New Linear Rational Contraction on Fuzzy Metric Spaces


Abstract
We introduce and investigate a new class of contractive mappings on fuzzy metric spaces, called linear rational contractions. These mappings combine linear and rational contractive properties and extend known contraction principles in fuzzy settings. Existence and uniqueness of fixed points are obtained under mild assumptions. We further present four new fixed point theorems for generalized classes of linear rational contractions, establish convergence results, and provide illustrative examples. Our results unify and generalize many classical fixed point principles.
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1 Introduction
Fixed point theory within fuzzy metric spaces has evolved as a natural extension of classical results to contexts where uncertainty and vagueness cannot be ignored. The foundations of this area were laid by Kramosil and Michalek [1], who first defined fuzzy metrics as a means of generalizing statistical metric spaces. Their work created a platform on which subsequent mathematicians could adapt known theorems to a setting more suited for real-life applications characterized by partial information. George and Veeramani [2] refined the axioms of fuzzy metric spaces, thereby enabling a more effective analysis of convergence and continuity in fuzzy environments.
 	Early contributions such as those by Grabiec [5] demonstrated that Banach’s contraction principle remains valid in fuzzy metric spaces under appropriate definitions of contraction. This finding was critical in establishing that completeness in a fuzzy metric guarantees the existence and uniqueness of fixed points under contractive conditions. Since then, researchers have pursued numerous generalizations of the contraction principle. For example, Kannan-type and Chatterjea- type contractions, originally studied in crisp metric spaces, were successfully transferred to the fuzzy framework [3, 7]. These generalizations illustrated that fixed point results remain robust under weaker or alternative forms of contractive behavior.
 	The development of rational contraction conditions represented another important milestone. Altinel and Arslan [4] examined rational contractions in classical settings and showed their ability to capture cases not covered by linear contractions. Motivated by these advances,
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several authors introduced fuzzy analogues of rational-type contractions [11, 18]. The essence of these mappings is that the contractive property is moderated by a rational function depending on the distance between elements. Such conditions have been found to unify and extend earlier contraction principles, providing a broader toolkit for both theoretical analysis and applied problems.
           Parallel progress has occurred in the study of cyclic and multivalued mappings. Cyclic contractions, where the operator alternates between distinct subsets, naturally arise in optimization and approximation theory. Results by Patle [12] and others have shown that in fuzzy contexts cyclic contractive conditions yield best proximity point theorems, extending fixed point ideas to cases where strict self-maps are absent. Likewise, multivalued mappings, inspired by Nadler’s theorem, have been adapted to fuzzy metric spaces by authors such as Agarwal et al. [10] and Zhou [14]. These results are significant in applications where operators produce sets of possible outcomes rather than a unique image.
 	Another line of inquiry has focused on stability and common fixed points. Hussain [15] and collaborators developed common fixed point theorems for commuting maps in fuzzy metric spaces, showing that under suitable contractive assumptions different operators share a unique fixed point. Xia [13] studied the stability of fuzzy fixed points, highlighting their resilience under small perturbations. More recently, researchers have introduced control functions that regulate the contractive effect [16, 17], offering more flexible frameworks capable of capturing a wider variety of mappings encountered in practice.
 	The cumulative effect of these contributions is a comprehensive and growing theory of fixed points in fuzzy metric spaces. Each development—be it rational contractions, cyclic mappings, multivalued operators, or stability results—has added to the understanding of how classical theorems adapt to fuzzy environments. The present work builds on this established foundation by proposing the concept of a linear rational contraction (LRC). The LRC combines linear and rational components in a unified condition, recovering known results as special cases while extending them to new scenarios. In what follows, we present the formal definition of LRC, establish several new fixed point theorems, and illustrate their applicability through examples and extensions.
2 Preliminaries
In this section, we recall some standard concepts that will be used throughout the paper.
Definition 2.1 (Fuzzy metric space). Let X be a nonempty set, let ∗ : [0, 1] × [0, 1] → [0, 1] be a continuous t-norm, and let
M : X × X × (0, ∞) → [0, 1]
be a function. The triple (X, M, ∗) is called a fuzzy metric space if for every α, β, γ  X and all s, t > 0 the following conditions hold:
1. M (α, β, t) > 0;
2. M (α, β, t) = 1 if and only if α = β;
3. M (α, β, t) = M (β, α, t) (symmetry);
4. M (α, γ, t + s) ≥ M (α, β, t) ∗ M (β, γ, s) (triangle-type inequality);
5. for each fixed α, β  X the mapping t → M (α, β, t), (α, β, t) is nondecreasing, 
          The axiomatic formulation above follows the standard approach used in the foundational literature on fuzzy metrics; see Kramosil and Michalek [1] for the original formulation and the refinement by George and Veeramani [2] for the commonly used version adopted in many later works. Typical continuous t-norms employed in examples include the product a ∗ b = ab, the Lukasiewicz a ∗ b = max{0, a + b − 1}, and the minimum a ∗ b = min{a, b}.
Definition 2.2 (Convergence). A sequence (αn) in X converges to α  X if, for every ε  (0, 1) and t > 0, there exists N  N such that
M (αn, α, t) > 1 − ε	for all n ≥ N.
Definition 2.3 (Cauchy sequence). A sequence (αn) in X is called a Cauchy sequence if, for every  (0, 1) and t > 0, there exists N  N such that
M (αn, αm, t) > 1 − ε	for all m, n ≥ N.
Definition 2.4 (Completeness). A fuzzy metric space (X, M, ∗) is said to be complete if every Cauchy sequence in X converges to a point α  X.
Example 2.1 (Exponential proximity on ). Let X = . Define the function
M (α, β, t) =     
together with the product t-norm a * b = ab. 
· If α = β then M (α, β, t) = 1. 
· Symmetry holds since | α – β| = | β – α|  
· The triangular inequality is satisfied because 

