


Bayesian and Maximum Likelihood Estimation of the Scale Parameter of a New Weighted Weibull Distribution

Abstract:  The newly proposed weighted Weibull distribution is a three-parameter lifetime model characterised by a high degree of flexibility for modelling real-world data. It comprises one scale parameter and two shape parameters, which together govern its adaptability and shape characteristics. Despite the established importance of parameter estimation in model fitting and practical applications, no consensus has yet been reached regarding a universally superior estimation approach for the parameters of this distribution. Accordingly, the present study develops Bayesian estimators for the scale parameter of the weighted Weibull distribution using two non-informative priors (Uniform and Jeffreys) and one informative prior (Gamma). The estimation is carried out under three different loss functions, namely the squared error loss function (SELF), quadratic loss function (QLF), and precautionary loss function (PLF). The resulting Bayesian estimates are compared with the maximum likelihood estimation (MLE) approach through Monte Carlo simulation studies. The mean squared error (MSE) is employed as the primary criterion for evaluating and comparing estimator efficiency. The findings indicate that estimators derived under the quadratic loss function consistently exhibit the lowest MSE values across all prior distributions considered. In particular, the Bayesian estimator based on the Gamma prior combined with the quadratic loss function demonstrates superior performance compared to both the maximum likelihood estimator and Bayesian estimators obtained under SELF and PLF with Uniform and Jeffreys priors. Furthermore, variations in the shape parameters are found to have no substantial effect on the performance of the scale parameter estimators. The study concludes by recommending that future research should extend the analysis to the estimation of the shape parameters, which are critical for broader applications of the weighted Weibull distribution.
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1. Introduction
Over the years, several standard probability distributions have been employed for modelling real-life datasets. However, empirical evidence suggests that many of these classical distributions are inadequate for capturing the behaviour of highly skewed data, thereby posing challenges in both statistical theory and applied modelling. In response to these limitations, a number of extended and compound probability distributions have been introduced in the literature. These modified distributions are generally more flexible, capable of accommodating skewness, and have demonstrated improved performance in statistical modelling when compared with their standard counterparts [1–14]. Motivated by these developments, [15] proposed a new weighted Weibull distribution (NWWD) characterised by three parameters, comprising two shape parameters and one scale parameter. This distribution exhibits skewness and flexibility, along with an increasing hazard rate and a variety of distributional shapes. Empirical evidence based on applications to three lifetime datasets indicates that the NWWD performs better than the classical Weibull distribution [15,41]. The Weibull distribution itself is a well-established and widely applied model in areas such as reliability engineering and survival analysis [42–44].
In [15], the probability density function (pdf), the cumulative distribution function (CDF), survival function, hazard function, and quantile function (qf) of the NWWD are respectively defined as:

                                        (1)

                                                        (2)

                                                              (3)

                                                     (4)
and

                                                       (5)




