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Abstract

This paper presents a matrix-based approach for modelling and analysing trans-
portation networks using concepts from graph theory and linear algebra. The inci-
dence matrix and its transformation into the adjacency matrix through the prod-
uct MMT are employed to represent structural relationships within the network.
Matrix operations and their powers are used to study both direct and indirect
connectivity, while the reachability matrix provides an effective algebraic crite-
rion for determining accessibility among nodes. The theoretical results establish a
connection between matrix formulations and graph connectivity, offering a system-
atic framework for network analysis. The applicability of the proposed method is
demonstrated through several transportation models, including regional and large-
scale networks, where key hubs, connectivity patterns, and efficiency are identified.
The study shows that matrix-based techniques provide a scalable and practical tool
for transportation planning, route optimization, and analysis of complex network
systems.
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1 Introduction

The study of complex systems through mathematical structures has become a fundamen-
tal component of modern applied mathematics. In particular, matrix theory and graph
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theory provide powerful tools for modelling, analysing, and optimizing networks that
arise in transportation, communication, and logistics systems. Matrices offer a compact
and systematic framework for representing relationships among entities, thereby enabling
efficient computation and deeper structural insights [3].

Graph-theoretic representations of networks have evolved significantly, beginning with
foundational models such as random graphs introduced by Erdés and Rényi [4]. Subse-
quent developments, including small-world networks [5] and scale-free networks [6], have
demonstrated that real-world systems exhibit complex connectivity patterns that can-
not be adequately described by simple deterministic models. These advancements have
led to the development of algebraic and spectral techniques for analysing structural and
dynamical properties of networks [8, 10].

Matrix-based approaches play a central role in such analyses. The adjacency matrix
provides a direct representation of connections between nodes, while its powers encode
multi-step interactions and path counts within the network. Concepts such as communi-
cability and network efficiency have been extensively studied using matrix functions and
spectral measures [7, 12]. Furthermore, spectral graph theory provides valuable insights
into network robustness, clustering behaviour, and flow dynamics [9].

In addition to adjacency-based representations, the incidence matrix offers an alter-
native and often more flexible framework by capturing relationships between vertices and
edges. This representation is particularly useful in systems where edge-based informa-
tion is essential, such as transportation and distribution networks. By applying matrix
transformations, such as the product M M?, one can derive adjacency-type structures
and analyse connectivity using algebraic techniques [1].

Recent studies have further highlighted the importance of matrix methods in analysing
large-scale and real-world networks. Matrix-based modelling of transportation systems
has proven effective in evaluating connectivity, optimizing flow, and assessing network
resilience [16, 18]. Advances in spectral analysis have also enhanced the understanding of
structural and dynamical characteristics of complex networks [17, 19]. Moreover, mod-
ern approaches incorporate matrix powers and reachability concepts to study multi-step
connectivity and shortest path structures [20, 21].

The application of these techniques is particularly relevant in transportation networks,
where efficient routing and connectivity analysis are crucial. Recent works demonstrate
that matrix-based optimization methods can significantly improve the performance and
sustainability of such systems [22, 23]. Additionally, studies on network robustness and
structural properties provide important insights into the stability and resilience of inter-
connected systems [15, 14].

Motivated by these developments, the present study investigates the application of
matrix operations to the analysis of regional transportation networks. In particular, we
examine the transformation of incidence matrices into adjacency matrices and utilize
matrix powers to study connectivity, reachability, and path structures. The proposed
approach provides a systematic and scalable framework for identifying key nodes, eval-
uating network efficiency, and detecting structural gaps. Unlike several existing studies,
this work integrates both theoretical results and practical applications within a unified
matrix-based framework.

The remainder of the paper is structured as follows. Section 2 provides the necessary
preliminaries and outlines the fundamental matrix operations used throughout the study.
Section 3 develops matrix operations on incidence matrices and examines their algebraic
and structural properties. Section 4 presents the main theoretical results and demon-
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strates their applicability through transportation network models. Finally, Section 5
summarizes the findings and discusses possible directions for future research.

2 Preliminaries and Matrix Operations

This section presents the fundamental concepts from graph theory and matrix algebra
that form the basis for modelling and analysing transportation networks. These tools
provide a rigorous mathematical framework for representing connectivity, analysing struc-
tural properties, and understanding the flow of information or resources within complex
systems [8, 3, 21]. The integration of graph-theoretic and matrix-based approaches en-
ables both theoretical analysis and practical applications in network modelling.

Definition 2.1. A graph is an ordered pair G = (V, E), where V is a finite non-empty
set of vertices and E C'V XV is a set of edges connecting pairs of vertices.

Remark 2.2. Graphs serve as mathematical models for a wide variety of real-world
systems, including transportation, communication, and social networks. In such repre-
sentations, vertices correspond to entities such as cities or stations, while edges represent
direct connections or interactions between them [5, 6]. The abstraction provided by graphs
allows complex systems to be analysed using well-established mathematical techniques.