· As t  ∞ M ()  1 
Hence, (, M, ∗) forms a fuzzy metric space.
Example 2.2 (Bounded difference on integers). Let X = . Define

with the minimum t-norm a ∗ b = min {a, b}.
· M (α, β, t) = 1 iff α = β.
· Symmetry holds by properties of absolute value.
· The triangular inequality is valid because
min{|α − γ|, s + t} ≤  min {|α − β|, s} + min {|β − γ|, t}.
· As t → ∞, M (α, β, t) → 1.
Thus, (,  M, ∗) is a fuzzy metric space.

Example 2.3 (Normalized harmonic mean on [0, ∞)). Let X = [0, ∞). Define

with the Lukasiewicz t-norm a ∗ b = max {0, a + b − 1}.
· M (α, β, t) = 1 iff α = β.
· Symmetry holds because H(α, β) = H (β, α).
· The triangular inequality is satisfied as the harmonic mean is subadditive with respect to differences.
· As t → ∞, M (α, β, t) → 1.
Therefore, ([0, ∞), M, ∗) defines a fuzzy metric space.
Example 2.4 (Exponential fuzzy metric on ). Let X =  and define

with the product t-norm a ∗ b = ab. For α0  , ε  (0, 1), and t > 0, the open ball centered at α0 is

This condition reduces to 

which shows that the fuzzy ball corresponds to an interval around α0 whose radius depends both on t and ε. Thus, Definition 4.1 produces explicit open balls with time-dependent radii.
Example 2.5 (Quadratic fuzzy metric on ). Let X =  and define

with the minimum t-norm a ∗ b = min{a, b}. For α0  Z, ε  (0, 1), and t > 0, the open ball is 
B(α0, ε, t) = {β   : M (α0, β, t) > 1 − ε}.
Equivalently. 

Hence the ball contains only those integers lying within a finite interval around α0, depending on ε and t. This illustrates how fuzzy balls can be finite subsets in discrete settings.
3 Linear Rational Contraction
Definition 3.1 (Linear Rational Contraction). Let (X, M, ∗) be a fuzzy metric space and T : X → X a self-map. T is called a linear rational contraction (LRC) if there exist constants α  (0, 1) and β ≥ 0 such that for all α, β  X and t > 0,

Definition 3.2 (Cyclic Linear Rational Contraction). Let (X, M, ∗) be a fuzzy metric space and let A, B  X be two nonempty subsets. A mapping T : A ∪ B → A ∪ B is called a cyclic linear rational contraction (Cyclic LRC)if:
1. (Cyclic property) T (A)  B and T (B)  A.
2. (Contractive property) There exist constants α  (0, 1) and β ≥ 0 such that for all α1  A, β1  B, and every t > 0.

