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A BAYESIAN FRAMEWORK FOR ESTIMATING THE SHAPE PARAMETER OF AN EXPONENTIAL POISSON-LINDLEY DISTRIBUTION


Abstract
A Bayesian analysis of the shape parameter of an Exponential Poisson Lindley Distribution (ExPLinD) is presented in this study. This study examined the Bayesian estimation of the shape parameters of an ExPLinD using both informative and non-informative priors. Uniform and Jeffrey Priors were used as informative priors while gamma prior was adopted as non-informative prior. These priors were combined with different error loss functions (Squared Error Loss Function (SELF), Precautionary Loss Function (PLF) and Quadratic Loss Function (QLF)) to allow for possibility of different combinations and scenarios of prior and loss function that produced the best estimate of the shape parameter of an ExPLinD. Simulation study was conducted using Mean Squared Errors (MSE) as a metric, the Quadratic loss function produced the best estimator of the shape parameter of an ExPLinD compared to estimates from the Maximum Likelihood Estimation (MLE), SELF and PLF having the lowest estimated value of this metric except for when α is increased from 0.7 to 3.7 and “a” is increased from 1.0 to 3.5, where the PLF under Gamma prior presented less MSE than the QLF .The result also revealed that the values of the other parameters have no effect on the estimators of the shape parameter as changing the values of these other parameters alone does not affect the MSE. This makes the QLF the best loss function to be used in obtaining a Bayesian estimate of an ExPLinD, as it will have minimal influence on inference to be made. 
Keywords: Bayesian estimation, informative prior, non-informative prior, error loss function, shape parameter, simulation studies.
Introduction
One of the traditional methods commonly used for the estimation of a parameter of a statistical distribution is Maximum Likelihood Estimation (MLE).  This classical method, however, suffers setback as it cannot account for uncertainty in terms of prior knowledge about the parameters of any given distribution. Hence, there is need for a non- classical estimation approach for any given statistical distribution. The Bayesian method uses additional information as prior probability in the estimation of the unknown parameter value. Accommodating these prior probabilities make the use of the Bayesian method more efficient than the popular MLE (Ahmad et. al. 2015; Kumari et. al. 2021; Djemoui et. al. 2024). Hence, this study aimed at carrying out a Bayesian estimation of the shape parameter of an Exponential Poisson Lindley Distribution (ExPLinD), (Aisha et. al. 2025), which extended an initially proposed continuous Poisson Lindley distribution ((PLinD), (Onwuka et. al. 2021). An ExPLinD was obtained by an addition of a shape parameter to the Poisson Lindley distribution (PLinD). This additional parameter increased the modelling flexibility and applicability. The PLinD is useful in characterizing data from biological and medical sciences. The extended version, the ExPLinD is useful in reliability analysis in modelling the lifetime of a system or process with a varying hazard rate form. This ExPLinD is handy in complex scenarios especially when there are issues of over dispersion in the observed count data.  The statistical properties as well as maximum likelihood estimates were obtained and well presented in literature (Aisha et. al. 2025). Djemoui et. al. (2024) investigated the Odd Lindley Exponentiated Exponential distribution, estimation of the unknown parameters and its reliability characteristics. Benchiha et. al. (2025) proposed a power modified Lindley distribution to operate a simple trade-off among the generalized exponential, Weibull and gamma distributions and presented an alternative to these three well-established distributions. Several other authors carried out different researches on extending the Lindley distribution and these are available in literature. This current study considers the Bayesian estimation of the additional shape parameter of an ExPLinD. Bayesian estimation involves application of the Bayes theorem to obtain a posterior distribution. In order to obtain the posterior distribution, a prior distribution, also known as a prior is necessary. There are different types of prior available in literature, some are informative such as gamma prior and others are non-informative such as the Jeffery’s prior (1967) and extended Jeffery’s prior by Al-kutubi and Ibrahim (2009). These priors are utilised in combination with error loss functions to carry out Bayesian estimation of a parameter of interest. Several researchers used one or more of priors and loss functions to carry out Bayesian estimation. Some of these are; Pandey and Rao (2009) used quasi, inverted gamma and uniform priors with linex, plf, self and entropy loss functions. Fernando et. al. (2013) used Jeffery’s, Maximal Data Information prior (MDIP), Reference (Berger and Bernando, 1992), Tibishirani’s prior (Tibishirani, 1989) and copula priors (Trivedi and Zimmer, 2005) with Uniform. Jeffery’s, exponential and inverse linex in combination with self, plf and Degroot by Sultana et. al. (2017). Srivastava utilised the uniform prior. Eraikhuemen et. al. (2020) used Jeffery’s, uniform and gamma with self, qlf and plf. Muhammad (2021) used the Jeffery’s prior and uniform prior in combination with self, qlf, weighted self and plf. Ahmad and Tripathi (2022) made use of extended Jeffery, and Erlang priors with self, entropy, plf, and linex loss function. Wheed et. al. (2022) utilised self, linex and general entropy loss functions with gamma prior in order to study the robustness of Bayesian estimation with regards to distribution model, prior distribution and loss function. Kumari et. al. (2022) used extensions of Jeffery’s prior and gamma prior with plf and entropy loss function. Eraikhuemen et. al. (2023) used Jeffery’s, uniform and gamma priors with self, plf and qlf. Djemoui et. al. (2024) used the gamma prior with qlf and linex. Saridha and Radha (2024) applied exponential, gamma, log- normal and Weibull as identical priors under asymmetric loss functions linex and entropy integrated with Lindley approximation method. This study used uniform, Jeffery’s and gamma priors in combination with Precautionary, squared error and quadratic loss functions in order to estimate an additional shape parameter of ExPLinD. The choice of priors and loss functions is usually at the discretion of the researcher, but Eraikhuemen et. al. (2020) suggests using informative priors if adequate information about the parameter of interest is available. Otherwise, it is recommended to make use of non-informative priors. The loss functions were chosen as a result of their wide applicability. The rest of the paper proceeds as follows. Section 2.1 presents the posterior distribution of ExPLinD under the assumptions of the different priors. The error loss functions associated with each of the priors is presented in section 2.2. Section 3 gives the simulation studies of the ExPLinD as well as results and discussions. Summary and Conclusion are presented in section 4.
2.10   Posterior Distributions of ExPLinD
Assume that the values   were obtained independently; the likelihood function is given by:

