMMM5
	

	
	160,
201.60
	

	

	Equal Fit
	
	
	

	HMMM2 vs. HMMM3
	

	
	36,
	

	

	Equal Fit
	


	


	

HMMM2

	HMMM3 vs. HMMM4
	

	
	44,
	

	

	Equal Fit
	
	
	

	HMMM4 vs. HMMM5
	

	
	52,
	

	

	Equal Fit
	
	
	


(Note: The value in bracket corresponds to the second model in each comparison)


Table 3: Results of ordered comparison search procedure for data of [2]
	Compared
models

	Log-Likelihood Value
	
	;

	AIC
	BIC
	Better model based on 
	Chosen model based on AIC
	Chosen  model based on BIC
	Best model based on , AIC & BIC

	HMMM1vs.
HMMM2
	

	
	70,

	

	

	
	
	
	

	HMMM1 vs. HMMM3
	

	
	154,
	

	

	
	
	
	

	HMMM1 vs. HMMM4
	

	
	252,
	

	

	
	
	
	

	HMMM1 vs. HMMM5
	

	
	364,
	

	

	
	
	
	

	HMMM2 vs. HMMM3
	

	
	84,
	

	

	Equal Fit
	




	




	



HMMM2

	HMMM3 vs. HMMM4
	

	
	98,
	

	

	Equal Fit
	
	
	

	HMMM4 vs. HMMM5
	

	
	112,
	

	
	Equal Fit
	
	
	


(Note: The value in bracket corresponds to the second model in each comparison)









Table 4: Results of ordered comparison search procedure for data of [3]
	Compared
models

	Log-Likelihood Value
	
	;

	AIC
	BIC
	Better model based on 
	Chosen model based on AIC
	Chosen  model based on BIC
	Best model based on , AIC & BIC

	HMMM1 vs. HMMM2
	

	
	28,
	

	

	
	
	
	

	HMMM1 vs. HMMM3
	

	
	64,
	

	

	
	
	
	

	HMMM1 vs. HMMM4
	

	
	108,
138.63
	

	

	Equal Fit
	
	
	

	HMMM1 vs. HMMM5
	

	
	160,
201.60
	

	

	Equal Fit
	
	
	

	HMMM2 vs. HMMM3
	

	
	36,
	

	

	Equal Fit
	




	




	





	HMMM3 vs. HMMM4
	

	
	44,
	

	

	Equal Fit
	
	
	

	HMMM4 vs. HMMM5
	

	
	52,
	

	

	Equal Fit
	
	
	



(Note: The value in bracket corresponds to the second model in each comparison)


Table 5: Results of elimination search procedure for data of [10]
	Stage
	Compared
models

	Log-Likelihood Value
	
	;

	AIC
	BIC
	Eliminated models based on 
	Eliminated models based on AIC
	Eliminated models based on BIC
	Best model based on , AIC & BIC

	1
	HMMM1 vs. HMMM2
	

	
	28,
	

	

	

	

5

	

5

	Not yet found

	
	HMMM1 vs. HMMM3
	

	
	64,
	

	

	
	
	
	

	
	HMMM1 vs. HMMM4
	

	
	108,
138.63
	

	

	
	
	
	

	
	HMMM1 vs. HMMM5
	

	
	160,
201.60
	

	

	
	
	
	

	2
	HMMM2 vs. HMMM3
	

	
	36,
	

	

	




	


4
	



	

	
	HMMM2 vs. HMMM4
	

	46.14
	80,
101.89
	

	

	
	
	
	



(Note: The value in bracket correspond to the second model in each comparison)





Table 6: Results of elimination search procedure for data of [2]
	Stage
	Compared
models

	Log-Likelihood Value 
	
	;

	AIC
	BIC
	Eliminated models based on 
	Eliminated models based on AIC
	Eliminated models based on BIC
	Best model based on , AIC & BIC

	1
	HMMM1 vs. HMMM2
	

	
	70,
	

	

	

	



	



	Not yet found

	
	HMMM1 vs. HMMM3
	

	
	154,
	

	

	
	
	
	

	
	HMMM1 vs. HMMM4
	

	
	252,
	

	

	
	
	
	

	
	HMMM1 vs. HMMM5
	

	
	364,
	

	

	
	
	
	

	2
	HMMM2 vs. HMMM3
	

	
	84,
	

	

	




	




	




	

	
	HMMM2 vs. HMMM4
	

	85.62
	182,
225.56
	

	

	
	
	
	

	
	HMMM2 vs. HMMM5
	

	93.42
	294,
358.58
	

	

	
	
	
	



(Note: The value in bracket correspond to the second model in each comparison)

Table 7: Results of elimination search procedure for data of [3]
	Stage
	Compared
models

	Log-Likelihood Value
	
	;

	AIC
	BIC
	Eliminated models based on 
	Eliminated models based on AIC
	Eliminated models based on BIC
	Best model based on , AIC & BIC

	1
	HMMM1 vs. HMMM2
	
1)
	
	28,
	

	

	


	


	


	Not yet found

	
	HMMM1 vs. HMMM3
	

	
	64,
	

	

	
	
	
	

	
	HMMM1 vs. HMMM4
	

	
	108,
138.63
	

	

	
	
	
	

	
	HMMM1 vs. HMMM5
	

	
	160,
201.60
	

	

	
	
	
	