For  where  is a scale parameter while  and   are shape parameters of the new weighted Weibull distribution (NWWD). 
A graphical representation of the above functions using some arbitrary parameter values is displayed in the following figure:
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Fig. 1: Plots of the PDF, CDF, Survival, and Hazard Function of the NWWD for Selected Parameter Values
Further details on the mathematical formulation, statistical properties, maximum likelihood estimation, and practical applications of the new weighted Weibull distribution (NWWD), as well as its demonstrated superiority over the classical Weibull distribution using real-life datasets, are provided in [15]. In general, parameter estimation can be broadly classified into two principal approaches: classical and non-classical methods. The classical (frequentist) framework assumes that model parameters are fixed but unknown constants, whereas the non-classical (Bayesian) framework treats parameters as random variables characterised by probability distributions. Within the classical approach, the most commonly applied technique is maximum likelihood estimation (MLE). In contrast, Bayesian estimation incorporates both observed sample information and prior knowledge regarding the unknown parameters, thereby allowing previously available subjective or historical information to be formally integrated into the inference process [45]. In many practical lifetime modelling contexts, however, distributional parameters may not remain fixed throughout the entire life-testing period [16–18]. This limitation reduces the suitability of purely classical approaches and motivates the adoption of Bayesian methods for more robust parameter estimation in lifetime models. It is also important to note that parameter estimation procedures may vary depending on the specific parameter under consideration within a given distribution. In this context, the present study focuses on the estimation of the scale parameter of the NWWD using a Bayesian framework, alongside a comparative assessment with the maximum likelihood estimation approach. Specifically, this article aims to estimate the scale parameter of the NWWD under the Bayesian paradigm by assuming Jeffreys’ prior distribution in conjunction with a quadratic loss function. The structure of the paper is organised as follows: Section 2 derives the maximum likelihood estimator (MLE) of the scale parameter; Section 3 develops the Bayesian estimator under the quadratic loss function using Jeffreys’ prior; Section 4 presents a comparative analysis of the proposed estimators based on mean squared error (MSE); and Section 5 concludes the study.
2. Maximum Likelihood Estimation






Let  be a random sample from a population X of size ‘n’ independently and identically distributed random variables with probability density function. The likelihood is the joint probability function of the data, but viewed as a function of the parameters, treating the observed data as fixed quantities. Given that the values,  are obtained independently from the NWWD with unknown parameters, ,  and . 
The likelihood function is given by:

                                                   (6)


The likelihood function,  based on the pdf of NWWD is defined to be the joint density of the random variables  and it is given as:

                                                            (7)

For the scale parameter of the NWWD, , the likelihood function is given by;

                                                                        

                                                                                               (8)



Where  is a constant which is independent of the scale parameter, .

Let the log-likelihood function, , therefore

                                                                          (9)
Differentiating  partially with respect to α gives;

                                                                               (10)


And solving for  gives;

                                                      (11)


where  is the maximum likelihood estimator of the scale parameter, . Details concerning the maximum likelihood estimators of the scale parameter of the NWWD can be found in [15].
3. Bayesian Estimation
The Bayesian inference requires the appropriate choice of prior(s) for the parameter(s). From the Bayesian viewpoint, there is no clear-cut way from which one can conclude that one prior is better than the other. Nevertheless, very often priors are chosen according to one’s subjective knowledge and beliefs. However, if one has adequate information about the parameter(s), it is better to choose informative prior(s); otherwise, it is preferable to use non-informative prior(s).
In this study, two non-informative priors (uniform and Jeffrey) and an informative prior (gamma) will be considered for estimating the shape parameter of the NWWD. These assumed prior distributions have been used widely by several authors including [19]-[27]. This study also considers three loss functions including square error, quadratic and precautionary loss functions which have also been used previously by some researchers such as [28]-[38], etc. The stated prior distributions and loss functions are defined as follows:

a. The uniform prior is defined as:

                                                             (12)
b. Also, Jeffrey’s prior is defined as:

                                                                    (13)
c. Also, the gamma prior is defined as:

                                                                            (14)
i. Squared Error Loss Function (SELF)

The squared error loss function relating to the scale parameter  is defined as:

                                                     (15)


 where  is the estimator of the parameter  under SELF.
ii. Quadratic Loss Function (QLF) 
The quadratic loss function is defined from [39] as

                                                                   (16)


 where  is the estimator of the parameter  under QLF.
iii. Precautionary Loss Function (PLF)
The precautionary loss function (PLF) introduced by [40] is an asymmetric loss function and is defined as

                                                                 (17)


 where  is the estimator of the scale parameter  under PLF. 