.					(1)          
To obtain posterior distribution, Bayes rule is applied as follows

									(2)
Where g(x) is the marginal distribution of X and 

          g(x) =




where when  is discrete and  when is continuous 


where  and  are the prior distribution and the Likelihood function respectively.
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The uniform prior as a non-informative prior relating to the shape parameter  is defined as:



Recall from equation 2, since is continuous, Posterior distribution is defined as:

								       (3)
And the likelihood function of the ExPLinD (Aisha et.al. 2025), as

       (4)
and for the shape parameter in particular as

   (5)
Now, let

									      (6)


Substituting for  and; gives (7):

				       (7)

Also, using integration by substitution method in equation (7), making appropriate substitutions and solving to obtain the following: 




Substituting for and  in equation (7) and simplifying; we have:



				(8)


Also recall that and that 
Hence;

						(9)



Substituting for,  and  in equation (3) and simplifying; we obtain the posterior distribution under uniform prior as follows:




				    (10)
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In the same vein, the Jeffrey’s prior as a non-informative prior relating to the shape parameter  of the ExPLinD is defined as:

									   (11)
Recall equation (3)

		


Now recall equation (6)




Substituting for and; we have:

							   (12)
Also, using integration by substitution method in equation (12); we obtain the following:

Let 




Substituting for and  in equation (12) and simplifying; we have:



				     (13)


Also recall that and that 
Hence;

						    (14)



Substituting for,  and  in equation (3) and simplifying; we obtain the posterior distribution under Jeffrey’s prior as follows:




