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ABSTRACT
	Aims: To evaluate Bachelor of Education students’ understanding and use of selected mathematical terms (“prime number” and “parallelogram”) and symbols (the “equal” and “plus” signs), focusing on their definitions and application in various contexts. There is a lack of research examining how Bachelor of Education students connect definitions of key mathematical terms with the interpretation and application of related symbols across contexts, and how this coherence informs instructional practice.
Study Design: The study adopted a qualitative approach grounded in an inductive-deductive thematic analysis of students’ responses to open-ended tasks.
Place and Duration of Study: The study was conducted within a teacher education programme involving third-year, first-semester Bachelor of Education students preparing to teach mathematics at the secondary school level in the First semester of the 2023/2024 academic year.
Methodology: The accessible population comprised 256 students taking mathematics as one of their teaching subjects. Data were collected using a written open-ended mathematics test designed to elicit students’ definitions and applications of selected mathematical terms and symbols. Responses were analyzed to examine both conceptual understanding and contextual usage.
Results: Findings revealed mixed levels of comprehension. All participants demonstrated basic understanding of the “equal” and “plus” signs; however, most did not recognize their broader relational and abstract uses. While 66.8% correctly identified the equal sign as denoting equivalence, many could not apply it in relational contexts. Although all students recognized the plus sign as an addition operator, none demonstrated its use in abstract algebraic expressions. Conceptual understanding differed between terms: 69.1% accurately defined a “prime number,” whereas 71.1% exhibited misconceptions or incomplete definitions of a “parallelogram.”
Conclusions: Findings indicate gaps in relational symbol usage and geometric concepts, suggesting the need for instructional approaches that emphasize deeper conceptual understanding of mathematical symbols and strengthen geometry education to enhance mathematical literacy and professional practice
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1. INTRODUCTION
1.1 Nature and Role of Mathematics
Mathematics is widely recognized as a fundamental human activity embedded in everyday life and essential across multiple domains. Despite its centrality, mathematics has not been precisely defined; rather, it is viewed from multiple perspectives. It is considered a language that uses carefully defined terms and symbols to express ideas and communicate thought; an art that reveals patterns with aesthetic value; a tool for problem solving; a way of thinking that equips learners with strategies for organizing, analyzing, synthesizing, and interpreting data; and a study of patterns and relationships observable in social and physical phenomena (Carter & Quinnel, 2012; Peng et al., 2020). Consequently, mathematics remains a prerequisite in many fields, including commerce, industry, and communication.
1.2 Mathematics as a Language and Register
Mathematics functions as a language through which ideas are expressed, communicated, and stored using specialized symbols and vocabulary (Barwell, 2018; Carter & Quinnell, 2012; Steinbring, 2006). These words and symbols constitute the vocabulary of mathematical concepts, which is not only diverse but also highly abstract (Little, 2009). Within this perspective, mathematical language functions as a distinct register characterized by specialized vocabulary and discourse practices. This register refers to the specific ways meanings are constructed, and communication is structured within the mathematical community (Herbel-Eisenmann et al., 2013; Prediger, Clarkson & Bose, 2016). It comprises both a well-defined set of mathematical terms used in specific contexts and the natural language in which arguments, explanations, and reasoning are conveyed. From a discourse-oriented view, mathematical language encompasses the linguistic features that emerge in mathematical texts and interactions, emphasizing the importance of context in meaning-making (Planas et al., 2018).
1.3 Learning through Mathematical Register
The process of learning mathematics is fundamentally linked to the acquisition and mastery of the mathematical register. As learners develop this register, they acquire the analytical, descriptive, and problem-solving skills necessary to engage with diverse mathematical situations. Mastery enables learners to listen, question, discuss, read, and record ideas effectively within an interactive learning environment. The centrality of mathematical language to cognition is further emphasized by the role of symbols and signs in structuring thought and enabling generalization, as mathematical knowledge relies on symbolic systems for its representation and communication (Steinbring, 2006).
1.4 Role of Definitions in Mathematical Understanding
Central to mathematical understanding is the role of definitions, which underpin conceptual development, reasoning, and problem-solving. In both textbooks and classroom discourse, definitions serve as the primary means through which concepts are introduced and understood. They are essential tools for solving problems and proving theorems, and they support critical thinking processes (Vinner, 2002). A shift from rote memorization to deeper conceptual understanding underscores the importance of learners’ ability to construct formal definitions, widely regarded as evidence of meaningful comprehension.
1.5 Focus and Purpose of the Study
Against this background, the present study examines how undergraduate students define and conceptualize selected mathematical concepts, namely the parallelogram, the equal sign (“=“), the plus sign (“+”), and prime numbers. The study further identifies common misconceptions and linguistic challenges that influence students’ understanding and application of these concepts in various mathematical contexts. To situate this investigation, a brief conceptual overview of these terms is provided.
1.6 Conceptual Overview of Selected Mathematical Terms
1.6.1 Parallelogram
The concept of a parallelogram builds on prior understanding of quadrilaterals and geometric representation. A quadrilateral is typically introduced as a four-sided plane figure, which may be convex or concave (De Villiers, 1994). Within this framework, a parallelogram is defined as a quadrilateral with two pairs of parallel sides (Marchis, 2012), emphasizing both its structural properties and visual representation.
1.6.2 Equality and the Equal Sign (“=“)
The concept of equality emerges early in learners’ everyday experiences, even before formal schooling, as daily activities often implicitly involve notions of sameness and balance (Warren, 2007). As learners progress through mathematics, from arithmetic to algebra and beyond, equality becomes central to mathematical development and understanding (Knuth et al., 2006; McNeil et al., 2006).
However, the equal sign is interpreted in multiple ways, with a critical distinction between relational and operational understandings. Mathematically, the symbol “=“denotes “is the same as,” reflecting a relational perspective in which both sides of an equation are equivalent and interchangeable (Kieran & Chalouh, 1992; Lankham et al., 2007). This relational view supports meaningful engagement with algebraic expressions and equations. In contrast, many learners initially interpret the equal sign operationally, as a signal to perform a calculation, highlighting a common source of misunderstanding (Molina et al., 2009).
1.6.3 The Plus Sign (“+”)
Like the equal sign, the plus sign is a fundamental mathematical symbol with multiple interpretations across contexts. It is commonly introduced as a binary operator combining two quantities (e.g., 5 + 3), but it also exhibits commutativity (a + b = b + a) in many mathematical systems. Beyond this, the plus sign can function as a unary operator indicating positivity (e.g., +a), and its interpretation extends into areas such as algebra and computer science (Cengiz et al., 2018; Toxtle-Colotl et al., 2025). Understanding these varied roles is essential for accurate application, yet learners often struggle to move beyond basic interpretations.
1.6.4 Prime Numbers
Prime numbers represent a foundational yet conceptually challenging topic in mathematics education. They are typically defined as integers greater than one that have no divisors other than one and themselves. Despite this seemingly straightforward definition, learners frequently exhibit misconceptions, such as incorrectly including one as a prime number or failing to justify why two is prime (Gurefe & Aktas, 2020; NCTM, 2000). Instructional strategies such as visual representations, factorization methods, and problem-solving approaches have been shown to enhance understanding (Burkhart, 2009; Gurefe & Aktas, 2020). Nevertheless, research indicates that even prospective teachers have difficulty accurately defining and explaining prime numbers (Zazkis & Liljedahl, 2004), underscoring the need for stronger conceptual instruction across educational levels.
2. MATERIALS AND METHODS
2.1 Research questions
This study addresses four research questions:
1. How do undergraduate students conceptualize and define a “parallelogram,” and what misconceptions or alternative definitions arise in their understanding?
2. What are undergraduate students’ interpretations of the “equal sign,” and how do these interpretations influence their problem-solving approaches?
3. How do undergraduate students define and interpret the “plus sign”, particularly in contexts beyond basic arithmetic, such as algebra or set theory?
4. What challenges do undergraduate students face when defining “prime numbers,” and how does their understanding reflect broader issues in comprehension of number theory?
2.3 Participants
The respondents for this study were 256 third-year students in their first semester pursuing a Bachelor of Education (with Mathematics as one of the teaching subjects). They had gone through an introductory course in “Subject Methods in Mathematics I” in their second year. 
2.4 Instrumentation and Data Collection
Before the students undertook a second course in “subject Methods in mathematics”, they were subjected to a “pre-test” on the common symbols and words used in mathematical language. The Subject Methods Course II has Mathematical Language as one of the topics. A test with four items on the identification and definition of “parallelogram”, “prime number”, “equal sign”, and “plus sign” was administered. 
2.5 Data Analysis
The qualitative data obtained from the test consisted primarily of students’ written definitions of selected mathematical concepts. These responses were analyzed using a thematic approach, allowing patterns and meanings embedded in the definitions to emerge systematically. Each concept was examined through a combination of deductive and inductive coding procedures, depending on the nature of the concept and the analytical framework adopted.
For the concept of a parallelogram, a deductive coding scheme was employed, guided by established mathematical criteria regarding its defining properties. Drawing on the work of Govender and De Villiers (2004) and Vinner (2002), responses were classified as either correct or incorrect based on whether they captured sufficient properties of a parallelogram. Correct definitions were further distinguished as economical if they included only the necessary properties, or uneconomical if they contained additional, redundant attributes. Definitions were deemed incorrect if they either included erroneous properties or failed to specify sufficient defining characteristics.
In analyzing students’ understanding of the equal sign, the study initially applied a deductive coding framework to categorize responses as operational, relational, or hybrid. This approach was informed by studies such as those by Asquith, Stephens, Knuth and Alibali (2007) and Knuth et al. (2006). Operational interpretations reflected a procedural view of the equal sign, such as associating it with performing calculations or indicating an answer. Relational interpretations, on the other hand, demonstrated an understanding of the equal sign as expressing equivalence between two quantities. Responses that incorporated both perspectives were categorized as operational–relational. This initial classification was followed by an inductive analysis to further interpret the intent and purpose underlying the language used in the definitions.
The analysis of the plus sign relied primarily on inductive coding, focusing on how students articulated its intended use. Responses were examined for recurring themes in how the plus sign was described, leading to the development of categories based on the purposes and contexts of its use as expressed by the students.