Definition 3.3 (Two self-maps satisfying LRC). Let (X, M, ∗) be a fuzzy metric space. Consider two self-maps T, S : X → X. We say that T and S satisfy the linear rational contraction (LRC) condition if there exist constants α  (0, 1) and β ≥ 0 such that, for all α1, β1 X and every t > 0, the inequality

holds.
Definition 3.4 (Generalized LRC with Control Functions). Let (X, M, ∗) be a fuzzy metric space and T : X → X a self-map. We say that T is a generalized linear rational contraction with control functions if there exist functions
φ : [0, 1] → [0, 1],  ψ : [0, 1] → [0, ∞),
such that φ and ψ are continuous, monotone, and φ(u) < u for all u  (0, 1], and for all α, β  X and t > 0 the following inequality holds:

Example 3.1. Let X = with fuzzy metric

and product t-norm a ∗ b = ab. Define T : X → X by T (α) =  α. Then, for all α, β   ,

Choosing α =   and β = 0, inequality

holds with α0 =  , β0 =  0. Hence T is an LRC map.
Example 3.2. Let X = [0,2] with fuzzy metric M (α, β, t) =  Define subsets A = [0,1] B = [1,2] and mapping 

Then T (A)  B and T (B)   A. Moreover,

Thus T is a cyclic linear rational contraction.
Example 3.3. Let X = with fuzzy metric M (α, β, t) =    Define two self-maps

Then, for all α, β  ,

This satisfies the LRC condition with parameter  Hence T and S are two  self-maps that satisfy the LRC condition jointly.
Example 3.4. Let X = with fuzzy metric M (α, β, t) = e−  and product t-norm. Define   Consider control function.
φ(u) = ,	ψ() =  2.
Then, for all α, β  ,

Therefore, T is a generalized LRC with control functions.
4 Main Theorem
Theorem 4.1. Let (X, M, ) be a complete fuzzy metric space and T : X → X continuous satisfying the LRC condition. Then T has a unique fixed point α∗  X and Picard iteration converges to it.
Proof. Let (X, M, ∗) be a complete fuzzy metric space and let T : X → X be continuous and satisfy the linear rational contraction condition: there exist constants a  (0, 1) and b ≥ 0 with

for every    X and t > 0. Fix   X and define the Picard sequence  =  for n  0. For a fixed     t > 0 set  (t) : = M (The contraction inequality implies 

The map  in continuous and nondecreasing on [0, 1] and since a  (0, 1) it forces the sequence ( to be bounded away from zero and nondecreasing by induction. Hence the limit  Passing to the limit in the previous inequality and using continuity yields 

If  (t) > 0 we cancel  (t) to get 1 ≥  which rearranges to 1 -  (t) ≤ 0 because a < 1 and b ≥ 0. Thus  (t) = 1. Consequently, for every ɛ ∈ (0,1) and T > 0 there exists N such that for all n ≥ N we have M (, , T ) > 1 . Using the fuzzy triangular property iteratively and the monotonicity of * one shows M(, , T ) → 1 as m, n → ∞, so () is Cauchy. Completeness provides  ∈ X with . Continuity of T gives =  lim T n = lim n+1 =  *, so * is a fixed point. Uniqueness follows by assuming  is another fixed point with   ≠  . Applying the contraction to .  yields 

which forces M (, β*.t) = 1 and hence * = . This completes the proof.
Theorem 4.2. Let A. B  X be nonempty closed subsets with T(A)  B, T(B)  A, and suppose T satisfies LRC for all  Α, β  Β. Then T admits a unique best proximity point which is a fixed point when AB ≠ 0.
Proof. Let A, B  X be nonempty closed sets and T: A  B   A  B satisfy T(A)  В, T(B)  A and the LRC inequality for all  ∈ A,   B. Choose  ∈ A and form the alternating sequence   (So ∈ A,   B). For fixed t > 0 write sn (t) = M (). By the cyclic LRC assumption there exist a ∈ (0,1) and b ≥ 0 so that for each n,