The posterior distribution of the shape parameter for a given data using Jeffrey’s prior is defined as:

	                 (15)
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Also, for the gamma prior as a conjugate prior relating to the shape parameter  of the ExPLinD:

								     (16)
Recall equation (3)

		
Now, let

									 (17)


Substituting for and; we have:



 						  (18)
Also, using integration by substitution method in equation (18); we obtain the following:

Let 






Substituting for and  in equation (18) and simplifying; we have:





   		     (19)


Also recall that and that 


Hence;

					(20)



Substituting for,  and  in equation (3) and simplifying; we obtain the posterior distribution under gamma prior as follows:





The posterior distribution of the shape parameter  for a given data under gamma prior is defined as:


	     (21)
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Here, the estimate of the shape parameter of the ExPLinD under three loss functions using the posterior distribution obtained from the uniform prior. 
2.2.1.1   Under Squared Error Loss Function (SELF)

The squared error loss function proposed by Legendre (1805) and Gauss (1810) relating to the shape parameter  is defined in Azam and Ahmad (2014) as

								     (22)


 where  is the estimator of the parameter  under SELF.
The derivation of Bayes estimator using SELF under uniform prior is obtained as:



									     (23)
Now recall equation (10)



Substituting for  in equation (14) and simplifying to obtain

				    (24)
2.2.1.2   Under Quadratic Loss Function (QLF)
The quadratic loss function is defined in Azam and Ahmad (2014) as

								   (25)


 where  is the estimator of the parameter  under QLF.
In the same vein, the derivation of Bayes estimator using QLF under uniform prior is obtained as:



								  (26)

						  (27)
2.2.1.3   Using Precautionary Loss Function (PLF)
The precautionary loss function (PLF) introduced by Norstrom (1996) is an asymmetric loss function and is defined from Azam and Ahmad (2014) as:
	
							 		(28)


 where  is the estimator of the shape parameter  under PLF.
Similarly, the derivation of Bayes estimator using PLF under uniform prior in Azam and Ahmad (2014) is obtained:

	

									(29)
Also as above,

	(30)
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This section presents the estimation of the shape parameter of the ExPLinD under three loss functions using the posterior distribution obtained from Jeffrey’s prior. 
2.2.2.1   Using Squared Error Loss Function (SELF) 
The derivation of Bayes estimator using SELF under Jeffrey’s prior is obtained as:



									   (31)
Now recall that for Jeffrey’s prior,



Substituting for  in equation (31) and solving yields:

				 (32)

2.2.2.2   Under Quadratic Loss Function (QLF)
The derivation of Bayes estimator using QLF under Jeffrey’s prior is obtained as:



								 (33)
In the same vein,

 						  (34)	
2.2.2.3   Using Precautionary Loss Function (PLF)
Similarly, the derivation of Bayes estimator using PLF under Jeffrey’s prior following Azam and Ahmad (2014) is obtained:



									   (35)

				   (36)	
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This section presents the estimation of the shape parameter of the ExPLinD under three loss functions using the posterior distribution obtained from Gamma prior. 
2.2.3.1   Using Squared Error Loss Function (SELF)
The derivation of Bayes estimator using SELF under Gamma prior is obtained as:



									    (37)
Now recall that for gamma prior,



Substituting for  in equation (37) and solving gives (38):


		     (38)
2.2.3.2 Under Quadratic Loss Function (QLF)
In the same vein, the derivation of Bayes estimator using QLF under gamma prior is obtained as:



								(39)


					  (40)	
2.2.3.3   Using Precautionary Loss Function (PLF)
Also, the derivation of Bayes estimator using PLF under gamma prior following Azam and Ahmad (2014) is obtained as:



									     (41)

