SOME NEW LOWER BOUNDS FOR THE SPREAD OF A
NONNEGATIVE MATRIX WITH A ZERO DIAGONAL
ELEMENT

ABSTRACT. Let N, (with n > 2) be the family of all nonnegative n x n
matrices A = [a;;], where a11 = 0 and the remaining entries a;; € [0,1)
with a spectral radius p(A) = 1. We can establish a lower bound for the
additional spread s(A) > %7 where k is the count of zero diagonal
elements in matrix A. Furthermore, if matrix A possesses only two
distinct eigenvalues, then it follows that s(A) > 2=2. Additionally, we

derived a few other lower bounds under a special family of matrices.

1. Introduction

Let A = [a;j]nxn be a real or complex matrix with multiset of eigenvalues
AMA) = {A1,A2,...,\n}. The spectral radius of matrix A defined and
denoted as p(A) = max {| A; |: 1 <i < n} and the trace is denoted by tr(A).
Maximum distance between two eigenvalues of given matrix A is called
spread or additional spread, defined by Mirsky [5] as,

s(A) =max {| A\ — Aj [ 1 <4,5 <n}.

The multiplicative spread [3] (assuming the \;’s nonzero) given by

k(A) = max{‘:i‘
Y

:1§i,j§n}.

The spread of a square matrix is significant as it quantifies eigenvalue sep-
aration, aids in stability and perturbation analysis, and has substantial
applications in graph theory and numerical analysis. For more information
on the spread of a matrix, additional references include [2], [4], [9], and [10].
These sources provide a further overview of the applications and theoretical
aspects of matrix spread,
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A matrix A is called nonnegative if all its entries are nonnegative [1]..
Let N,, (with n > 2) be a family of all nonnegative n x n matrices A = [a;;],
such that a1; = 0 and other entries a;; € [0,1) with p(A) = 1. In this case
R. Drnovsek [6] give the bound of spread;

s(A) > % (1.1)

where k represents the number of zero diagonal elements in the matrix A.
This proves the spread of the matrix, indicating that there exists at least
one eigenvalue of A other than 1.

Now, we proceed to two lemmas that will help us explore our new results:

Lemma 1.1. [4] If w, 21,..., 2, are complex numbers, then
2tz
w— ————| < max |w— zj|.
n 1<j<n
Lemma 1.2. For the vector z = (z1,...,2n,) € C" there exist vectors

§ = (61,02,...,0,) €R™ and J € R", such that §J7 =0, then for n = 2

’25T| < max |z — 2[|0]]1,

)

and forn > 3
267 < (n—2) max |zi — 2 [|0]]1,

)

|1 = max {|01],...,|0n|}

where J is a vector of all ones and ||d

Proof. Let n = 2. We start with 6J7 = §; 4+ 62 = 0, which implies that
|26T| = |2101 + 2202| = |2161 — 2201| < |61]|21 — 22|. Alternatively, we can
express |267| = |2101 + 2202| = | — 2102 + 2202 < |02||22 — 21|. From these
observations, we conclude that |z67| < |21 — 2o|||8]|1 holds for n = 2.

Now consider n = 3. We assume the magnitudes |01| > [d2] > |03]
without loss of generality. Thus, we have §J7 = §; 4 do + 63 = 0. We can
express |207 | as follows:

207 | = |2161 + 2202 + 2303 = | — 2102 — 2105 + 2202 + 2363].
Applying the triangle inequality, we find:|207 | < |82||22 — 21| + |03]|21 — 23]

It follows that

T
< - 2 :
207] < max |2 — 2| (6a] +[6s])

Since |d2| + 93] = |01] = max{|d1], |d2], |63]} = ||d]]1, we can conclude that
T
< :— 2] ||9]]1.-
[267] < max |z — zl[6]lx
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To extend the analysis for n = 4 to n terms, we follow a similar pattern
as established earlier. We consider the numbers 61, o, 03, ..., d, arranged
such that |61 > 02| > - -+ > |8,]. The constraint §J7 = §;+do+-- -+, =0
remains valid. Next, we analyze the expression for |z07 |:

’Z(;T’ = ‘2’1(51 + 2909 + - + zndn\

Using the relationships derived up to this stage, we manipulate the expres-
sion based on the structure of the elements involved:

|Z(5T| < ‘52H21 — 2’2‘ + ’(53||2:1 - Z3’ + -+ ‘5n”Z1 — Zn|.