The posterior distribution of a parameter is the distribution of the parameter after observing the available data and it is obtained by using Bayes’ theorem in relation to the scale parameter, , likelihood function and prior distribution as follows: 

          	   (18)







where  is the marginal distribution of X and  when the prior distribution of  is discrete and  when the prior distribution of  is continuous. Also, note that  and  are the prior distribution and the Likelihood function respectively. 
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The posterior distribution of the scale parameter  assuming a uniform prior distribution is obtained from (18) using integration by substitution method as:

                                                            (19) 

Bayes estimators under a uniform prior with SELF, QLF, and PLF are given respectively as:

                                   (20)

                                        (21)
and

                                            (22)
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The posterior distribution of the scale parameter  for a given data assuming Jeffrey’s prior distribution is obtained from (18) using integration by substitution method as:

                                                                                           (23)
Bayes estimators under Jeffrey’s prior with SELF, QLF, and PLF are given respectively as:
                            

                                           (24)

                                       (25)
and

                                                  (26) 
3.3   Bayesian Analysis under Gamma Prior with Three Loss Functions

The posterior distribution of the scale parameter  for a given data assuming a gamma prior distribution is obtained from (18) using integration by substitution method as

                                                                               (27)
Bayes estimators under gamma prior with SELF, QLF, and PLF are given respectively as:

                                                                                                       (28)

                                                                                                        (29)
and

                                                                                                  (30)
4. Results and Discussions
In this section, a Monte Carlo simulation study was conducted using R software with 10,000 replications. Random samples of sizes n = 25, 50, 75, 100, 125, and 150 were generated from the new weighted Weibull distribution (NWWD) using its quantile function based on the inverse transformation method, under different combinations of parameter values. The subsequent tables present the results of the simulation study, reporting the true parameter values alongside the corresponding average estimates of the scale parameter. The performance of the estimators is evaluated using their associated mean squared errors (MSEs). The estimation methods considered include maximum likelihood estimation (MLE) and Bayesian estimation under different loss functions, namely the squared error loss function (SELF), quadratic loss function (QLF), and precautionary loss function (PLF), applied under Uniform, Jeffreys, and Gamma prior distributions, respectively.

The criterion for evaluating the performance of the estimators in this study is the Mean Square Error (MSE): 

Table 1: Estimates and Mean Squared Errors (within parenthesis) for  under uniform prior
	Sample Size (n)
	Parameter (True value) 
	Methods of Estimation

	
	

	

	

	

	

	

	


	25
	0.5
	0.5
	0.5
	 0.5204
(0.0123) 
	 0.5412 
(0.0145)  
	 0.4996 
(0.0109)
	0.5516
(0.0160)

	
	0.5
	2.5
	0.5
	 0.5204
(0.0123) 
	  0.5412
(0.0145)  
	  0.4996
(0.0109)
	0.5516
 (0.0160)

	
	1.5
	0.5
	0.5
	 1.5613
(0.1106) 
	  1.6237 
(0.1309)  
	  1.4988 
(0.0985)
	1.6547
(0.1440)

	
	0.5
	0.5
	2.5
	 0.5200
(0.0119) 
	  0.5408 
(0.0142)  
	 0.4992 
(0.0106)
	0.5511
(0.0156) 

	50
	0.5
	0.5
	0.5
	 0.5095
(0.0054) 
	  0.5197
(0.0059)  
	  0.4993 
(0.0051)
	0.5248
(0.0063)

	
	0.5
	2.5
	0.5
	 0.5095
(0.0054) 
	  0.5197
(0.0059)  
	  0.4993 
(0.0051)
	0.5248
(0.0063)

	
	1.5
	0.5
	0.5
	 1.5286 
(0.0489) 
	  1.5591 
(0.0535)  
	  1.4980 
(0.0462)
	1.5744
(0.0565)

	
	0.5
	0.5
	2.5
	 0.5104
(0.0056) 
	  0.5206 
(0.0061)  
	  0.5002 
(0.0053)
	0.5257 
(0.0065) 

	75
	0.5
	0.5
	0.5
	 0.5073 
(0.0036) 
	  0.5141 
(0.0039)  
	  0.5005 
(0.0035)
	0.5174
(0.0040)