		     (42)
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 This section compares the estimators using simulated data from the ExPLinD to obtain numerical estimates of parameters which enables the loss attached to the value of the estimated parameter against its true value to be measured. In this section, the MSE was used to assess the performance of each estimator or prior under three loss functions (SELF, QLF and PLF). A simulation study was employed to assess performances of estimators, priors and Loss functions. Different values of the model parameters were used with different sample sizes to carry out the assessment. In R software, Rootsolve in Adequacy Model package was also used to generate 500 MC replicates of random samples of size n = (7, 27, 77, 137, 217) from the proposed ExPLinD using different parameter values. Tables 1-6 present the results of our simulation study by listing the estimates of the shape parameter under the appropriate estimation methods such as the MLE, Bayesian with SELF, QLF and PLF under the assumption of uniform, Jeffrey and gamma priors.


Table 1: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for θ=0.7, λ=0.7, α=0.7, a=1.0 and b = 1.0 Under Three Different Priors and Loss Functions with Varying Sample Size
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	 0.8134
	0.9297
	0.6972
	0.9860
	0.8134
	0.5810
	0.8696
	0.8189
	0.6142
	0.8686

	
	MSE
	  0.1412
	 0.2204
	 0.0943
	 0.2704
	 0.1412
	 0.0796
	 0.1755
	 0.1075
	 0.0599
	 0.1334

	27
	Estimate
	  0.7276
	0.7545
	0.7006
	0.7679
	0.7276
	0.6737
	0.7409
	0.7340
	0.6816
	0.7470

	
	MSE
	  0.0219
	 0.0257
	 0.0196
	 0.0281
	 0.0219
	 0.0188
	 0.0236
	 0.0214
	 0.0178
	 0.0232

	77
	Estimate
	  0.7093
	0.7185
	0.7001
	0.7231
	0.7093
	0.6908
	0.7139
	0.7118
	0.6936
	0.7164

	
	MSE
	  0.0068
	 0.0072
	 0.0065
	 0.0075
	 0.0068
	 0.0064
	 0.0070
	 0.0067
	 0.0063
	 0.0069

	137
	Estimate
	  0.7043
	0.7095
	0.6992
	0.7120
	0.7043
	0.6941
	0.7069
	0.7058
	0.6956
	0.7084

	
	MSE
	  0.0036
	 0.0037
	 0.0035
	 0.0038
	 0.0036
	 0.0035
	 0.0037
	 0.0036
	 0.0035
	 0.0037

	217
	Estimate
	  0.7033
	0.7066
	0.7001
	0.7082
	0.7033
	0.6968
	0.7049
	0.7043
	0.6978
	0.7059

	
	MSE
	 0.0023
	 0.0023
	 0.0023
	 0.0024
	 0.0023
	 0.0022
	 0.0023
	 0.0023
	 0.0022
	 0.0023



Table 1 reveals that the estimator using QLF is better than the other estimators under all the priors with smaller values of MSE irrespective of the variation in the samples. Hence, using this metric, the Bayesian estimation (using QLF under Uniform, Jeffrey and gamma priors) for the shape parameter is better than the other priors and the method of MLE for the chosen parameter values irrespective of small, medium or large sample sizes. 



Table 2: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the estimated shape parameter () for  and under three different priors and loss functions with varying sample sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	 0.8134
	 0.9297
	 0.6972
	 0.9860
	 0.8134
	 0.5810
	 0.8696
	 0.8189
	 0.6142
	 0.8686

	
	MSE
	  0.1412
	 0.2204
	 0.0943
	 0.2704
	 0.1412
	 0.0796
	 0.1755
	 0.1075
	 0.0599
	 0.1334

	27
	Estimate
	  0.7276
	 0.7545
	 0.7006
	 0.7679
	 0.7276
	 0.6737
	 0.7409
	 0.7340
	 0.6816
	 0.7470

	
	MSE
	 0.0219
	 0.0257
	 0.0196
	 0.0281
	 0.0219
	 0.0188
	 0.0236
	 0.0214
	 0.0178
	 0.0232

	77
	Estimate
	 0.7093
	 0.7185
	 0.7001
	 0.7231
	 0.7093
	 0.6908
	 0.7139
	 0.7118
	 0.6936
	 0.7164

	
	MSE
	 0.0068
	 0.0072
	 0.0065
	 0.0075
	 0.0068
	 0.0064
	 0.0070
	 0.0067
	 0.0063
	 0.0069

	137
	Estimate
	 0.7043
	 0.7095
	 0.6992
	 0.7120
	 0.7043
	 0.6941
	 0.7069
	 0.7058 
	0.6956 
	0.7084

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037
	 0.0036
	 0.0035
	 0.0037