From here, we can generalise, considering the maximum difference among
the z-terms. We find that:

267 < maxi<ij<n |2 — 2] (102] + |03 + -+ + [0nl) -
Given that |da] + [03] + - - + [0n| < (n — 2)|d1], we can conclude:
[267] < (n — 2) maxi<i j<n |2 — 2101

Thus, by repeating this argument up to n terms, we arrive at the final

result:
|Zl(51 4+ 2900+ -+ Zn5n| < (TL - 2) max; ; |Zi — Z]|||(5”1

This establishes a consolidated upper bound that is dependent on the max-
imum pairwise difference in the z values and the L; norm of the ¢ coefli-

cients. 0

2. New Results

We start with a improved result of R. Drnovsek [6].

Theorem 2.1. Let A = [a;j]lnxn be a nonnegative matriz in [0,1) with the
spectral radius p(A) = 1, if A has k zero diagonal entries elements, then
the spread of A satisfies

k

A) > . 2.1

s(4) 2 (2.1)
In particular, if A € N, i.e. k=1, then
1

A 2.2

S(4) 2 (22)



Proof. Given that A is a nonnegative matrix with spectral radius p(A) =
1, let us denote its Perron eigenvalue by A\; = 1, while the remaining
eigenvalues are denoted by Ao,...,A,. According to Lemma 1.1, if we
substitute p(4) = 1 and change the multiset {z1,...,2m} to {Aa, ..., A},

we arrive at the inequality:

trA—1
S(A) :max2§j§n|1—)\j| Z ‘1— ‘

n—1

n—trA
n—1 ‘

Since the trace of A is given by tr(A4) = > | a;; < n —k, where A has k

zero diagonal elements and a;; < p(A) = 1 for all 7, we see that trA < n—k.

Substituting this into our earlier expression gives:

n—(n—k) k ’

n—1 n—1

s(A) >

Thus, we conclude that s(A) > % In particular, for k = 1, we find that
s(A4) > ﬁ This completes the proof of the second result. O

Remark 2.2. It appears that our results in the above theorem improve
upon the findings of R. Drnovsek [6], who established the bound of spread
as s(A) > % Given our derived result that

we can observe that
k k

>
n—1"n
holds true for £ > 0 and n > 2. This shows that our bound is indeed

stronger, as

s(A) >

>

k k
n—1"n
This comparison highlights the robustness of our findings in offering a

better estimate for the spread s(A).

Remark 2.3. We find s(A) > 1 from Theorem 2.1 if A € N. Thus, Theorem
2.1 provides another proof of Preposition 2.4 of R. Drnovsek [6]. This
demonstrates the consistency and interconnectedness of the results.

For n > 4, it seems difficult to obtain exact lower bounds for the spread
of matrices in A € N,,. We thus restrict our attention to a special subset
of A € N,,. Next theorem trivially implies that every matrix in A € N,
has at least two distinct eigenvalues, that is, 1 is not the only point in its

spectrum. Let A € M, (with n > 3) be the collection of all irreducible
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non-singular matrices in A € N,,, having exactly two distinct eigenvalues.

We now prove sharp lower bounds for the spread of matrices in A € M,,.