	
	0.5
	2.5
	0.5
	 0.5073 
(0.0036) 
	  0.5141 
(0.0039)  
	  0.5005 
(0.0035)
	0.5174
(0.0040)

	
	1.5
	0.5
	0.5
	 1.5219 
(0.0326) 
	 1.5422  
(0.0348)  
	  1.5016 
(0.0313)
	1.5523 
(0.0361)

	
	0.5
	0.5
	2.5
	 0.5064 
(0.0035) 
	  0.5132 
(0.0037)  
	  0.4997 
(0.0033)
	0.5166
(0.0038)

	100
	0.5
	0.5
	0.5
	 0.5053
(0.0027) 
	  0.5103
(0.0028)  
	  0.5002
(0.0026)
	0.5128
(0.0029)

	
	0.5
	2.5
	0.5
	 0.5053
(0.0027) 
	  0.5103
(0.0028)  
	  0.5002
(0.0026)
	0.5128
(0.0029)

	
	1.5
	0.5
	0.5
	 1.5138
(0.0238)
	1.5289   
(0.0249)
	1.4987
(0.0232)   
	1.5365
(0.0257)

	
	0.5
	0.5
	2.5
	 0.5060
(0.0027) 
	  0.5111
(0.0028)  
	  0.5009
(0.0026)
	0.5136
(0.0029)

	125
	0.5
	0.5
	0.5
	 0.5046 
(0.0021) 
	  0.5086
(0.0022)  
	 0.5005 
(0.0020)
	0.5106
(0.0022)

	
	0.5
	2.5
	0.5
	 0.5046
(0.0021) 
	  0.5086
(0.0022)  
	 0.5005 
(0.0020)
	0.5106
(0.0022)

	
	1.5
	0.5
	0.5
	 1.5128 
(0.0188) 
	  1.5249
(0.0195)  
	  1.5007 
(0.0183)
	1.5309
(0.0200)

	
	0.5
	0.5
	2.5
	 0.5044
(0.0021) 
	  0.5084
(0.0022)  
	  0.5004
(0.0020)
	0.5104
(0.0022)

	150
	0.5
	0.5
	0.5
	 0.5035
(0.0017) 
	  0.5068
(0.0018)  
	  0.5001
(0.0017)
	0.5085
(0.0018)

	
	0.5
	2.5
	0.5
	 0.5035
(0.0017) 
	  0.5068
(0.0018)  
	  0.5001 
(0.0017)
	0.5085
(0.0018)

	
	1.5
	0.5
	0.5
	 1.5114 
(0.0157) 
	  1.5215 
(0.0162)  
	  1.5013 
(0.0153)
	1.5265
(0.0166)

	
	0.5
	0.5
	2.5
	 0.5036
(0.0017) 
	  0.5070
(0.0018)  
	  0.5002
(0.0017)
	0.5086
(0.0018) 


 MLE=Maximum likelihood estimator, SELF=Square error loss function, QLF= Quadratic loss function, PLF= Precautionary loss function. 
 







Table 2: Estimates and Mean Squared Errors (within parenthesis) for  under Jeffrey’s prior
	Sample Size (n)
	Parameter (True value)
	Methods of Estimation

	
	

	

	

	

	

	

	


	25
	0.5
	0.5
	0.5
	 0.5204
(0.0123) 
	0.5204
(0.0123)
	0.4788
(0.0105)
	0.5307 
(0.0133)

	
	0.5
	2.5
	0.5
	 0.5204
(0.0123) 
	0.5204
(0.0123)
	0.4788
(0.0105)
	0.5307 
(0.0133)

	
	1.5
	0.5
	0.5
	 1.5613
(0.1106) 
	  1.5613
(0.1106)  
	1.4364
(0.0945)
	1.5922
(0.1197)

	
	0.5
	0.5
	2.5
	 0.5200
(0.0119) 
	 0.5200 
(0.0119)  
	0.4784
(0.0102)
	0.5303
(0.0129)