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.7043 
	0.6978 
	0.7059

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0023 
	0.0022 
	0.0023





The results in Table 2 are also similar to those in Table 1 with the lower values of MSE for the estimators using QLF even though the value of  is changed from 0.7 to 3.7. This proves that changing the value of in the model does not affect the estimator of the shape parameter, α



Table 3: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under Three Different Priors and Loss Functions with Varying Sample Sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	0.8189 
	0.6142 
	0.8686

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.1075 
	0.0599 
	0.1334

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.7340 
	0.6816 
	0.7470

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0214 
	0.0178 
	0.0232

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.7118 
	0.6936 
	0.7164

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0067 
	0.0063 
	0.0069

	137
	Estimate
	 0.7043
	0.7095
	0.6992
	0.7120
	0.7043
	0.6941
	0.7069
	0.7058
	0.6956
	0.7084

	
	MSE
	0.0036
	0.0037
	0.0035
	0.0038
	0.0036
	0.0035
	0.0037
	0.0036
	0.0035
	0.0037

	217
	Estimate
	0.7030 
	0.7062 
	0.6997 
	0.7078 
	0.7030 
	0.6965 
	0.7046 
	0.7039 
	0.6975 
	0.7055

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0023 
	0.0022 
	0.0023





Table 3 presents the estimates of the shape parameter after increasing the value of  from 0.7 to 3.7. The bias and MSE in Table 3 show that the QLF gives the most efficient estimators for the shape parameter despite the increment in the value of  from 0.7 to 3.7. Also changing the value of λ does not affect the performance of the estimator   



Table 4: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and under three different priors and loss functions with varying sample sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	 4.2996
	 4.9139
	 3.6854
	 5.2119
	 4.2996
	 3.0712
	 4.5965
	 2.9290
	 2.1968
	 3.1067

	
	MSE
	 3.9458
	 6.1576
	 2.6350
	 7.5556
	 3.9458
	 2.2252
	 4.9023
	 1.0983
	 2.5431
	 0.9189

	27
	Estimate
	 3.8458
	 3.9882
	 3.7034
	 4.0588
	 3.8458
	 3.5609
	 3.9164
	 3.4761
	 3.2278
	 3.5376

	
	MSE
	 0.6112
	 0.7175
	 0.5471
	 0.7859
	 0.6112
	 0.5251
	 0.6586
	 0.4097
	 0.5330
	 0.3988

	77
	Estimate
	 3.7490
	 3.7977
	 3.7003
	 3.8220
	 3.7490
	 3.6516
	 3.7733
	 3.6192
	 3.5264
	 3.6424

	
	MSE
	 0.1888
	 0.2009
	 0.1816
	 0.2086
	 0.1888
	 0.1792
	 0.1942
	 0.1640
	 0.1796
	 0.1628

	137
	Estimate
	 3.7229
	 3.7501
	 3.6958
	 3.7637
	 3.7229
	 3.6686
	 3.7365
	 3.6502
	 3.5973
	 3.6634

	
	MSE
	 0.1005
	 0.1040
	 0.0985
	 0.1062
	 0.1005
	 0.0981
	 0.1020
	 0.0935
	 0.0989
	 0.0930

	217
	Estimate
	 3.7175
	 3.7347
	 3.7004
	 3.7432
	 3.7175
	 3.6833
	 3.7261
	 3.6715
	 3.6378
	 3.6799

	
	MSE
	 0.0640
	 0.0655
	 0.0631
	 0.0664
	 0.0640
	 0.0628
	 0.0647
	 0.0608
	 0.0628
	 0.0607




Table 4 shows lower values of MSE for the estimators using QLF under all the priors after increasing the value of  from 0.7 to 3.7, except for the PLF under the Gamma prior, which shows lowest values of MSEs when the value of α changes from 0.7 to 3.7. This result indicates that changing the value of α in the distribution does not affect the general performance of the estimator of the shape parameter 