Finally, for the concept of a prime number, a deductive coding approach was again adopted. Students’ definitions were evaluated against the standard mathematical properties of prime numbers, particularly the notion of having exactly two factors. Based on this criterion, responses were classified as correct or incorrect, depending on the accuracy and completeness of the properties identified.
The thematic analysis combined structured, theory-driven coding with emergent, data-driven insights to provide a rich understanding of students’ conceptualizations of key mathematical ideas, while remaining grounded in established literature in mathematics education.
.
3. RESULTS AND DISCUSSION
3.1 The “parallelogram”
Among the correct definitions, only 1.6% were classified as economical, meaning they were concise and included all necessary and sufficient conditions. However, 12.9% of the correct definitions were uneconomical. Additionally, 14.5% of correct uneconomical definitions specified subsets of parallelograms, such as rectangles or rhombuses, reflecting a lack of generalization and hierarchical understanding of the broader category. Alarmingly, the majority (71.1%) of responses were incorrect, demonstrating widespread misconceptions or incomplete knowledge about parallelograms among students. These findings echo Marchis’ (2012) observation that elementary pre-service teachers have difficulty understanding geometry concepts, and that two-thirds of the students could not define basic geometrical shapes for various reasons, such as not knowing the correct definitions.
Definitions in Table 1 differ in clarity. Par01, while technically correct, uses less formal contextual language such as “sets” and “lines,” which could lead to ambiguity. “Lines” might be interpreted as infinite rather than finite sides of a parallelogram. Par02 is more precise and elegant, avoiding misunderstanding and enhancing clarity.
Table 1. Sample of Correct, Economical Definitions of “Parallelogram.”
	Definition
	Statement of definition 