As in Theorem 5.1, monotonicity and continuity of the right-hand transform imply sn(t) → 1 for each fixed       t > 0. The triangular property of M together with the t-norm shows that () is Cauchy and hence convergent; since A and B are closed and the sequence alternates, its limit must lie in A ∩ B when the intersection is nonempty. If A B ≠  the limit is a fixed point of T. If A ∩ B =  the limit points of even and odd subsequences provide a best proximity pair; uniqueness of this best proximity point follows from the contraction inequality applied to any two distinct limit candidates, which forces their fuzzy distance to equal 1 and hence they coincide. Therefore T admits a unique best proximity point (and when A B ≠  it is a fixed point). 
Theorem 4.3. Let T, S: X  X be two commuting self-maps satisfying LRC with the same parameters α, β. Then T and S have a unique common fixed point in X.
Proof. Let T, S: X  X be commuting self-maps satisfying the LRC with common constants a ∈ (0,1) and      b ≥ 0. Pick ∈ X and consider the two sequences defined by alternating application: set αn+1 = TSαn (equivalently αn+1 = STαn because TS = ST). For fixed t > 0 define sn(t) = M(αn, αn+1 , t). The LRC applied to appropriate pairs yields a one-step contractive inequality of the same linear-rational form for sn(t); iteration produces sn(t) → 1. Using triangularity and the t-norm, (αn) is Cauchy and converges to some α*  ∈ X. Continuity (or by standard limit passage using the contraction) gives TSα* = α*. Commutativity implies T α* and Sα* coincide with α*, so α*  is a common fixed point. Uniqueness follows as in Theorem 5.1: if  β* were another common fixed point the LRC inequality applied to α*, β*  forces M(α*, β*, t) = 1, hence α* = β*. 
Theorem 4.4. Suppose T: X  X satisfies  

where : [0,1]→[0,1] and  [0,1]→ [0, ∞) are continuous, monotone, and satisfy  (u) < u. Then T has a unique fixed point.
Proof. Assume T: X  X satisfies the generalized inequality

for continuous, nondecreasing functions:  [0,1] → [0, 1] and :  [0,1]→ [0,∞) with  (u) < u for every u ∈ (0.1]. Fix  ∈ X and set   = T. For t > 0 let (t) = M(, , t). Then 

Because  (u) < u on (0, 1] and both  are continuous and monotone, the iterative transform pushes any initial value in (0, 1) upward toward 1. Hence the sequence ( (t)) is nondecreasing and bounded above by 1, so it converges; denoting its limit by  (t) and passing to the limit (t) in the inequality yields   If (t) < 1 the strict inequality  leads to a contradiction, forcing (t) = 1. Therefore  (t) → 1 for every fixed t > 0. The rest of the argument mirrors Theorem 5.1: () is Cauchy and converges to some  ∈ X, and continuity produces T = . Uniqueness follows from applying the generalized inequality to two hypothetical fixed points and using  (u) < u to deduce their fuzzy distance must be 1, hence coincide. This completes the proof. 
Theorem 4.5. Let F: X →2X be a multivalued mapping. If there exist such that for each ∈ X and    u ∈ , v ∈  the inequality 

holds, then F admits a unique fuzzy fixed point.
Proof. Let F: X → 2X be multivalued and suppose there exist constants a ∈ (0,1) and b ≥ 0 such that for every α, β ∈ X and any choices u ∈ F(a). v ∈ F(β) the inequality

 holds for all t > 0. Fix   X and choose  ∈ F (). Construct a sequence by selecting   F() for each n (this is possible under the hypothesis that images are nonempty). Define  (t) = M (, , t). The given inequality yields

and the monotonicity argument used earlier shows sn(t) → 1 for each fixed t > 0. Hence () is Cauchy and, by completeness, converges to some u* ∈ X. Passing to the limit in the inclusion un+1  F (un) and using closedness of values of  F (which we may assume as part of the typical hypotheses for multivalued fixed point results) gives u* ∈ F (u*), so u* is a fuzzy fixed point of F. Uniqueness follows by comparing two fixed points and applying the LRC inequality to obtain equality of the two points as in previous proofs. Thus F admits a unique fuzzy fixed point.
5    Examples
Example 5.1. Let X =  with fuzzy metric 