	2
	HMMM2 vs. HMMM3
	

	
	36,
	

	

	
	
	
	



(Note: The value in bracket correspond to the second model in each comparison)




5.1 Discussion of results

In order to implement the search procedures for the manpower data analyzed in this work, the first two steps are, summarily, to chose the number of HMMMs, N,  to be included, and then to investigate their existence. These have been done for the three datasets, where N was chosen to be 5 in each case. Also, all the included HMMMs: HMMM1, HMMM2, HMMM3, HMMM4 and HMMM5, exist in each case, as seen from their estimated manpower transition probabilities. In other words, all the estimated probabilities in the five transition probability matrices corresponding to the five HMMMs exist and are well defined in the three cases reviewed. For instance, consider the matrices  and . The value,  denotes the probability of an assistant lecturer moving to lecturer II. But,  has two values, 0.060 and 0.026, in , indicating that two hidden states exist, which influence this transition differently. Members of the first hidden state have a higher probability, 0.060, than the second state, 0.026, of making this same transition. In the case of , the same probability of an assistant lecturer moving to lecturer II, , now has five probability values, 0.079, 0.055, 0.048, 0.026 and 0.079, indicating that five hidden states are also possible, which influence this transition differently. The value 0.079 being repeated is still in order, since the existence is holistically considered row wise. Similar results for existence of the models can also be observed for all the other states of the manpower systems under review using the estimated transition probabilities. All indicate that all the models () are valid and feasible representations of the manpower data being analyzed.   


Further steps of the ordered comparison and elimination search procedures for the three datasets in Tables 2, 3, 4, 5, 6 and 7 show strikingly consistent results. The main result is that in all the cases (datasets reviewed), is the optimum number of hidden state.     That is, HMMM2 is the best model among the five HMMMs in all the cases. In evaluating the ordered comparison search procedure for the three datasets, row 2 and row 6 of Tables 2, 3 and 4 are sufficient for making conclusion. This is because, in each of these three tables, at row 2, HMMM2 outperformed HMMM1 based on all of the three tests,  , AIC and BIC, (for instance, in row 2 in Table 4,    and both the AIC and BIC values, 438.14 and 443.24, are respectively greater than those for HMMM2,391.21 and 401.42). Then, going higher in the ordered models, HMMM2 is compared with HMMM3 (row 6), where both models perform equally based on  test and HMMM2 outperformed HMMM3 based on AIC and BIC. This (in row 6) is the first point of equal performance along the ordered models, and it is where the search stops and the smaller value of chosen as optimum. The inclusion of other rows in Tables 2, 3 and 4 are a sort of sensitivity analysis on what could happen around the main steps of the procedure, which, interestingly, further validate the main result. 




Also, the results that led to being the optimum number of hidden state in all the three cases are evident from the elimination search procedure in Tables 5, 6 and 7. In Table 5, HMMM1 and HMMM5 are eliminated in stage 1, while HMMM3 and HMMM4 are eliminated in stage 2, based on all the three tests, , AIC and BIC, leaving HMMM2 as the model with the best value of . Similarly, in Table 6 HMMM1 is eliminated in stage 1, while HMMM3, HMMM4 and HMMM5 are eliminated in stage 2, based on all the three tests, , AIC and BIC, leaving HMMM2 as the model with the best value of . Again, in Table 7, HMMM1, HMMM4 and HMMM5 are eliminated in stage 1, while HMMM3 is eliminated in stage 2, based on all the three tests, , AIC and BIC, leaving HMMM2 as the model with the best value of . 



6. Conclusion 
In this article, systematic approaches for determining the optimum number of hidden states in a hidden Markov manpower model were established in a more general departmentalized framework. Traditionally, the choice of the number of hidden states in Markov manpower models has been subjective, as observable data cannot readily afford a concrete way of doing this. The two approaches employed to address this, the ordered comparison and elimination search procedures, can consistently entertain different suitable statistical tests, and are, therefore, robust for this purpose.  

The application of the introduced approaches on the three manpower datasets used in the area of hidden Markov manpower model shows a striking consistency in pointing out the optimum number of hidden states. In all the three datasets reviewed, is shown to be the optimum number of hidden states. This, unfortunately, was not the arbitrary choice of all the three researchers who had previously analyzed the datasets. Only two of them made this right choice. 

The results also show that increasing the number of hidden states beyond a threshold, which is for the three manpower datasets used in the current work, may not significantly improve the goodness of fit of the model. Rather, it undermines model parsimony by adding complexity without commensurate enhancement in fit. 

Furthermore, it is evident from the results from model comparison in this work that almost all the models with outperformed HMMM1 in all the cases considered. This supports the conclusion that hidden heterogeneity is inherent in manpower systems. It also supports the argument of the current work, that the number of hidden states should not be chosen arbitrarily.

For further work, a single metric or statistical tool that can combine all the procedures in one for judging the best number of hidden states of a HMMM can be sort for. This can save from the tedious work of calculating each component of the procedures separately. Also, since a common point, , beyond which model fit does not improve, was found for the three datasets  from manpower systems of different settings and workforce, there may exist such threshold point or set of points that may be general for manpower systems; such may require simulation. Also, it is worthy of note that the approaches proposed in this work, for identifying the right number of hidden state of a hidden Markov model, can readily be adapted and applied in other areas outside manpower systems, as long as the system conditions are similar.   
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