











 The Action of the Permutation Group (G,X) on the Power Set Ƥ(X)


Abstract
In this paper the main purpose is to investigate some properties of the permutation group (G,X) acting on the Ƥ(X). Harary [2] investigated the action of the symmetric group   on unordered pairs  of points from  the set . he was able to calculate the number of graphs on  Palmer [3] extended the work of Harary by investigating the action of the symmetric group   on unordered r element subsets This work extends the Palmer’s work by investigating the action of 
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1. INTRODUCTION
Let  be symmetric group acting on the set  then  acts on unordered r-elements subsets denoted by   if for  where . 
In this paper we investigate: the number of fixed points of  on Ƥ, the number of orbits of   on  Ƥ, the order of the stabilizer of   and finally the length of the orbit of  or .


2. NOTATION AND PRELIMINARY RESULTS
0. Definition 2.1(Group action)
0. If we take a group G and a set X, then we say that G acts on X from the left if   and  ,
0. i) 
0. ii) , where I is the identity element in G.


0. [bookmark: _Toc195785150][bookmark: _Toc134787895]Definition 2.2 (Orbit)
0. If G acts on a set X and then,
1. [bookmark: _Toc134787896][bookmark: _Toc195785151]                                      
1. .
0. [bookmark: _Toc134787897][bookmark: _Toc195785152]Definition 2.3 ( 
0. If G acts on X and, then , which is also denoted by Ga  is referred to as the stabilize of a in G and
1. [bookmark: _Toc134787898][bookmark: _Toc195785153][bookmark: _Toc195785154][bookmark: _Toc134787899]                                      . 
0. Definition 2.4 (Fixed point set) 
0. Consider the action of a group G on a set X, where , then Fix . This set is referred to as the fixed point set of g.
      Definition 2.5 (Transitive)
Taking a group G and a set X, the action of G on X is said to be transitive provided that   ,  so that . 
Definition 2.6
Let (G, X) be a permutation group. We define the induced actions of G on  and  with the induced groups  and  respectively as follows:
i) Forand,, wherever  .
0. [bookmark: _Toc134787901][bookmark: _Toc195785155][bookmark: _Hlk197117407]         ii) Finally for  and   , where .
0. [bookmark: _Toc195785156][bookmark: _Toc134787902]Theorem 2.7 Rose-, [4] (Orbit-Stabilizer Theorem)
0. [bookmark: _Toc195785157][bookmark: _Toc134787903]Consider the action of group G on a set  and, then .
0. [bookmark: _Toc195785158][bookmark: _Toc134787904]Theorem 2.8 Harary, [2] (Burnside’s Lemma)
0. [bookmark: _Toc134787905][bookmark: _Toc195785159]If  acts on a set , then the number of orbits of  on  is given by

0. [bookmark: _Toc134787906][bookmark: _Toc195785160]                                               .
3.
[bookmark: _Toc195785213]3.1 An expression for 
[bookmark: _Hlk193145671]Theorem 3.1.1
[bookmark: _Hlk193101592][bookmark: _Hlk193019689]Let  act on  and  be the number of invariant points of  on. Then,
[bookmark: _Hlk193088922]

[bookmark: _Hlk193019827]where  denotes the number of cycles of length  in  and  is the corresponding partition  of  that satisfy
[bookmark: _Hlk193144335]
Proof 
See Palmer [3].

Example 3.1.2
[bookmark: _Hlk193146387]Let 
Then  has  elements as follows:

(1268), (1278), (1345), (1346), (1347), (1348), (1356), (1357), (1358), (1367), (1368), (1378), (1456), (1457), (1458), (1467), (1468), (1478), (1567), (1568), (1578), (1678), (2345), (2346), (2347), (2348), (2356), (2357), (2358), (2367), (2368), (2378), (2456), (2457), 2458), (2467), (2468), (2478), (2567), (2568), (2578), (2678), (3456), (3457), (3458), (3467), (3468), (3478), (3567), (3568), (3578), (3678), (4567), (4568), (4578), (4678), (5678). 

