


Adaptive Finite Element Solution of a Reaction-Diffusion Equation with Localized Source Term



Abstract
This study presents an adaptive finite element method (FEM) for solving a one-dimensional reaction-diffusion equation with a localized Gaussian source term. The problem exhibits sharp gradients near the centre due to the nature of the forcing function, making uniform meshing inefficient. To address this challenge, we implement an error estimation strategy based on residual calculations and perform local mesh refinement where necessary. The algorithm iteratively solves the governing equation, estimates discretization errors, and refines the mesh until the solution converges within a specified tolerance. The results demonstrate that adaptive meshing significantly improves accuracy while reducing computational cost compared to uniform meshing. This work provides a foundation for solving more complex singularly perturbed or localized-source problems using adaptive strategies.
Keywords: Adaptive Finite Element Method (FEM), Reaction-Diffusion Equation, Mesh Refinement, h-adaptivity, Error Estimation in FEM	Comment by Moorche: Revise keywords, use AFEM instead of FEM

1. Introduction
Reaction-diffusion equations constitute a fundamental class of partial differential equations (PDEs) used to model a wide range of physical and biological phenomena. These equations describe processes where a quantity, such as chemical concentration, thermal energy, or population density, undergoes diffusion through a medium while simultaneously experiencing local reaction or transformation [1, 5]. They are essential in fields ranging from battery modeling and morphochemical systems to biological metabolite transport [7, 23]. The steady-state reaction-diffusion equation in one dimension serves as a prototype for understanding these complex systems, where the balance between diffusion and reaction determines the solution profile [17, 30].
In many practical applications, the source or forcing term in the reaction-diffusion equation is not distributed uniformly but is highly localized. This often approximates a Dirac delta distribution centered at a specific point within the domain [4, 31]. Such localized forcing arises in models of point-source pollutant release, neural activation, concentrated heat sources, and defect modeling in mechanics [12, 26]. The presence of a sharply peaked source term induces solution features characterized by steep gradients or internal layers in the neighborhood of the source location [13, 15]. Resolving these features accurately using standard numerical methods poses significant challenges for computational scientists [20, 33].
The finite element method (FEM) is a versatile tool for solving elliptic and parabolic PDEs, but it suffers from reduced efficiency when applied with quasi-uniform meshes to problems exhibiting localized singular behavior [2, 18]. Using a uniform mesh to capture narrow solution features leads to an excessive number of degrees of freedom, escalating computational cost without proportional gains in global accuracy [21, 27]. This inefficiency is particularly pronounced when the source term is regularized as a narrow Gaussian profile to avoid numerical instability associated with strict Dirac delta functions [29]. To achieve accurate results, the mesh must be sufficiently fine near the source, while coarser elements suffice in regions where the solution is smooth [4, 31].	Comment by Moorche: Capitalized first letter of each
Adaptive mesh refinement strategies offer a principled resolution to this dilemma. By dynamically concentrating computational resources in regions where the solution exhibits complex behaviour, adaptive FEM achieves optimal convergence rates with minimal computational overhead [8, 24]. The theoretical foundation of adaptive FEM rests upon reliable and efficient a posteriori error estimation techniques, which provide computable bounds on the discretization error without requiring knowledge of the exact solution [34, 32]. Among the most widely adopted approaches are residual-based error estimators, which exploit the local imbalance of the discrete solution with respect to the governing differential operator [2, 3]. These estimators guide the refinement process, ensuring that elements are subdivided only where the error indicator exceeds a specified threshold [24, 32].
Recent literature has witnessed substantial advances in adaptive methods for singularly perturbed and localized-source problems. Ainsworth and Babuška established robust a posteriori error bounds for reaction-diffusion equations in the singularly perturbed regime, demonstrating that residual-based estimators remain reliable independent of the perturbation parameter [1, 3]. Lang and others pioneered early adaptive FEM applications specifically for reaction-diffusion systems, showing the viability of space-dependent refinement [18, 19]. More recent studies have extended these concepts to coupled systems, moving interfaces, and high-performance computing environments [5, 10, 15]. For problems involving Dirac delta sources, researchers have developed graded mesh strategies that restore optimal convergence rates through anisotropic refinement near the singularity [4, 31].
In the context of practical implementation, the approximation of Dirac delta functions by narrow Gaussian profiles has emerged as a stable and flexible regularization technique [29]. This approach circumvents the need for specialized basis functions or enriched finite element spaces while preserving the essential physical character of point-source forcing [22]. Building upon these foundational and contemporary contributions, the present work develops a complete adaptive FEM framework for the one-dimensional reaction-diffusion equation with a Gaussian-regularized point source. The algorithm is implemented in MATLAB and follows a standard adaptive loop: solve, estimate, mark, and refine. Our contributions are threefold: (i) we implement a residual-based a posteriori error estimator tailored to the localized source setting; (ii) we utilize an h-adaptive algorithm with explicit refinement criteria based on element-wise error indicators; and (iii) we conduct systematic numerical experiments that validate the method using energy norm error comparison against a reference solution.
The remainder of this paper is organized as follows. Section 2 presents the mathematical formulation of the model problem, including the weak formulation and the Gaussian source definition. Section 3 details the finite element discretization and the derivation of the residual-based error estimator used in the code. Section 4 describes the adaptive refinement algorithm, including the MATLAB implementation of the solve-estimate-refine loop. Section 5 reports numerical results, including convergence studies, error comparisons, and mesh distribution analysis. Section 6 concludes with a summary of findings and directions for future research, noting potential extensions to higher dimensions and time-dependent problems [6, 11, 36].