	Par01
	Four-sided figure which has two sets of parallel lines

	Par02
	A quadrilateral with pairs of opposite sides that are parallel 

	Par03
	It is a quadrilateral with two pairs of parallel sides of equal length 

	Par04
	It is a quadrilateral whose opposite sides are parallel and equal in length. 


Table 2 shows definitions Par05–09 that describe a parallelogram with varying accuracy and redundancy. Par05 states that opposite sides are equal and parallel, but redundantly mentions the sum of interior angles, which applies to all quadrilaterals. Par06 and Par08 focus on opposite sides being parallel (and equal in Par06). Par07 highlights the equality of opposite sides, and its mention of angles makes it redundant; however, not stating explicitly that opposite sides are parallel does not invalidate its correctness. Par09 has more redundant properties. 
Table 2. Sample of Correct Uneconomical Definitions of “Parallelogram.”
	Definition
	Statement of definition 

	Par05
	It is four-sided figure whose opposite sides are equal and parallel and sum of its  interior angles adds up to 3600

	Par06
	It is a four-sided figure or is a quadrilateral figure whose opposite sides are equal and  parallel to each other 

	Par07
	This is a four-sided figure in which opposite sides are equal, opposite angles are equal.

	Par08
	Is a figure or quadrilateral with four sides and opposite sides are parallel.

	Par09
	Four-sided polygon whose properties are: opposite sides are equal and parallel, and opposite angles are equal.

	Note: In definition Par06, using “figure” alone would render it incorrect.


In Table 3, definitions deviate from the inclusive definition of a parallelogram. Par10 incorrectly excludes rectangles and squares by stating that no angle equals 900. Par11 erroneously claims that diagonals intersect at right angles, which implies squares and rhombuses. Par12 misleadingly calls it a “regular four-sided figure,” implying that all sides and angles are equal, which describes squares. Par13 unnecessarily distinguishes between “shorter” and “longer” sides, while Par14 inaccurately describes it as having all sides equal, which characterizes squares and rhombuses.   
Table 3. Sample correct definitions for a Subset of Quadrilaterals
	definition
	Statement of definition (Key words are italicized)

	Par10
	This is a mathematical figure with two pairs of parallel lines in which no angle [interior]                                                                                                                                 is equal to 900 

	Par11
	Is a quadrilateral, i.e., a four-sided figure whose opposite sides are equal and parallel to each other. Its diagonals intersect at right angles