Table 5: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under three different priors and loss functions with varying sample sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	0.6385 
	0.4789 
	0.6772

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.0360 
	0.0670 
	0.0368

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.6874 
	0.6383 
	0.6995

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0156 
	0.0171 
	0.0160

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.6958 
	0.6779 
	0.7002

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0060 
	0.0062 
	0.0061

	137
	Estimate
	0.7043 
	0.7095 
	0.6992 
	0.7120 
	0.7043 
	0.6941 
	0.7069 
	0.6969 
	0.6868 
	0.6994

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037 
	0.0034 
	0.0035 
	0.0034

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.6986 
	0.6922 
	0.7002

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0022 
	0.0022 
	0.0022


From table 5, it is noted that changing the value of a from 1.0 to 3.5 makes PLF under Gamma prior better than the QLF which presents the lowest MSEs under the Jeffery’s and Uniform priors and the MLE. 



Table 6: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under Three Different Priors and Loss Functions with Varying Sample Sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	1.0748 
	0.8701 
	1.1248

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.3013 
	0.1343 
	0.3566

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.7995 
	0.7471 
	0.8125

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0339 
	0.0232 
	0.0375

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.7347 
	0.7164 
	0.7392

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0082 
	0.0069 
	0.0086

	137
	Estimate
	0.7043 
	0.7095 
	0.6992 
	0.7120 
	0.7043 
	0.6941 
	0.7069 
	0.7186 
	0.7084 
	0.7212

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037 
	0.0040 
	0.0037 
	0.0042

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.7123 
	0.7059 
	0.7140

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0025 
	0.0023 
	0.0025



From Tables 6, when “b” is increased from 1.0 to 3.5, the QLF gives the most efficient estimators for the shape parameter and the Bayesian estimators using QLF under uniform, Jeffrey and gamma priors are better compared to estimators using MLE, SELF and PLF under Jeffrey prior, uniform prior and gamma priors irrespective of the changes in the parametric values as well as the allocated sample sizes of n=7, 27, 77, 137 and 217.
4 Summary and Conclusion
This study derived Bayesian estimators of the shape parameter of the ExPLinD. The Posterior distributions of this parameter were derived by using Uniform, Jeffrey and gamma priors. Bayes estimators and their associated mean squared errors were also derived using three loss functions, the quadratic Loss Function (QLF), Squared Error Loss Function (SELF) and Precautionary Loss Function (PLF) under the three prior distributions mentioned earlier. Across all tables presented, MSEs under MLE, all priors and loss functions considered reduces and tends to zero asymptotically, which is expected of the MSEs of the shape Parameter of the ExPLinD. The results from simulation studies showed that Bayesian Method using QLF under all priors produced the best estimators of the shape parameter compared to estimators using Maximum Likelihood method, SELF and PLF under all the considered priors irrespective of the values of the parameters and the different sample sizes except for when α is increased from 0.7 to 3.7 and “a” is increased from 1.0 to 3.5 as shown in table 4 and 5 respectively, where the PLF under Gamma prior presented less MSE than the QLF. It was also noticed that changing the values of the parameter of ExPLinD; θ, λ and α did not affect the performance of the estimator of the shape parameter   hence, the parameters have no effects on the direction of the results of the MSEs. In conclusion, the QLF will have a minimal influence on the inference to be made and, is therefore considered the best loss function to use with any of the priors to obtain the Bayesian estimates of the ExPLinD. 
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