2. Mathematical Formulation
2.1. Model Problem and Assumptions
We consider the following boundary value problem on the unit interval :
 			(1)
where  is a constant reaction coefficient, and the source term  is a Gaussian approximation of a point source located at :
		(2)
The parameter  controls the width of the Gaussian peak; as in the sense of distributions [24]. For any fixed ,  and satisfies , making it a physically meaningful regularization of the Dirac delta.
Assumption 2.1 (Regularity). We assume  and  fixed but small. Under these conditions, the Lax-Milgram theorem guarantees existence and uniqueness of a weak solution  to problem (1) [25]. Moreover, elliptic regularity theory implies , with the estimate ​, where  depends on  and  but not on  [26].
2.2. Weak Formulation
Multiplying (1) by a test function  and integrating by parts yields the variational formulation: Find  such that
,				(3)
where the bilinear form  and linear functional  are defined by
.		(4)
The bilinear form  is continuous and coercive on  due to the Poincaré inequality and the positivity of , ensuring well-posedness of (3) [27].

3. Finite Element Discretization and Error Estimation
3.1. Discrete Weak Form
Let  denote a conforming partition of  into open intervals , with mesh size  and global mesh parameter ​. We define the finite element space of continuous piecewise linear functions:

The discrete problem reads: Find  such that
.				(5)
Standard finite element theory guarantees a unique solution ​ and the quasi-optimal error estimate [28]:
	(6)
However, the constant  in (6) may depend adversely onwhen  exhibits sharp layers, motivating adaptive refinement.
3.2. Residual-Based A Posteriori Error Estimator
For each element ​, we define the element residual. Since we employ continuous piecewise linear basis functions, the second derivative of the approximate solution vanishes inside each element . Thus, the residual simplifies to:
			(7)
In this implementation, we utilize a simplified error indicator based solely on the element residual to maintain computational efficiency and align with the explicit MATLAB code structure. The local error indicator ​ is constructed as the  of the residual over the element [2, 34]:
 			(8)
The global estimator is then defined as:
			(9)

Remark 3.1. While standard theory often includes jump residuals at interior nodes to guarantee strict upper bounds [34], the element residual alone serves as an effective indicator for driving refinement in this one-dimensional setting, as verified by the numerical results in Section 5. This simplification avoids the need for complex data structures to track node connectivity during refinement.
4. Adaptive Mesh Refinement Algorithm
4.1. Algorithm Description
In this work, we implement an adaptive finite element algorithm for the reaction-diffusion equation. The algorithm follows a simple iterative loop: . The steps are described below:
Step 1: Initialization We start with an initial uniform mesh on the domain [0,1] with 11 nodes (10 elements). The parameters are set as:
1.  controls the sharpness of the Gaussian source.
2.  : reaction coefficient 
3. errorTolerance : stopping threshold for the error.
4. maxRefinement=13: maximum number of refinement steps allowed
Step 2: Solve the Discrete Problem At each refinement step, we assemble the global stiffness matrix  and load vector  using piecewise linear basis functions. For each element  with length ​, the local stiffness matrix is,
 			(10)
The load vector entries are computed by numerical integration of the Gaussian source term against the basis functions:
 			(11)
where ​ are the local linear shape functions. Dirichlet boundary conditions  are enforced by modifying the first and last rows of the system. The linear system  is then solved for the nodal values .
Step 3: Error Estimation
 After obtaining the discrete solution , we compute an element-wise error indicator based on the residual. The residual on element e is define as (noting that the second derivative of linear shape functions is zero):
 		(12)
The local error indicator is then computed as the norm of the residual:
 			(13)
This integral is evaluated numerically using MATLAB's integral function. The maximum element error ​ is used to monitor convergence.
Step 4: Stopping Criterion The refinement loop terminates when either:
The maximum element error falls below the prescribed tolerance: , or
The maximum number of refinement steps (13) is reached.
Step 5: Mesh Refinement If the stopping criterion is not met, we refine the mesh by bisecting each element whose error indicator exceeds the tolerance:
if , add midpoint  ​​			(14)
The new node list is sorted and duplicates are removed to maintain a conforming mesh. This strategy ensures that refinement occurs only where needed, concentrating nodes near the source location  where the solution gradient is steep.
Step 6: Error Monitoring To assess the quality of the adaptive solution, we compute the energy norm error against a reference solution. The reference solution ​ is obtained on a very fine uniform mesh with 20,000 nodes. The energy norm error is defined as:
 		(15)
[bookmark: _GoBack]This integral is approximated using the trapezoidal rule on a dense evaluation grid of 2,000 points.
5. Numerical Experiments and Results
5.1. Experimental Setup
All computations were performed in MATLAB. The problem parameters are  and . The initial mesh consists of 11 equally spaced nodes. The error tolerance is set to  and the maximum refinement steps to 13. The reference solution is computed on a mesh with 20,000 nodes to ensure high accuracy for error comparison.
5.2. Convergence History
Table 1 shows the convergence history of the adaptive algorithm. At each refinement step, we report the number of nodes, the maximum element error, and the energy norm error.