Definition 2.3. Let G = (V,E) be a graph with n vertices. The adjacency matrix
A = [ai;] is defined as an n x n matric such that

1, if there exists an edge between vertices v; and vj,
Qij = .
! 0, otherwise.

Remark 2.4. For undirected graphs, the adjacency matriz is symmetric, i.e., a;; = a;;.
The powers of the adjacency matrixz provide deeper insight into network structure: the
(i,7) entry of A¥ represents the number of distinct walks of length k between vertices v;
and vj. This property is widely used in analysing connectivity, information flow, and
communication efficiency in networks [7, 13].

Definition 2.5. For a graph with n vertices and m edges, the incidence matriz M = [m;;]
15 an n X m matriz defined by

1, if vertex v; is incident with edge e;,
mij = .
! 0, otherwise.

Remark 2.6. The incidence matrix provides a representation of vertex—edge relationships
and is particularly useful in applications where edge-based interactions are significant. In
transportation systems, for example, edges may represent routes, and the incidence matrix
helps analyse how routes connect different locations [1, 16]. This representation is often
more flexible than adjacency matrices when dealing with network transformations.

Definition 2.7. Let A = [a;j] and B = [b;j| be matrices of the same order. Their sum
and difference are defined as

(A+ B)ij = ai; +bij, (A—B)ij = ai; — by
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Remark 2.8. Matriz addition and subtraction allow the comparison and integration of
multiple network structures. These operations are useful in analysing variations between
different configurations, such as seasonal changes in transportation routes or alternative
network designs [16, 18].

Definition 2.9. Let A be an m x n matriz and B be an n X p matriz. The product AB
is defined as an m X p matriz given by

n

(AB)U = Z aikbkj.

k=1

Remark 2.10. Matriz multiplication is a fundamental operation in graph theory. It
enables the computation of indirect connections and path structures within networks. In
particular, it plays a crucial role in deriving adjacency relations from incidence matrices
and in analysing multi-step interactions [7, 17].

Definition 2.11. Let A = [a;;] be a matriz. The transpose of A, denoted by AT, is
defined by
(A = ajs.

Remark 2.12. The transpose operation is essential in studying symmetry and structural
properties of networks. For undirected graphs, symmetry of the adjacency matriz reflects
mutual connections between vertices. The transpose is also used in constructing derived
matrices such as MM?, which play a central role in network analysis [16].

Definition 2.13. Let A be a square matrixz. The k-th power of A is defined as
AP =A-A-- A keN
k ti

Remark 2.14. Matriz powers are used to analyse higher-order connectivity in networks.
The (i,7) entry of AF gives the number of walks of length k between vertices, providing
insight into indirect relationships and network depth [7, 20).

Definition 2.15. Given an incidence matrix M, the matrix
A=MM"
15 called the derived adjacency matrix.

Remark 2.16. The matriz M M7 transforms vertex—edge relationships into vertex—vertex
connectivity. Its diagonal entries correspond to vertex degrees, while off-diagonal en-
tries indicate adjacency relations. This dual representation makes it a powerful tool for
analysing structural properties of networks [16, 17].

Definition 2.17. Let A and B be matrices with non-negative entries. The Boolean
product of A and B is defined as

1, if >, aiwbk; >0,

0, otherwise.

M®BM={

Remark 2.18. The Boolean product focuses on the existence of paths rather than their
number. It is particularly useful in reachability analysis, where the primary concern is
whether a connection exists between nodes in a network [19].

4
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Definition 2.19. Let A be the adjacency matrix of a graph. The reachability matrix is
defined as
Sp=A+A* + A3 ... 4 AF,

Remark 2.20. The reachability matrix provides cumulative connectivity information. If
the (i,7) entry of Sy is non-zero, then there exists a path between vertices v; and v; of
length at most k. This concept is essential for analysing accessibility, efficiency, and
robustness of networks [15, 14].

Definition 2.21. A graph is said to be connected if there exists a path between every pair
of vertices.

Remark 2.22. Connectivity is a fundamental property of networks. A connected network
ensures that all nodes can communicate directly or indirectly. Matriz-based techniques,
particularly those involving powers of adjacency matrices and reachability matrices, pro-
vide effective tools for verifying connectivity in large-scale systems [15, 14].

3 Matrix Operations on Incidence Matrix

Matrix operations provide a systematic and efficient framework for analysing complex
network structures. When applied to incidence matrices, these operations enable a precise
algebraic interpretation of relationships between vertices and edges, which is particularly
useful in modelling transportation and logistics systems [16, 21].

Definition 3.1. Let My and My be two incidence matrices of the same order represent-

ing different network configurations. The addition and subtraction of these matrices are
defined as

(M + My)ij = (M1)ij + (Mz)ij,  (My — Ma)i; = (Mh)ij — (Ma)ij.

Remark 3.2. These operations facilitate the comparison and integration of multiple net-
work layers, such as different transportation routes or distribution systems [18].