and product t-norm a * b = ab. Define T: X → X by T () = .
For all ,  

Hence T satisfies the LRC condition with  = 1/2,  By Theorem 5.1. T has a unique fired point. Indeed, solving  gives    The Picard iteration  = =  converges to  for any initial .
Example 5.2. Let X = [0,2] with fuzzy metric M( = Define subsets A = [0, 1], B = [1,2], and mapping

Then T(A)  B and T(B)  A, so T is cyclic. Moreover, for all  ∈ A, , 

This satisfies the LRC condition with  = Theorem 5.2. T has a unique best proximity point. Since A∩B = {1}, the best proximity point is  = 1, which is also a fixed point: T (1)  = 1.
Example 5.3. Let X =  with fuzzy metric M (  =   Define self-maps	

Clearly TS = ST, so T and  S commute. Also, 

Thus T and S satisfy the LRC condition with  = 1/3, β = 0. By Theorem 5.3. they have a unique common fixed point. Solving T() =  and S() =  gives  = 0.
Example 5.4. Let X =  with fuzzy metric M(, β,t) =   and product t-norm. Define T  Choose control functions 
(u) = u.  (v) = v2.
Then for all , B ∈ X and t > 0,

Hence T satisfies the generalized LRC condition. By Theorem 5.4, T has a unique fixed point. which is  = 0.
Example 5.5. Let X = [0,1] with fuzzy metric M () = Define multivalued map F:X→2X by
F() = [0,], α ∈ [0,1].
For any , B∈ X and u ∈ F (α) , υ  F (β).
M(u, v, t) = 
Since , we have

Thus F satisfies the LRC condition with  = 1/2, = 0. By Theorem 5.5, F admits a unique fuzzy fixed point. Indeed, 0 ∈ F(0), so  = 0 is the unique fuzzy fixed point. 
6    Application: Distributed sensor consensus under uncertainty
6.1 Model description
Consider a network of n sensors that measure a common scalar quantity (temperature, pressure, etc.). Let ∈  denote the estimate of sensor i at iteration k ≥ 0. Sensors exchange estimates with neighbours and update synchronously by a linear averaging rule with weights that reflect trust or link strength. Communication and measurements are imprecise; to model the uncertainty in pairwise closeness we equip  with the fuzzy metric

and use the product t-norm a * b = ab. This fuzzy metric assigns values close to 1 when two estimates are close in the usual sense, and approaches 1 as the time parameter t increases.
Let W = (wij) be a nonnegative row-stochastic matrix (wij ≥ 0,  for each i). Define the global update operator T:  → by

so the iteration is x(k+1) = Tx(k). We are interested in convergence to a consensus vector x*= (c,c,..., c).
   To reduce the setting to the scalar fuzzy setting used earlier, identify the scalar space X =  and analyze the scalar map induced on pairwise distances. For clarity we will show the update rule induces an LRC contraction on pairwise estimates under a standard contractivity assumption on W.
6.2    Standing assumption
Assume the communication matrix W satisfies the strict contractivity condition: there exists λ∈ (0,1) such that for every pair of sensor indices i, j and for every vector x ∈  ,
                                                                                                  (A)
This holds, for example, if  W is primitive and has a spectral gap, or if each row is dominated by a fixed self-weight less than one; many standard consensus protocols satisfy such an estimate.
6.3    Claim
Under assumption (A), the induced scalar operator on pairwise estimates satisfies an LRC inequality (with ), hence the network reaches a unique consensus point by Theorem 5.1.
6.4      Proof
Proof. Fix two arbitrary scalar estimates α, β ∈  and fix t > 0. Denote by  || ||∞ the sup-norm on  ". Consider two network states x,y ∈   that differ only at one coordinate pair used to realize the pairwise comparison: for clarity construct x and y so that xp = yp for all indices except possibly indices corresponding to the sensors whose estimates we compare. In particular, consider x and y with

so the maximum pairwise difference equals  (this is possible by placing , β at appropriate coordinates and matching other coordinates). 
Using assumption (A) we obtain

Hence for the fuzzy metric,

On the other hand.