Theorem 2.4. Let A € M, be a matrixz, then the spread satisfies

s(A) >

n—2

e (2.3)

1
Moreover, bound is exact if A = 71(!]” —1I,)+ E11.
n —_—
Proof. Due to Suleimanova ([1] Chapter 7), the sum of negative eigenvalues

(if any) is not exceed the largest eigenvalue of A, i.e., there is a multiset
{\1,..., A\n} with conditions:

A A 20,

where Ay >0 > A9 > --- > )\, is a spectrum of non-singular, non-negative
matrix A. Now assume that a matrix A € M, is irreducible. Then 1 is a
simple eigenvalue of A by the Perron-Frobenius theorem [9]. Therefore, A
also has an eigenvalue A € (—1,0) of multiplicity n — 1. It follows that

I1—(n—1)A>0,

1 -2
on solving, we get A < 1 This follows the proof s(A4) > n d

n— n—1
Remark 2.5. For the above Theorem 2.4, the matrix A should be necessarily
irreducible. If A is reducible it is permutation-similar to a block upper-

Apr A
Ago
of order p < m and ¢ < n respectively see [1]. Both diagonal blocks are

triangular matrix ( , where Aq1 and Aos are square sub-matrices

either an irreducible (square) matrix or an order 1 x 1. At least one of the
diagonal blocks has a zero diagonal element since A € M,,. Since 0 is not
an eigenvalue of A, clearly the 1 x 1 diagonal block (if it exists) is nonzero.
Therefore, p, g > 2 and so that for block A1, we get

> —— < s(An),

which possible only in case if A = Aj;. Clearly, A is an irreducible matrix.

1
Example 2.6. Define a matrix A = 71(Jn — I,), where I,, is the iden-

n
tity matrix and J, is the all-ones matrix. Then A is an irreducible, non-

negative, non-singular matrix and the sum of the negative eigenvalues is
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less than its spectral radius, since its eigenvalues are A\j = 1, g = -+ =
1 1 -2

Apn = ———. So that s(4) =1+ - > i for every n > 4.
n—1 n—1 n—1 n—1

For the proof of exactness of this lower bound, we provide an example
below:

1
Example 2.7. Define a matrix A = 71(Jn —I,) + E11, where I, is the
n—

identity matrix, J,, is the all-ones matrix and Ej; has a 1 in position (1,1)
and zeros elsewhere. Then A is an irreducible, non-negative, non-singular

matrix and the sum of the negative eigenvalues is less than its spectral

1
radius, since its eigenvalues are Ay = 1,y = -+ = A\, = T So that
n [e—
1 -2
s(A)=1- = for every n > 4.
n—1 n-—1

Remark 2.8. Our Theorem 2.4 improves upon R. Drnovsek findings ([1]
Theorem 2.5), as we have:
n—2 n
s(A) > > for n > 4.
n—17"2n-1)

This demonstrates that the lower bound of s(A) is sharp for n greater than

or equal to 4.
The next result is an application of Lemma 1.2.

Theorem 2.9. Let A = [a;;] € N, (n > 3) be a matriz with real eigenval-
ues, then

1 A)?
trA? — (tr ) .

S(A)Z(n—Z)‘l—t’;l‘ﬂ‘ n

(2.4)

Proof. Assume that A\ = (A1,...,\,) represents the real spectrum of the
matrix A. By the given assumptions, we have |\;| < 1foralli=1,2,...,n,
which also implies that |\]®> < 1 for each i. Now, lets define the vector
d=(01,...,0n) € R" where §; = \; — %. Given this definition, we know
that §J7 = 0, where J is a vector of ones, indicating that ¢ is centred
around the mean of the eigenvalues. Now, applying the previous propo-
sition, we arrive at the result: [AT| < (n — 2)max; ; [A; — Aj|[|0]|1. This
establishes an important relationship between the eigenvalues of the matrix
A, the perturbations captured by J, and the maximum difference among
the eigenvalues. The proof of (2.4) can be elaborated by considering the

application of Lemma 1.2. O



Remark 2.10. Since by the definition of the matrix A = [a;;], at least one
diagonal element is 0 and the remaining diagonal elements a;; € [0,1). This
implies that the trace of A must satisfy tr(A) < n. This validates the above
result.