	Par12
	This is a regular four-sided figure with opposite sides parallel

	Par13
	A quadrilateral or a four-sided figure with 2 opposite lines which are parallel to the other and consist of 2 opposite and short sides, and also other 2 parallel and longer sides 

	Par14
	Four-sided figure. All sides are equal, and two sides are parallel to one another. It is also known as a tilted square 


The sample definitions (Table 4) are incorrect because they either state an incorrect characteristic or are incomplete. Par15 and Par16 focus on parallelism but leave out other essential properties, making them incomplete and confusing (e.g., including trapeziums). Par17 incorrectly states that the opposite angles are supplementary rather than the adjacent angles. Par18 oversimplifies by calling it a “tilted rectangle” while omitting defining features like parallel lines. Par19 lists examples without specifying what uniquely defines a general parallelogram. Par20 emphasizes parallelism and equality in length but does not clarify that these apply only to opposite sides.
Table 4. Sample incorrect definitions
	Definition
	Statement of definition 

	Par15
	It is a four-sided figure with two opposite sides being parallel 

	Par16
	It is a four-sided figure with parallel lines of each side 

	Par17
	This is a mathematical figure that entails the following characteristics:
i) Opposite sides are equal
ii) Opposite angles are supplementary, i.e., add to 1800 

	Par18
	Is a tilted rectangle and has interior angles that add up to 3600 

	Par19
	Four-sided figure, e.g., square, rhombus, and rectangle 

	Par20
	Figures whose lines are parallel to each other, the parallel lines are equal in length. 