[bookmark: _Hlk193145152]If  then  fixes the following elements:
{1,2,3,4}, {1,2,3,5}, {1,2,3,6}, {1,2,3,7}, {1,2,3,8}, {4,5,6,7}, {4,5,6,8}, {4,5,7,8}, {4,6,7,8}, {5,6,7,8},
Thus  
This is verified as follows:
[bookmark: _Hlk193147272]From Theorem 3.1.1 the possible partitions of  are as follows:
[bookmark: _Hlk193147382]




It is clear that if  then we cannot have partitions (ii), (iv) and (v) since  has no cycle of length 2 and no cycle of length 4.
[bookmark: _Hlk193146086]So, by Theorem 3.1.1 we find that 

Hence Theorem 3.1.1 is verified.

[bookmark: _Toc195785214][bookmark: _Hlk193173279]3.2 An expression of number of orbits
Theorem 3.2.1
[bookmark: _Hlk193149368]The number of orbits of  on  is

Proof
Refer theorem 3.1.1 and Burnside [1]
[bookmark: _Toc195785225]3.3 An expression of  when  acts on 

Theorem 3.3.1 Let  act on . Then 



Proof 
Since the set of all the permutations of  is isomorphic to  then,  fixes the set   if . Thus 

By the Orbit-Stabilizer Theorem we have
Theorem 3.3.2
[bookmark: _Hlk194709120]When  acts on  then,

Now since  , it follows that this action  is transitive.
[bookmark: _Toc195785215][bookmark: _Hlk193332195][bookmark: _Hlk193149396]4 ACTION OF  ON Ƥ(X)
[bookmark: _Toc195785216]4.1 An expression for  
Theorem 4.1.1
[bookmark: _Hlk193173857][bookmark: _Hlk193170806]Let  act on Ƥ(X), then 

Proof 
By Theorem 3.1.1, where   acts on , then 

in which  denotes the sum of cycles of length  in  and  is the corresponding partition  of   that satisfy 
1. .
The set , where  has the following types of subsets:
 containing the 0-element subset
 containing 1- element subsets
 containing 2-element subsets
…
 containing - element subsets
…
containing n- element subsets.
Now .
Hence  where  acts on  is given by

Example 4.1.2
Let  act on Ƥ(X), where X,
We find the  as follows:
[bookmark: _Hlk193331786]Ƥ(X)= = 

So 
Now by using Theorem 3.1.1 we find that when  acts on ; 1- element subsets of , then ,
When  acts on , then 
When  acts on , then 
When  acts on , then 
When  acts on , it follows that  since 
Hence  when  acts on Ƥ(X), where 

[bookmark: _Toc195785217]4.2 An expression of number of orbits
Theorem 4.2.1
The number of orbits of  on Ƥ(X) is

Proof 
It follows from the Burnside’s Lemma

[bookmark: _Toc195785227][bookmark: _Hlk194710187][bookmark: _Hlk195570743]4.3 An expression of  when  acts on Ƥ(X)
Theorem 4.3.1
[bookmark: _Hlk195732750][bookmark: _Hlk195572469]If  where , then.

Proof
[bookmark: _Hlk195732930][bookmark: _Hlk195572889][bookmark: _Hlk195732821]Let   and Ƥ(X) the set of all the subsets of X. Now fixes all r distinct  in   if   Ƥ(X).  
Thus  . So 
By Orbit-Stabilizer Theorem we have
Theorem 4.3.2

Since |Ƥ(X)| = , then the action of   on Ƥ(X) where 
cannot be transitive.

Example 4.3.3
Let  acting on , 
[bookmark: _Hlk195732331]Now Ƥ(X)
The orbits of  on Ƥ(X)  are as follows:




Hence  is not transitive on Ƥ(X) since the sum of orbits of  on Ƥ(X) is more than 1.
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