Theorem 2.11. Let A € N,, be a matriz, then

s(A) > V3 max [n + |ai — % ] , (2.5)

1<i<n

where r; = i @i

=LA
Proof. Gergorins theorem [9] tells us that each eigenvalue \; of a matrix
is located within a specific distance from its corresponding diagonal entry
a;;. Specifically, we have the relationship |\, — a;;| < r;, where r; is the
radius of the circle centered at a;;. This means all eigenvalues can be found
inside those circles.

Our goal is to find the smallest circle that includes all of Gersgorins
circles, ensuring that it captures all the eigenvalues of the matrix A. Since
the centres of these circles are nonnegative real numbers, we can use the
average of the diagonal entries, given by %Z?:l Qi = %, to identify the
centre of our combined circle. To seek the smallest circle, we establish the

following model:

{min

We can use the method below to solve the above model. As

trA
A — T2 such that |ANi — aii| <.
n

trA trA trA
Ai——| =N — @i+ ai — —— | < N —ai] + |aig — —|,
n n n
or
trA trA
_ T < A L ]
Ai | = 1121%}% |:Tz + |aj; n :| (2 6)

equation (2.6) represent a circular disc with its center % and radius ry =
maxi<i<n [ri + ‘aii — % H, ensuring that all eigenvalues of our nonnegative
matrix A are included within it. If the eigenvalues \; (for 1 < i < n)
are allowed to be any complex numbers, we can reference a well-known

Theorem by Jung (found in [8]), which states that:
s(A) > V3ra. (2.7)

With this information, we can achieve our desired proof. O
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Let E,
assume A € E,, with rank(A)=¢. Now we will prove bounds for the spread

(with n > 2) be the collection of all singular matrices in N,,

for matrices in E,,.

Theorem 2.12. Let A € E,, be a matriz with rank(A) = q such that
2 < g < n, then spread of A satisfy
s(A) > “;;4\/3(” - 13(” —9) (2.8)

Proof. Let Aq,...
ality, we suppose that Aq,...,

, An be all eigenvalues of A and without loss of gener-
Aq are all non-zero eigenvalues of A, since
rank(A) = ¢ and therefore by the Cauchy-Schwarz inequality, we have

n 2 q 2 q
Z)\i = Z i SqZ\)\z‘!2-
i=1 —1

i=1
Next, by Theorem 2.1 of [5] at-most (n — k + 1) eigenvalues lie in the

trA|? = (2.9)

rectangles (counting algebraic multiplicities)

C\4
[?Rt?:A ol RtrA N a} " [\StTA s StrA 5} , (2.10)

where )
B n—k (& Lo (RtrA)? IE

R Ry (;(%)\0 n ’
and )
_n k(& (%trA)2 12

_ 32— a
B nk (;(\S}\Z) n ) ’

whose vertices of largest rectangle for £ = 1 in (2.10) should be on the

(Z A \trA| )

n—1/(|rA? |trA?
n q n '

By using the inequality (2.7), we have expected result (2.8).
8

boundary of largest circle with radius

Ny

rA =

Since from (2.9), we have

rA >



Lemma 2.13. Let z1, 20, ..., 2z, are complex numbers, then

n 9 1 n
(a) X2 171" =~ |2 %
j=1 =1

1
+= > |y -al

N 1<j<k<n
n(n+1
6) T le—al < (6)maxi,j |25 — 2.
<Sy<kn

Proof. For (a), the given complex numbers z1, 22, ..., z,, we get

2
n n n
zj| + |2 — 2)? = 2 zi| | + |2j — 2|
J J TRkl = J J J k
=1 j=1 j=1

1<j<k<n 1<j<k<n

n n
P . 2 . 2
= E 2 E Z ||+ Z |z — 21
j=1 j=1 1<j<k<n
n
= |2 + (2jZk + 21Z5) + |2 — 21|
- J <k k<j J k
j=1 1<j<k<n 1<j<k<n

n
= P+ D (mEe A+ wE + - )
J=1 1<j<k<n

n n n n
2 2 2 2
= P+ DD Uzl =Dz +(=1)D [z =n )15l
j=1 1<j<k<n j=1 j=1 j=1
Therefore, the proof is clear.