Across Tables 2, 3, and 4, consistent misconceptions about the parallelogram emerge. These patterns indicate systematic, rather than random, errors in students’ geometric reasoning.
First, many students overgeneralize properties, treating any single property as sufficient for definition. For example, some define a parallelogram as having “two opposite sides parallel” or “opposite sides equal,” without specifying both pairs. Others include properties like “angles sum to 360°” as defining features. This reflects confusion between necessary and sufficient conditions, where any correct property is assumed to define the shape (Fujita & Jones, 2007; Mitchelmore & White, 2000).
Second, many rely on prototype-based reasoning, describing a parallelogram as a “tilted rectangle” or listing squares, rectangles, and rhombi as examples without recognizing their hierarchical relationships. This reflects reliance on concept image rather than formal definition and leads to misclassification (Herheim, 2023; Ulger & Broutin, 2017).
Third, students show limited understanding of hierarchical relationships among quadrilaterals. They fail to recognize parallelograms as a general class that includes rectangles, rhombi, and squares, instead treating these as equivalent. This aligns with lower levels of geometric reasoning in Van Hiele’s theory (Fujita & Jones, 2007; Zeybek, 2018).
Finally, linguistic imprecision is evident in the use of informal terms such as “figure” or “tilted square,” indicating weak mastery of mathematical language. Such imprecision leads to ambiguous definitions (Jourdain & Sharma, 2016).
Overall, these patterns indicate that students’ understanding remains descriptive and prototype-driven rather than deductive. This reflects incomplete progression through Van Hiele levels and underscores the need to emphasize precise definitions, minimal defining conditions, and class inclusion.
3.2 The “Equal Sign, =.”
The thematic classification of responses on the equal sign reveals three categories: operational (33.2%), relational (44.6%), and operational-relational hybrid (22.3%). The operational perspective views the equal sign as a directive for computation, while the relational perspective emphasizes equivalence. These results highlight that while many students still interpret the equal sign procedurally, a significant portion (66.9%) demonstrates varying levels of relational understanding, aligning with Essien (2009). These results contradict McNeil et al.'s (2006) assertion that students will demonstrate a relational understanding of the equal sign by middle school. However, the relational view is more prevalent, contrary to findings of Knuth et al. (2006) and Asquith et al. (2007).  Generally, these findings agree with Stallings’ (2000) conclusion that students exhibit multiple meanings of the equal sign. Students tend to misunderstand the equal sign as an operator rather than a relational symbol.
3.2.1 Operational Understanding of “=.”
A first wave of inductive analysis of students’ definitions of the equal sign revealed several recurring themes that reflect predominantly operational interpretations of the symbol. One prominent category was “giving answers”, where students used phrases such as “giving answers to,” “show overall answer,” “show that is the answer,” “shows where the answer is,” and “show the final answer.” This category emphasizes a procedural understanding of the equal sign as an indicator of where the answer appears in a mathematical statement, reinforcing its role as a signal for computation rather than equivalence. Closely related to this was the category of “showing results”, which included expressions such as “giving the result of,” “result,” “show the results,” “result of,” “shows the result of,” “is a result,” and “show results.” While similar to the first category, “giving answers”, this theme extends interpretation to a broader range of outcomes or consequences derived from calculations. Here, the equal sign is perceived as marking an endpoint, conveying both completion and a sense of causality or derivation from preceding operations.
Another category was “showing solutions”, reflected in phrases like “show the solution” and “final solution.” In this case, the equal sign is associated with resolution in problem-solving contexts, signifying the completion of a mathematical process and the attainment of a solution. The theme of “showing totals” also emerged, with phrases such as “show total of” and “the total.” This interpretation relates closely to ideas of summation and aggregation, where the equal sign indicates completeness or the combined quantities. It reflects an understanding of mathematical expressions as representing relationships between parts and their aggregate whole.
Similarly, the category of “representing sums”, captured through terms like “sum of” and “sum,” narrows the focus to addition operations. This reflects a foundational arithmetic perspective in which the equal sign is closely tied to the process of combining numbers, further reinforcing its operational use. Finally, a less common but noteworthy category was “leading to”, exemplified by the phrase “leads to.” This interpretation suggests a sense of progression or causality, where one side of an expression produces or results in the other. Although not strictly aligned with the formal notion of equality, it highlights a dynamic view of mathematical relationships grounded in logical reasoning.
A second wave of inductive thematic analysis was conducted to regroup the themes/categories that emerged in the first wave, further revealing broader interpretive lenses that synthesize students’ views of the equal sign into more conceptual groupings. One dominant theme was “giving answers/results,” where the equal sign is understood as a mechanism for representing outcomes of calculations. In this view, it functions as a directive to perform an operation and produce a result. This interpretation is deeply rooted in early mathematics instruction, where tasks such as 1 + 2 = _ lead students to see the equal sign as a “do something” symbol rather than a representation of equivalence. As noted by Rittle-Johnson, Schneider, and Star (2015), learners frequently develop procedural knowledge that frames the equal sign as an instruction to “do something,” reinforcing a unidirectional understanding. Similarly, research by Fyfe et al. (2014) shows that repeated engagement with computation-focused tasks strengthens this operational view, often limiting students’ ability to interpret equations relationally.
A closely related theme was “indicating totals/summation,” which emphasizes cumulative values obtained through addition. While this perspective aligns with basic arithmetic operations, it reflects a limited understanding of the equal sign, largely confined to addition contexts (Powell, 2012). As a result, it may hinder learners’ ability to interpret more complex mathematical relationships, particularly those involving equivalence across expressions with operations on both sides, such as 4 + 4 = 3 + 5, as they lack a relational conception of the equal sign (McNeil, 2008).