Comparing these two expressions yields

 Since ∈ (0, 1) we may simplify by observing that for the chosen form of rational transform there exists  = λ ∈ (0. 1) and b = 0 such that, for all  

Indeed, multiplying both sides by denominators one checks equivalently
t (t ≥   t (
 which reduces to( ; substituting a =  gives  which is true because  <  and t,  - ≥ 0. Therefore 

Thus the induced update satisfies the LRC inequality with parameters α = λ ∈ (0,1) and b=0. By Theorem 5.1 (existence and uniqueness for LRC maps on a complete fuzzy metric space), the iteration has a unique fixed point in the fuzzy sense; concretely, there exists a unique consensus value c ∈ such that repeated application of T drives every coordinate of x(k) to c as k  ∞ Uniqueness follows because if two distinct consensus values existed their fuzzy distance would be strictly less than 1 but the LRC inequality applied to two fixed points forces equality to 1, a contradiction. Convergence of the Picard iteration is guaranteed by the Picard convergence part of Theorem 5.1, which precisely matches the iterative update used in consensus protocols.
          Therefore, under assumption (A) the distributed sensor updates converge to a unique consensus estimate despite fuzziness in pairwise comparisons.
6.5   Remarks on modeling and assumptions
     The standing assumption (A) is a mild contractivity condition commonly satisfied when each agent places a nontrivial self-weight (so diagonal entries wij are bounded away from 0) or when the communication graph is strongly connected with suitably small off-diagonal weights. The fuzzy metric captures uncertainty in comparing numerical estimates and is robust to small perturbations in measurements; by proving the update is an LRC we obtain a direct fixed-point guarantee that is insensitive to the precise probabilistic noise model and relies only on pairwise closeness in the fuzzy sense.
7   Conclusion and Recommendations
         We introduced the notion of a linear rational contraction (LRC) in fuzzy metric spaces and established a family of Banach-type fixed point results. Four extensions were developed: a cyclic version for alternating domains, a common-fixed-point result for commuting operators, a generalized formulation using control functions, and a multivalued map variant. Several new examples and an application to distributed sensor consensus under uncertainty were provided to illustrate how the LRC framework both recovers classical situations and covers operators that fail to be purely linear contractions. The main theoretical contribution is a simple, verifiable contractive inequality that interpolates between linear and rational behaviours while remaining well adapted to the fuzzy metric setting; this balance leads to robust existence, uniqueness and Picard-convergence statements under standard hypotheses (continuity and completeness).
      Although the results are broadly applicable, the work relies on certain structural assumptions (notably completeness, continuity of the map, and choice of a continuous t-norm). These assumptions should be kept in mind when applying the theorems to concrete models, since different choices of M or * may alter both the interpretation and the quantitative convergence behavior.
For further research and practical development we recommend the following directions:
· Rates of convergence. Develop explicit estimates for the speed of convergence of Picard iteration in terms of the parameters (e.g. α, β) or control functions  This is useful for algorithmic applications.
· Relaxing hypotheses. Investigate versions of the theorems under weaker continuity assumptions (e.g. orbital continuity, sequential continuity) or without full completeness (using partial completeness or completeness on invariant subsets).
· Multivalued and random models. Extend the multivalued LRC theory to set-valued dynamics with noncompact values, and consider stochastic or random fuzzy metrics to model measurement noise more explicitly.
· Computational experiments. Implement numerical simulations (consensus protocols, iterative solvers for fuzzy integral equations) that validate theoretical predictions and explore sensitivity to the choice of t-norm and parameter values.
· Applications. Apply the LRC framework to concrete problems such as fuzzy differential/integral equations, image processing under uncertainty, and robust control where operator uncertainty is naturally modeled by a fuzzy metric.
· Topology and geometry. Study topological consequences of LRC mappings (invariant sets, attractors) and compare behavior across different continuous t-norms.
Pursuing these directions will both broaden the theoretical scope of LRCs and strengthen their practical utility in applied settings where fuzzy similarity and graded closeness are essential.
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