For (b), since

Y =t = (=2l e —zal) (22 =2+ |22 =20 )+ (2n-1—2n)

1<j<k<n

1
< nmax |z — 2|+ (n—1) max |2 — 2|+ - - +max |z; — 2| = % max |z; — 2|
2,] ] ,] ]
O
Theorem 2.14. Let A € E,, be a matriz, then spread of A satisfy
s(A) > — O ray, (2.11)
“n(n?-1)

Proof. If A € E,,, then the Proposition 2.2 in Roman Drnovsek [6] gives
s < (n — 1) ts,, where s; = tr(A*) for all positive integer k. Since

s(A) > 0 clear by Proposition 2.1 of Roman Drnovsek [6], we may assume
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that s := s(A) € (0,1), and consequently the eigenvalues of A have positive
real parts. Then

n 2 n—1
<Z)‘l> =52 < (n—1)sy = (n—l)ZA?.

=1
Now using Lemma 2.13 and inequality (2.9). The proof of inequality (2.11)
is clear. n

Theorem 2.15. Let A € E, be a matriz with rank(A) = q such that
2 < q < n, then spread of A satisfy

s(4)> S =a)

2 ol T 1) (trA)?. (2.12)

Proof. This result is clear from Lemma 2.13 and inequality (2.9) by arrang-
ing in place of multiset {z1,...,2,} to {A1,..., A\n}. O

The next results are of multiplicative spread for non-singular matrices.

Theorem 2.16. Let A € N,, be a non-singular matrix, then the multiplica-
tive spread of A satisfies

—1
KM)zhm:‘ZL (2.13)

Proof. Since A = [a;;] is a square nonnegative matrix of n order, the spec-
tral radius p(A) = 1 is its Perron eigenvalue, We denote it by A;, where as
the rest eigenvalues of A are denoted by Ao, ..., \,. Foreveryi=1,2,....,n

1 1
~ )<=
fee </\z> - ’Az‘

and so, we have

we have

< ma ﬁ
= X b\

- 1 1
;Re<)\i>: /\—ig

=1

%

:lgign}:ﬁ(A),

It gives the result
r(A)

Since |A;| < 1 this implies > 1Vi=1,...n. Therefore [trA~!| > n.

i
Inequality (2.13) is clear. O
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Theorem 2.17. Let A € N, be a non-singular matrix, then the multiplica-
tive spread of A satisfies

2(n—1)
Az ==

(2.14)

Proof. Consider first that a A € N,, is an irreducible non-singular matrix.

Then 1 is a simple eigenvalue of the matrix A by the Perron-Frobenius

theorem. Therefore, A also has an eigenvalue A € (—1,1) of multiplicity
n n—1 n

(n —1). In this case by the inequality > A2 < > Y (N — A;)? for
i=1 i=1 j=i+1

nonnegative matrices in Ny, we get 1+ (n — 1)A\? < (n — 1)(1 — A\)%2. By

simplifying this expression, we find A < m This leads us to conclude

that the condition x(A) = |5| > % holds O

3. Conclusion

In this research, we concentrated on the spread of nonnegative matrices,
revealing significant findings. We introduced two innovative lower bounds
for the spread, leveraging the inequalities established in Lemmas 1.1 and
1.2. The lower bounds we derived not only enhance our understanding but
also improve the results previously reported by Roman Drnovsek [6].

Acknowledgement. I thank Prof. Ravinder Kumar for their valuable

comments.
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