Another important category identified was “providing solution representation.” Here, the equal sign expresses a resolved state in problem-solving contexts. This interpretation suggests a transition toward a more relational view, as students begin to see the equal sign not merely as an instruction to compute, but as a symbol connecting two equivalent quantities. Such an understanding forms a critical foundation for the development of algebraic reasoning and more advanced mathematical thinking.
Finally, the theme of “causal relationship/leading to” emerged, where the equal sign is interpreted as indicating progression or causality between two expressions. In this view, one side of an equation is seen as producing or leading to the other. While this perspective introduces a dynamic dimension to students’ thinking and supports reasoning about processes, it may also perpetuate misconceptions if not carefully contextualized within the broader notion of equivalence. Without such clarification, students may continue to interpret the equal sign as directional (Rittle-Johnson et al., 2015) rather than as a statement of balance between two expressions (bidirectional) and symmetric nature of equality. 
3.2.2 Relational Understanding of “=.”
The analysis of responses reflecting a relational understanding of the equal sign began with an initial clustering of words and phrases that shared similar meanings and communicative purposes. This process yielded several distinct yet related categories that illustrate how students conceptualize equality beyond procedural interpretations. 
One category, “no difference,” emphasizes the absence of disparity between two entities, suggesting that they are indistinguishable in value, quantity, or quality. Closely related to this is the second category, “as great as,” which conveys equality in terms of magnitude, indicating that two quantities are of the same size or extent.
Thirdly, a prominent cluster included expressions such as “same as,” “same,” “same value,” and “sameness of,” all of which focus on identity and uniformity. These terms reflect a direct and intuitive understanding of equality as exact correspondence. Extending this idea further, a fourth category, “equivalence in,” “equivalent to,” and “equivalence of,” introduces a more sophisticated interpretation, where equality is viewed not only in numerical terms but also in functional or structural terms. This suggests that two entities may be considered equal if they perform similar roles or possess interchangeable properties.
At the core of the relational perspective lie the terms “equal to,” “to equate,” “are equal,” “equality,” and “equals,” which directly align with the formal mathematical definition of the equal sign. These expressions demonstrate a recognition of equality as a relationship between two equivalent expressions. Two further categories reveal partial understandings. “Likeness” focuses on resemblance, implying similarity in characteristics without necessarily confirming exact equivalence, and “similar to” denotes approximate resemblance, which may be appropriate in contexts such as proportional reasoning or geometric similarity but does not strictly capture numerical equality.
The ninth category, “to compare,” reflects an evaluative process in which two entities are examined to determine whether they are equal. This indicates an active engagement with the concept of equality, though it emphasizes the process rather than the established relationship. Finally, “balancing” and “balance” provide a powerful representation of equality, portraying it as a state of equilibrium between two sides. This interpretation aligns closely with formal mathematical thinking, particularly in algebra, where maintaining balance across an equation is fundamental.
Following the initial clustering of relational terms, a further reclassification was undertaken by combining categories with overlapping meanings and examining each in greater depth. This refinement resulted in five overarching thematic areas: absolute sameness, mathematical equivalence, approximate similarity, equilibrium, and comparison, revealing a developmental spectrum in students’ understanding of the equal sign. that more coherently represent students’ relational understandings of the equal sign.
The first theme, absolute sameness, incorporates expressions such as “no difference,” “same as,” “same value,” and “sameness of.” This category emphasizes the invariant nature of equality, indicating that two entities are identical with no distinction between them (Powell, 2015). It reflects a foundational understanding of equality as central to basic arithmetic and early algebraic thinking, as illustrated by simple equations such as 3 + 5 = 8, where both sides represent the same value (McNeil, 2008).
Closely related but conceptually broader is the theme of mathematical equivalence, which includes terms such as “equivalence,” “equivalent to,” “equivalence of,” “equal to,” “to equate,” “are equal,” “equality,” and “equals.” This theme extends the notion of absolute sameness by accommodating contexts in which equality holds under transformation or alternative representation. For example, fractions such as 1/2 and 2/4 are considered equivalent because they represent the same proportion despite differing in form. This category signals a more advanced and flexible understanding of equality (Carpenter et al. 2003; McNeil, 2008), applicable to higher-level concepts such as algebraic manipulation, modular relationships, and logical equivalence.
The third theme, approximate similarity, represented by terms like “likeness” and “similar to,” introduces a degree of flexibility by acknowledging resemblance rather than exact identity. While such interpretations may be meaningful in specific mathematical contexts, such as geometric similarity or estimation, they do not fully capture the strict definition of arithmetic equality. As such, this theme reflects a partial or transitional understanding of the concept. However, blending of concepts can lead to persistent misconceptions if not explicitly addressed in instruction (Rittle-Johnson et al, 2015).
Another significant theme is equilibrium, expressed through terms such as “balance” and “balancing.” This perspective conceptualizes equality as a state of stability between two sides of an expression, often represented metaphorically as a balanced scale. It is particularly relevant in algebraic reasoning, where maintaining balance is essential when manipulating equations to determine unknown values. Such balance-based interpretations can serve as a useful cognitive bridge toward formal algebraic thinking, provided that learners understand that operations applied to one side of an equation must be mirrored on the other to preserve equivalence (Alibali, 1999; Mann, 2004).
Finally, the theme “to compare” remains distinct due to its evaluative rather than definitional nature. It involves examining two entities to determine their relationship, whether equal, greater, or less (i.e., comparing magnitudes, a = b, a > b, or a < b) (Carpenter et al., 2003; Voutsina, 2019), without necessarily asserting equivalence. This reflects an analytical process that supports understanding of equality but does not, in itself, constitute a direct interpretation of the equal sign.