Table 1: Adaptive refinement convergence history
	Refinement Step
	Number of Nodes
	Max Element Error
	Energy Norm Error

	1
	11
	2.84e-01
	1.92e-01

	2
	13
	1.56e-01
	1.08e-01

	3
	17
	7.23e-02
	5.14e-02

	4
	25
	3.18e-02
	2.31e-02

	5
	41
	1.42e-02
	1.05e-02

	6
	73
	6.35e-03
	4.72e-03

	7
	129
	2.81e-03
	2.13e-03

	8
	225
	1.24e-03
	9.87e-04

	9
	385
	5.42e-04
	4.31e-04

	10
	641
	2.38e-04
	1.89e-04

	11
	1025
	1.05e-04
	8.23e-05

	12
	1537
	4.67e-05
	3.61e-05

	13
	2113
	2.08e-05
	1.59e-05



The results show that both the maximum element error and the energy norm error decrease steadily with each refinement step. The algorithm stops at step 13 because the maximum refinement limit is reached, although the error is still above the tolerance. If more refinement steps were allowed, the error would continue to decrease.

5.3. Solution and Error Plots
[image: ]
Figure 1: Final adaptive FEM solution.
Figure 1 shows the final adaptive FEM solution. The solution exhibits a sharp peak near , corresponding to the location of the Gaussian source. The adaptive mesh successfully captures this feature with high resolution.
[image: ]
Figure 2 The error convergence history on a semi-log scale
Figure 2 presents the error convergence history on a semi-log scale. The maximum element error decreases approximately linearly on the log scale, indicating exponential convergence with respect to the number of refinement steps.
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Figure 3 Energy norm error convergence.
Figure 3 shows the energy norm error convergence. The error also decreases steadily, confirming that the adaptive solution approaches the reference solution as the mesh is refined.
[image: ]
Figure 4 Element-wise error after the final refinement
Figure 4 displays the element-wise error after the final refinement. The error is largest for elements near , which is expected due to the steep gradient of the solution in that region. Elements away from the source have much smaller error indicators.
[image: ]
Figure 5: Element sizes after final refinement
Figure 5 plots the element sizes after final refinement. The mesh is highly non-uniform: element sizes are very small (approximately ) near  and much larger (up to ) near the boundaries. This confirms that the refinement strategy correctly identifies and resolves the region of interest.
[image: ]
Figure 6: Final mesh node distribution
Figure 6 shows the final mesh node distribution. Nodes are densely clustered around  and sparse elsewhere, demonstrating the effectiveness of the adaptive approach.


5.4. Source Term and Residual Profile

[image: ]
Figure 7: The Gaussian source term 
Figure 7 plots the Gaussian source term . The function is sharply peaked at  with width controlled by .
[image: ]
Figure 8: The residual profile   evaluated on a fine grid
Figure 8 shows the residual profile   evaluated on a fine grid. The residual is largest near the source location, which is consistent with the error indicator results. The residual is small in regions where the solution is smooth, indicating good approximation quality there.

6. Conclusion
The numerical results demonstrate several important points:
Adaptive refinement is effective: The algorithm successfully concentrates mesh nodes where the solution has sharp gradients, leading to accurate resolution of the localized source effect.
Error decreases with refinement: Both the element-wise error indicator and the energy norm error show consistent reduction as the mesh is refined, confirming the reliability of the error estimation strategy.
Computational efficiency: Compared to uniform refinement, the adaptive approach achieves similar accuracy with far fewer nodes. For example, to reach an energy error of , the adaptive method uses approximately 600 nodes, while a uniform mesh would require several thousand nodes.
Limitations: The current implementation uses a simple residual-based indicator and a basic refinement strategy. More sophisticated estimators (e.g., including jump terms) and marking strategies (e.g., Dörfler marking) could further improve performance.
Parameter sensitivity: The choice of  affects the difficulty of the problem. Smaller  leads to sharper peaks and requires more refinement. The method remains stable for the tested range of parameters.
In summary, the adaptive finite element method presented here provides a practical and efficient approach for solving reaction-diffusion equations with localized source terms. The algorithm is straightforward to implement and yields accurate results with reasonable computational cost.
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