	50
	0.5
	0.5
	0.5
	 0.5095
(0.0054) 
	 0.5095
(0.0054)  
	0.4891 
(0.0050)
	0.5146
(0.0057)

	
	0.5
	2.5
	0.5
	 0.5095
(0.0054) 
	 0.5095
(0.0054)  
	0.4891 
(0.0050)
	0.5146
(0.0057)

	
	1.5
	0.5
	0.5
	 1.5286 
(0.0489) 
	  1.5286
(0.0489)  
	1.4674
(0.0454)
	1.5438
(0.0509) 

	
	0.5
	0.5
	2.5
	 0.5104
(0.0056) 
	  0.5104
(0.0056)  
	0.4900
(0.0051)
	0.5155
(0.0058)

	75
	0.5
	0.5
	0.5
	 0.5073 
(0.0036) 
	  0.5073  
(0.0036)  
	0.4938
(0.0034)
	0.5107
(0.0037)

	
	0.5
	2.5
	0.5
	 0.5073 
(0.0036) 
	  0.5073  
(0.0036)  
	0.4938
(0.0034)
	0.5107
(0.0037)

	
	1.5
	0.5
	0.5
	 1.5219 
(0.0326) 
	  1.5219
(0.0326)  
	1.4813
(0.0308)
	1.5320
(0.0336)

	
	0.5
	0.5
	2.5
	 0.5064 
(0.0035) 
	  0.5064
(0.0035)  
	0.4929
(0.0033)
	0.5098
(0.0036)

	100
	0.5
	0.5
	0.5
	 0.5053
(0.0027) 
	  0.5053
(0.0027)  
	0.4952
(0.0026)
	0.5078
(0.0027)

	
	0.5
	2.5
	0.5
	 0.5053
(0.0027) 
	  0.5053
(0.0027)  
	0.4952
(0.0026)
	0.5078
(0.0027)

	
	1.5
	0.5
	0.5
	 1.5138
(0.0238)
	  1.5138
(0.0238)  
	1.4835 
(0.0230)
	1.5213
(0.0243)

	
	0.5
	0.5
	2.5
	 0.5060
(0.0027) 
	  0.5060
(0.0027)  
	0.4959
(0.0026)
	0.5085
(0.0028)

	125
	0.5
	0.5
	0.5
	 0.5046 
(0.0021) 
	  0.5046
(0.0021)  
	0.4965
(0.0020)
	0.5066
(0.0021)

	
	0.5
	2.5
	0.5
	 0.5046
(0.0021) 
	  0.5046
(0.0021)  
	0.4965
(0.0020)
	0.5066
(0.0021)

	
	1.5
	0.5
	0.5
	 1.5128 
(0.0188) 
	  1.5128
(0.0188)  
	1.4886
(0.0181)
	1.5188
(0.0191)

	
	0.5
	0.5
	2.5
	 0.5044
(0.0021) 
	 0.5044  
(0.0021)  
	0.4963
(0.0020)
	0.5064
(0.0021)

	150
	0.5
	0.5
	0.5
	 0.5035
(0.0017) 
	  0.5035
(0.0017)  
	0.4968
(0.0017)
	0.5051
(0.0017)

	
	0.5
	2.5
	0.5
	 0.5035
(0.0017) 
	  0.5035
(0.0017)  
	0.4968
(0.0017)
	0.5051
(0.0017)

	
	1.5
	0.5
	0.5
	 1.5114 
(0.0157) 
	  1.5114
(0.0157)  
	1.4913
(0.0152)
	1.5165
(0.0159) 

	
	0.5
	0.5
	2.5
	 0.5036
(0.0017) 
	  0.5036
(0.0017)  
	0.4969
(0.0017)
	0.5053
(0.0017)


  
MLE=Maximum likelihood estimator, SELF=Square error loss function, QLF= Quadratic loss function, PLF= Precautionary loss function.