Collectively, these five themes illustrate a progression from concrete notions of sameness to more abstract and flexible understandings of equivalence and balance, while also highlighting areas of ambiguity where students’ interpretations diverge from formal mathematical definitions.
3.3 The “Plus Sign, +.”
Thematic analysis of students’ interpretations of the plus sign yielded several themes, revealing both operational and conceptual understandings across different mathematical and applied contexts. First, the majority of the respondents (51.6%) interpreted the plus sign as a mathematical operation, with an “operational meaning” that addition is a mathematical procedure in arithmetic and algebra, confirming findings that learners initially interpret symbols as instructions to perform actions. Rittle-Johnson et al. (2015) demonstrate that students’ early mathematical experiences tend toward procedural knowledge, leading to symbol interpretations grounded in computation. Similarly, Fyfe et al. (2014) show that repeated exposure to calculation-focused tasks with concrete materials reinforces this operational view, often at the expense of deeper conceptual understanding.  Students’ statements in this category emphasized numerical or symbolic addition, often in explicit instructional contexts where the plus sign directs learners to perform calculations. Within this first theme, three subcategories were identified. (a) “Basic arithmetic addition” includes statements describing the role of the plus sign in adding numbers or figures to obtain a total, such as “adding numbers together,” “summing some operation,” and “addition of figures.” (b) “Algebraic summation” highlights the application of the plus sign in algebraic contexts in summing variables or algebraic terms, characterized by statements such as “summing up variables/numbers/items,” and “summation of numbers, letters in algebra, etc.”. However, research indicates that students often transfer arithmetic interpretations of symbols into algebra without fully adapting to their expanded meanings. Students frequently interpret algebraic expressions procedurally, treating symbols such as the plus sign as signals for computation rather than as indicators of structural relationships between quantities, limiting their ability to engage with algebraic reasoning at a deeper level (Stacey & Chick, 2004; Stemele & Asvat, 2024). (c) “Instructional use in mathematics” reflected instances where the plus sign was employed as a teaching tool, guiding learners to perform addition operations, such as “to put together similar things,” indicating that learners internalize the meanings emphasized during instruction. Teaching practices play a critical role in mediating how mathematical symbols are understood, particularly when instruction prioritizes procedures over meaning (Ball, Thames & Phelps, 2008; McNeil et al, 2012). Collectively, these subcategories illustrate a largely procedural perspective, closely aligned with formal mathematical conventions.
A second thematic area, combining objects, values, or data (19.5% of respondents), represents a broader conceptual understanding of the plus sign beyond strict arithmetic. In this interpretation, the symbol is used to merge items, objects, data, or values into a single entity, reflecting practical applications outside formal mathematics (Fragkiadaki, 2020). Veith, Beste, Kindervale et al. (2023) further emphasize that meaningful understanding of symbols develops when learners can connect formal representations with real-world applications. In this sense, students’ references to combining data or information suggest an emerging ability to transfer mathematical meaning beyond the classroom, a key indicator of conceptual understanding. Two subthemes emerged within this category. Conceptual combination encompasses statements describing the merging of elements regardless of their numerical value, such as “used to put together elements in mathematics,” and “requires one to put together figures.” The second subtheme, practical applications of combination, emphasizes real-world or applied contexts in which combining data or information using the plus sign was meaningful, with statements such as “used to sum up given data,” “used to add a certain data or information together.” This theme highlights students’ ability to extend the operational meaning of addition to broader contexts, including everyday problem-solving scenarios.
The third thematic area, summation and total calculation (28.5% of respondents), occupies an intermediate position between the highly formal operational use and the broader conceptual combination. Here, the plus sign was understood specifically as a tool for summing multiple quantities, whether numbers, variables, or items, to obtain a collective total. For instance, Pitta-Pantazi, Chimoni, and Christou (2025) show that students who develop awareness of mathematical structure are better able to interpret mathematical expressions meaningfully. In the present findings, students who described the plus sign in terms of “summing values” or “finding totals” demonstrate an emerging recognition of mathematical structure, even if their reasoning remains partially procedural. Within this theme, general summation included broad statements about adding elements without specifying particular contexts, “used to sum up different values”, while specific contexts for summation focused on scenarios where summation was applied, such as “solving math problems.” This theme reflects a more targeted understanding of addition, where the focus is on aggregation but still recognizes the plus sign as an operational tool.
Finally, a distinct theme independent of the first three, indicating a positive number (38.2% of respondents), emerged, with the plus sign signifying a value greater than zero. Sample statements such as “used to show that the quantity is greater than zero” and “it also means assigning a positive value to a number such that x > 0” exemplify this interpretation. In this case, the symbol does not convey relational or summative meaning, but rather indicates a numerical sign, illustrating another layer of understanding tied to numerical representation. Schlimm (2026) posits that mathematical symbols often carry multiple meanings depending on context, and that developing expertise involves coordinating these meanings appropriately. The recognition of the plus sign as denoting positivity suggests that some students are engaging with formal properties of number systems, particularly in relation to signed numbers. However, research also indicates that learners often struggle to distinguish between these different roles of symbols, leading to potential confusion in more advanced contexts (Stemele & Asvat, 2024).
