


A Fixed Point Result for Orthogonal Quasi- Contraction Mappings in O-Complete Super metric Spaces


ABSTRACT
Fixed point theory, rooted in the Banach Fixed Point Theorem, has been extended through concepts like quasi-contractions, orthogonal sets, and super metric spaces to handle broader classes of mappings. These generalizations enable applications in complex settings such as nonlinear operators and fractional differential equations, where classical metric frameworks are insufficient. This article introduces a fixed-point theorem for Orthogonal Quasi-Contraction mapping within the framework of o-complete super metric space. The result is supported by illustrative examples. In conclusion, the study advances fixed-point theory by extending it to more generalized spaces, enabling broader applications in complex non-linear systems. This work not only extends existing fixed-point theory but also opens avenues for further research in the study of non-linear mappings in more abstract space.
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1. INTRODUCTION
The concept of fixed points is central to many areas of mathematics, particularly in analysis and topology. The classical Banach Fixed Point Theorem (Ćirić, L.B. 1974) provides a foundational framework for establishing the existence and uniqueness of fixed points for contraction mappings in metric spaces. In 1979, B. author (Fisher B.1979) introduced the idea of quasi-contraction mappings, which generalize standard contractions by replacing the strict contraction condition with a weaker, power-dependent one. This extension enables the consideration of a broader class of mappings. Building on this, Gordji, M. E., Rameani, M., Sen, M., & Cho, Y. J. (2017) further generalized the Banach principle by adapting it to orthogonal sets (O-sets). Additionally, paper (Karapınar, E., Khojasteh, F. 2020) introduced the notion of a super metric space, which extends the classical metric space by employing a more generalized distance function—often involving a relaxed form of the triangle inequality. Moreover, Qawaqneh, H. (2025) focuses on a use of such spaces in settings where traditional metric frameworks are inadequate, such as in the analysis of non-linear operators in functional analysis and fractional differential equations.
This article expands the scope of fixed-point theory and offers new insights into the behavior of iterating mappings in non-classical spaces. The author first introduces a new concept, Orthogonal Super Metric Space, and then establishes a theorem for o-quasi-contraction mappings that satisfy certain relaxed distance conditions and operate within the framework of Orthogonal Super Metrics, where the completeness of the space ensures the convergence of iterates to a fixed point. This result has potential applications in various areas, including functional analysis, optimization theory, image processing and the study of non-linear operators, where such generalized settings frequently arise. This article aims to extend the reach of existing fixed-point theorems and provide a deeper understanding of the conditions under which fixed points exist and can be uniquely determined. 
2. PRELIMINARIES
2.1. Definition (Rezapour, Sh., Haghi, H.R., Shahzad, N. 2010) 
For a nonempty set . Define  is termed as a super metric if these conditions hold:
i. If  then .
ii. 
iii. There exist such that for all , there exist sequences { with , such that 

Then, we call  a super metric space.
2.1.1. Example (Karapınar, E., Khojasteh, F. 2020)

 Let  and define

Then, we can claim  is a super metric space.
2.1.2. Example (Karapınar, E., Khojasteh, F. 2020)

Let  and define 

Let  be two distinct sequences such that  As we have the distinct sequences thus, , It can be chosen that  and , where ,

Hence,  a super metric space.
2.1.3. Example (Karapınar, E., Fulga, A. 2022)

Let  with and define  as follows:



, for all 
Then,  defines a super metric.
2.2. Definition (Karapınar, E., Khojasteh, F. 2020)
i. For a super metric space  a sequence { in  converge to  in , if and only if  tends to , as 
ii. For a super metric space  a sequence { in  claim to be Cauchy sequence in , if and only if 
iii. A space , claim to be complete metric space if and only if, every Cauchy sequence in  converges.
2.3. Definition (Fisher B.1979)
A mapping  is said to be quasi-contraction if  such that 

2.4. Definition (Gordji, M. E., Rameani, M., Sen, M., & Cho, Y. J. 2017) 
Let  and  be a binary relation. If  satisfies the following condition , it is called an orthogonal set (shortly o-set) which is denoted by . And the element  is called an orthogonal element.
2.5. Definition (Gordji, M. E., Rameani, M., Sen, M., & Cho, Y. J. 2017)
A sequence  is called orthogonal sequence (shortly o-sequence) if . Similarly, a Cauchy sequence {} is said to be an orthogonally Cauchy sequence (shortly O-Cauchy sequence) if .
2.6. Definition (Gordji, M. E., Rameani, M., Sen, M., & Cho, Y. J. 2017)
 Let be an orthogonal set and be a usual metric on . Thenis called an orthogonal metric space (shortly o-metric space).
2.7. Definition
An orthogonal metric space  is said to be a o-complete metric space (o-complete) if its every o-Cauchy sequence converges in .
3. RESULT

3.1. Definition
A super metric space  is said to be an orthogonal complete super metric space if is called an o-set and its every o-Cauchy sequence converges in .

3.2. Theorem
Let  be a o-complete super metric space and  be a o-quasi-contraction mapping of  into itself preserving  and satisfying for some  such that 
 Assumed that . Then, H possesses a unique fixed point.
Proof: Suppose   is an arbitrary element, with  Picard sequence and initial point  such that  
If for some  imply that  is a fixed point of 
Now, let   ; 
If  imply   
by using 

Such that   

implies

                         = 
           
Now if for some  which lead us to contradiction.
Which implies that   
 
Proceeding in this way we get
 
Now suppose that  and 
If  imply ; 
Hence, 
Thus,  is a fixed point of 
Also, 
i.e.,  is a fixed point of  as well
Thus, 
Hence,  is the fixed point of .
Hence, without the loss of generality it can be suppose that 
Therefore, 
Thus, as 
We have, 
By induction,  ; 
Which implies  is a O-Cauchy sequence.
And since given  is a o-complete super metric space, there must be  such that 
The proof is completed if .
Assuming 
If  for infinitely many values of  
Then  ensure having a convergent subsequence that converges to 
Therefore, the limit is unique.
Which implies, 
Hence it can be assumed that  
Further,


                                               
Which is a contradiction, thus  .
Uniqueness 
Let us suppose that  are two fixed point of  such that ; 


                                            
                                            

Which is a contradiction 
Thus, .
3.2.1. Example
Let  be a O-super metric defined as

Now Let  be a mapping defined as

 Then we can easily prove that for some 

For the setting . Thus,  has a unique fixed point.
4. CONCLUSION
This study extends fixed-point theory using quasi-contractions and orthogonal structures in super metric spaces. It broadens applicability to complex, non-linear settings where classical methods may not suffice. Future work may focus on exploring fixed points in hybrid or fuzzy super metric spaces. Additionally, applications to differential equations and dynamic systems can be investigated
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