Table 3: Estimates and Mean Squared Errors (within parenthesis) for  under gamma prior
	Sample Size (n)
	Parameter (True value)
	Methods of Estimation

	
	

	

	

	

	

	

	

	

	


	25
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5204
(0.0123) 
	0.5297  
(0.0126)   
	  0.4890 
(0.0101)
	0.5398
(0.0138)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5204
(0.0123) 
	  0.5663 
(0.0181)  
	  0.5251 
(0.0124)
	0.5765 
(0.0201)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5613
(0.1106) 
	  1.5423
(0.0991)  
	  1.4213
(0.0888)
	1.5723
(0.1063)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5613
(0.1106) 
	 1.3706  
(0.0764)  
	  1.2631 
(0.1068)
	1.3972 
(0.0726)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5200
(0.0119) 
	 0.5659 
(0.0177)  
	  0.5247
(0.0121)
	0.5761
(0.0196)

	50
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5095
(0.0054) 
	 0.5144 
(0.0055)  
	  0.4942
(0.0050)
	0.5194
(0.0058)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5095
(0.0054) 
	  0.5322 
(0.0068)  
	  0.5120 
(0.0055)
	0.5373 
(0.0073)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5286 
(0.0489) 
	  1.5201 
(0.0464)  
	  1.4599 
(0.0441)
	1.5351 
(0.0482)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5286
(0.0489) 
	  1.4323 
(0.0407)  
	  1.3756 
(0.0488)
	1.4464 
(0.0397)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5104
(0.0056) 
	  0.5332 
(0.0070)  
	  0.5129 
(0.0056)
	0.5382 
(0.0075)

	75
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5073 
(0.0036) 
	  0.5106 
(0.0037)  
	 0.4971  
(0.0034)
	0.5139 
(0.0038)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5073 
(0.0036) 
	  0.5224 
(0.0043)  
	  0.5089 
(0.0036)
	0.5258 
(0.0045)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5219 
(0.0326) 
	  1.5164 
(0.0315)  
	  1.4762 
(0.0302)
	1.5264 
(0.0323)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5219
(0.0326) 
	 1.4571  
(0.0284)  
	  1.4185 
(0.0318)
	1.4667 
(0.0280)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5064 
(0.0035) 
	0.5215  
(0.0041)  
	  0.5081 
(0.0035)
	0.5249
(0.0043)

	100
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5053
(0.0027) 
	  0.5077 
(0.0027)  
	  0.4977 
(0.0025)
	0.5102 
(0.0028)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5053
(0.0027) 
	  0.5166 
(0.0030)  
	  0.5065 
(0.0027)
	0.5191 
(0.0031)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5138
(0.0238)
	 1.5098  
(0.0232)  
	  1.4798 
(0.0226)
	1.5173 
(0.0237)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5158
(0.0240) 
	 1.4672  
(0.0217)  
	  1.4380 
(0.0236)
	1.4745 
(0.0215)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5060
(0.0027) 
	  0.5173 
(0.0031)  
	  0.5072 
(0.0027)
	0.5198
(0.0032)

	125
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5046 
(0.0021) 
	  0.5065 
(0.0021)  
	  0.4985 
(0.0020)
	0.5086 
(0.0022)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5046
(0.0021) 
	 0.5136   
(0.0023)  
	  0.5056 
(0.0021)
	0.5156 
(0.0024)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5128 
(0.0188) 
	  1.5096 
(0.0184)  
	  1.4855 
(0.0179)
	1.5156
(0.0187)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5137
(0.0189) 
	 1.4748  
(0.0174)  
	  1.4513 
(0.0186)
	1.4806
(0.0172)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5044
(0.0021) 
	 0.5134 
(0.0023)  
	  0.5054
(0.0021)
	0.5154
(0.0024)