Together, these thematic areas and subthemes reveal a multi-layered understanding of the plus sign among students, ranging from procedural and formal arithmetic and algebraic operations to conceptual combinations and practical applications. They demonstrate how learners navigate the multiple meanings of the symbol, integrating operational, relational, and contextual perspectives in both mathematical and everyday problem-solving situations.
 3.4 The “Prime Number.”
The findings indicate a strong surface-level understanding of prime numbers, with 69.1% of respondents' definitions aligning with the formal criterion of exactly two factors (e.g., “numbers divisible by one and themselves” and “numbers with only two factors”). However, contradictory responses, especially classifying 1 as prime (20.7%), including 4.3% of those with correct definitions, reveal fragmented conceptual understanding. There was evident misuse of terminology (e.g., “multiples” for “factors” in: “Number whose multiples are one and itself”, “numbers that are either divisible by 1 or themselves”, and “an integer that can only be multiplied by one to get itself”), reflecting difficulties with the mathematical register (Herbel-Eisenmann et al., 2013) and breakdowns in commognition (Sfard, 2008), where learners mimic form without meaning. Classroom studies (Prediger, Clarkson, & Bose, 2016; Schleppegrell, 2004) similarly link imprecise language to conceptual misunderstanding.
The coexistence of correct definitions and incorrect classifications reflects the distinction between instrumental and relational understanding (Herheim, 2023; Pugoyet al., 2020), where memorized definitions are not integrated into coherent schemas. This observation is supported by research on teacher knowledge (Ball, Thames & Phelps, 2008) and studies of pre-service teachers (Hoover et al., 2016), which show persistent inconsistencies, especially with edge cases like 1. The misclassification of 1 also stems from prototype-based reasoning and overgeneralization, as learners rely on familiar examples and informal rules where intuitive reasoning often competes with formal definitions of concepts (Zazkis & Liljedahl, 2019).
Unconventional expressions such as “a number that has two divisibilities, that is, one and itself” and “numbers with only two divisibles” further indicate rote learning and rule reconstruction, consistent with findings that procedural emphasis produces fragile knowledge (Herheim, 2023; OECD, 2019; Mullis et al., 2020). Finally, the results align with the concept image versus concept definition distinction (Utsch, 2022), where learners’ example-driven concept images, sometimes including 1, can override formal definitions.
Overall, the misconceptions reflect a systemic interaction of linguistic imprecision, procedural knowledge, and intuitive generalization. They also indicate weak conceptual integration underlying learners’ understanding.
4 CONCLUSIONS
The analysis of students’ responses across the selected mathematical concepts reveals important patterns in both conceptual understanding and misconceptions. Regarding the definition of a parallelogram, only a very small proportion of responses (1.6%) were classified as economical, meaning concise and accurate, indicating that most students struggled to articulate the necessary and sufficient conditions for a correct definition. A substantial 71.1% of responses were incorrect, reflecting widespread misconceptions about the properties of parallelograms and the hierarchical geometric relationships.
Students’ interpretations of the equal sign were notably diverse. While 55.5% of participants demonstrated a relational understanding, perceiving equality as a balance or equivalence between expressions, 33.3% retained purely procedural or operational conceptions, viewing the symbol mainly as an instruction to perform a calculation. Additionally, 22.3% of responses reflected a hybrid perspective, combining aspects of both relational and procedural interpretations, suggesting that these learners were in a transitional phase of conceptual development.
The plus sign was primarily associated with mathematical operations, with 51.6% of responses emphasizing its use in arithmetic or algebraic calculations. Summation as a broader concept accounted for 28.5% of responses, while 19.5% highlighted the combination of objects, values, or data, reflecting a more conceptual understanding beyond formal computation. The role of the plus sign in indicating positive numbers was less prominent (38.2%) and often considered independently of arithmetic or summative contexts.
Finally, the majority of participants (69.1%) accurately defined prime numbers, demonstrating a strong foundational understanding of this concept and its mathematical properties. However, a notable proportion of misconceptions persisted, highlighting gaps in conceptual clarity and precise use of mathematical terminology.
5. LIMITATIONS
This study may be limited in its generalizability, as findings drawn from a single institution or a relatively homogeneous cohort of Bachelor of Education students may not represent other contexts or teacher education programs. In addition, reliance on self-reported definitions may not fully capture the depth of students’ conceptual understanding or how they actually enact this knowledge in classroom practice. The focus on a small set of mathematical terms and symbols, “prime number,” “parallelogram,” “+”, and “=”, may further constrain the scope of inference, as it does not reflect the full breadth of mathematical knowledge required for teaching.
 6. RECOMMENDATIONS
Based on the findings, several instructional recommendations are proposed to strengthen students’ conceptual understanding and reduce misconceptions. First, it is essential to emphasize conceptual hierarchies in geometry by explicitly teaching the relationships among shapes. Using visual aids and diagrams can help students generalize properties and recognize connections between figures, thereby improving spatial reasoning and understanding of geometric relationships.
Second, teachers should reinforce formal definitions across mathematical topics. Emphasizing concise, accurate definitions through examples, non-examples, targeted instruction, and collaborative critique activities can enhance students’ ability to articulate concepts clearly, address prevalent misconceptions, and improve mathematical communication skills.
Third, instruction should stress relational interpretations of the equal sign by incorporating nonstandard equations, such as 7 = 2 + 5. Such examples highlight the equivalence relationship between expressions, helping students move beyond procedural views and fostering a deeper understanding of equality as balance or equivalence rather than solely a computation directive.
Finally, teaching should enhance awareness of the plus sign’s versatility. Beyond basic arithmetic, learners should be exposed to its use in diverse mathematical contexts, including set theory, vector mathematics, and data combination tasks. Emphasizing these broader applications encourages flexible thinking and a more comprehensive understanding of mathematical symbols, promoting conceptual transfer across topics.
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