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PART 1(Importance of the manuscript)

	
	Comments of the Reviewers
	Author’s Feedback

	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.
	The manuscript explores an interesting intersection of hyper-dual numbers, Pell and Pell-Lucas sequences, and Lorentzian geometry. This combination is relatively new and contributes to the growing literature on hyper-dual structures, which have applications in automatic differentiation, kinematics, and geometric modeling. By defining hyper-dual Pell Lorentzian vectors and deriving their scalar products and angle identities, the paper provides a structured framework that may be useful for future studies in semi-Euclidean geometry and mathematical physics. The work is mathematically detailed and offers a foundation for further generalizations involving Fibonacci-type sequences and hyper-dual vector spaces.
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PART 2.1 (Objective Evaluation)



	
	Rating of the Reviewers
	Author’s Feedback

	1. Is the title clear and appropriate for the study?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	5
	

	2. Is the abstract of the article comprehensive?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	3. Are the keywords appropriate and useful?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	5
	

	4. Is the background information of the paper sufficient and well organized?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	5. Are the research objectives/hypotheses clearly stated?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	6. Is the literature review relevant and up to date?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	7. Is the research methodology appropriate for the study?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	8. Were ethical issues properly addressed (if applicable)?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	N/A
	

	9. Are the results presented clearly?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	10. Are tables and figures clear, relevant, and necessary?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	3
	

	11. Does the discussion relate findings to existing literature?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	4
	

	12. Are the conclusions supported by the data?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	5
	



	13. Are the limitations of the study discussed?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor N/A = Not Applicable
	3
	

	14. Are the references relevant and sufficient (in number)?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor
N/A = Not Applicable
	4
	

	15. Is the manuscript written in clear and understandable language?
Rating Scale:
5 = Excellent 4 = Good 3 = Satisfactory 2 = Needs Improvement 1 = Poor
N/A = Not Applicable
	4
	






PART 2.2 (Subjective Evaluation)

	
	Reviewer’s comment
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)

	Is the title of the article suitable?
If your answer is NO, please provide a brief, clear suggestion for improvement.
	Yes. The title accurately reflects the content and scope of the manuscript. It clearly signals the focus on hyper-dual structures and Lorentzian vectors.
	

	Is the abstract of the article comprehensive?
If your answer is NO, please provide a brief, clear suggestion for improvement.
	The abstract is generally clear and outlines the main contributions. It may benefit from one additional sentence summarizing the significance or potential applications of the results.
	

	Is the manuscript scientifically correct?
If your answer is NO, please provide a brief, clear suggestion for improvement.
	Yes. The definitions, recurrence relations, and scalar product derivations appear mathematically sound. The proofs are detailed and consistent with known identities for Pell and Pell-Lucas sequences. The extension to Lorentzian geometry is handled carefully.
	

	Are the references sufficient and recent?
(YES or NO)
If your answer is NO, please provide clear suggestion for improvement.
	Yes. The references include both classical sources and recent works (2020–2024). They are appropriate for the topic.
	





Editorial Comments (This section is reserved for the comments from journal editorial office and editors):

	
	Author’s Feedback

	The manuscript is mathematically correct and well-structured. It is suitable for publication after minor revisions to improve clarity and organization, particularly in the introduction and in the examples.
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	Reviewer’s comment
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Are there ethical issues in this manuscript? 

	(If yes, Kindly please write down the ethical issues here in details)
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