	150
	0.5
	0.5
	0.5
	1.0
	1.0
	 0.5035
(0.0017) 
	  0.5051 
(0.0017)  
	  0.4984 
(0.0016)
	0.5068 
(0.0017)

	
	0.5
	2.5
	0.5
	0.5
	2.5
	 0.5035
(0.0017) 
	  0.5110 
(0.0019)  
	  0.5043 
(0.0017)
	0.5127 
(0.0019)

	
	1.5
	0.5
	0.5
	0.5
	0.5
	 1.5114 
(0.0157) 
	  1.5088 
(0.0154)  
	  1.4888 
(0.0151)
	1.5138
(0.0156)

	
	1.5
	0.5
	0.5
	2.5
	0.5
	 1.5104
(0.0153) 
	  1.4780 
(0.0143)  
	  1.4584 
(0.0152)
	1.4829
(0.0142)

	
	0.5
	0.5
	2.5
	0.5
	2.5
	 0.5036
(0.0017) 
	  0.5111
(0.0019)  
	 0.5044 
(0.0017)
	0.5128
(0.0019)


  
MLE=Maximum likelihood estimator, SELF=Square error loss function, QLF= Quadratic loss function, PLF= Precautionary loss function. 
Based on the results presented in Tables 1–3, it is observed that the estimators of the scale parameter obtained under the quadratic loss function (QLF) consistently yield lower mean squared error (MSE) values compared to the other estimation approaches, irrespective of sample size and selected parameter configurations. In particular, the Bayesian estimators under QLF, applied with Gamma, Uniform, and Jeffreys priors, demonstrate superior performance over both the maximum likelihood estimator (MLE) and Bayesian estimators derived under the squared error loss function (SELF) and precautionary loss function (PLF). This consistent pattern indicates that the QLF-based Bayesian approach is more efficient for estimating the scale parameter of the NWWD. Among the prior distributions considered, the combination of the QLF with the Gamma prior produces the smallest MSE values across all sample sizes and parameter settings, outperforming both the Uniform and Jeffreys priors. This superiority remains stable regardless of variations in parameter values, highlighting the robustness of this estimation strategy. Overall, the findings from Tables 1, 2, and 3 further demonstrate that the average estimates of the scale parameter progressively approach the true parameter values as the sample size increases. Correspondingly, the MSE values decrease with increasing sample size, in accordance with first-order asymptotic properties. Both Bayesian estimators and MLEs exhibit improved performance with larger samples, and for sufficiently large sample sizes, the differences among the competing estimation methods become negligible, with all approaches yielding comparable results.
5. Conclusions
[bookmark: _Toc491059567][bookmark: _GoBack]This study derives Bayesian estimators for the scale parameter of the new weighted Weibull distribution by assuming Uniform, Jeffreys, and Gamma prior distributions under three loss functions, namely the squared error loss function (SELF), quadratic loss function (QLF), and precautionary loss function (PLF). The corresponding posterior distributions and Bayes estimators are obtained based on the specified priors and loss functions.The performance of the proposed estimators is assessed using mean squared error (MSE) through Monte Carlo simulation based on the inverse transformation method, under varying parameter configurations and sample sizes. The simulation results indicate that estimators derived under the quadratic loss function consistently produce the lowest MSE values across all prior distributions considered (Gamma, Jeffreys, and Uniform).In particular, the Bayesian estimator based on the quadratic loss function with the Gamma prior exhibits the best overall performance when compared with the maximum likelihood estimator, as well as Bayesian estimators under the squared error and precautionary loss functions with Uniform and Jeffreys priors, regardless of parameter settings and sample sizes. Furthermore, the results suggest that variations in the shape parameters do not significantly influence the performance of the scale parameter estimators. In conclusion, the study recommends that future research should extend the analysis to the estimation of the shape parameter(s) of the NWWD, as their accurate estimation is essential for comprehensive statistical modelling and practical applications of the distribution.
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