To illustrate these operations, consider a simple network consisting of three nodes:
Vi (Manufacturer), V, (Warehouse), V5 (Retailer).

Let the corresponding incidence matrices be

M1: ) M2:

O = =
— = O
— = O
O = =

The matrix sum is given by
11
Ml -+ M2 = 2 2 5
11

which reflects the combined connectivity of the two systems.
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Remark 3.3. Entries greater than one indicate shared connections across multiple net-
work configurations, whereas unit entries correspond to connections present in only one
configuration [16].

Similarly, the matrix difference is

1 -1
My—My=10 0
-1 1

Remark 3.4. Matriz subtraction highlights structural differences between networks. Pos-
itive and negative entries indicate the presence or absence of connections in one configu-
ration relative to another [18].

Definition 3.5. Let M be an incidence matriz of order n x m. The matriz
A=MM"
1s called the derived adjacency matrix.

Remark 3.6. Since the incidence matrix is generally rectangular, its powers are not
directly defined. The transformation A = MM?" produces a square matriz that captures
vertex connectivity and serves as a foundation for further analysis [17, 16].

Definition 3.7. Let A be the derived adjacency matriz. The k-th power of A is defined
as
AP =A-A-. A kel
—_—

k times

Remark 3.8. The (i,7) entry of A* represents the number of walks of length k between
vertices v; and vj. This property is fundamental in analysing multi-step connectivity and
flow within networks [7, 20].

For illustration, consider a three-node system. The (1,3) entry of A? is given by

3
(A2)13 = Z 1,03,
k=1

which counts all possible two-step paths between vertices v; and vs.

Remark 3.9. If (A?)13 = n, then there exist n distinct paths of length two connecting
the corresponding vertices [7].

Definition 3.10. Let A be a matriz with non-negative entries. The Boolean product of
A is defined as

L, if Yo, aikar; > 0,
0, otherwise.

(A®A); = {

Remark 3.11. The Boolean product determines the existence of paths rather than their
count and is particularly useful in reachability analysis of large-scale networks [19].

Definition 3.12. The reachability matriz is defined as

S, =A+ A2+ A3+ ...+ A



UNDER PEER REVI EW

Remark 3.13. The (i, j) entry of Sk indicates whether there exists a path between vertices
v; and v; within k steps. This provides a practical tool for evaluating connectivity and
accessibility in networks [15, 14].

Remark 3.14. Shortest Path Interpretation: The smallest value of k for which
(Sk)ij > 0 determines the shortest path length between vertices v; and v;.

Remark 3.15. If S; contains zero entries even for k = n — 1, then the graph is dis-
connected. This indicates the presence of isolated components or structural gaps in the
network [15].

4 Main Results

This section presents the principal theoretical results that establish a rigorous connection
between matrix operations and structural properties of networks. The results developed
here provide an algebraic framework for analysing connectivity, degree distribution, and
path structure in transportation networks.

Theorem 4.1. Let G = (V, E) be a finite graph with adjacency matriz A of order n.
Define
Sp=A+ A2+ A3 +... 4+ A kel

Then the graph G is connected if and only if there exists an integer k < n — 1 such that
every entry of Sy is non-zero.

Proof. Assume that G is connected. Then for any pair of vertices v; and vj, there exists
a path joining them. Let d(i, j) denote the length of the shortest path between v; and v;.
Since a simple graph with n vertices cannot contain a path of length exceeding n — 1, it
follows that d(i,7) < n — 1.

By the algebraic interpretation of matrix powers, the (i, j) entry of A* represents the
number of walks of length k from v; to v;. In particular, (A4%7));; > 0. Therefore, for
k =n — 1, the matrix

Sy 1 =A+A% ... A

has strictly positive entries in every position. This shows that each pair of vertices is
connected by a path of length at most n — 1.

Conversely, suppose that there exists an integer k& < n — 1 such that every entry of S
is non-zero. Then for each pair (v;, v;), there exists an integer r < k such that (A");; > 0.
This implies the existence of a walk of length r connecting v; to v;, and hence a path
between them. Consequently, every pair of vertices in G is connected.

Thus, the graph G is connected if and only if there exists £ < n — 1 such that Sj has
no zero entries. O

Remark 4.2. This result provides a practical algebraic criterion for connectivity. In
applications such as transportation networks, the absence of zero entries in the reachability
matriz ensures that every location is accessible within a finite number of steps [15, 14].

Theorem 4.3. Let G = (V, E) be an undirected graph with incidence matriz M of order
n x m, and define

A= MMT = [aij].
Then the matriz A satisfies the following:
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(i) A is symmetric.
(i1) a; = deg(v;) for all i.
(i1i) Fori# j, a;; equals the number of edges incident to both v; and v;.

Proof. The symmetry of A follows directly from the identity
AT = (MM™)" = MMT,

which holds for any matrix product of this form.
The diagonal entries satisfy

Since each entry of the incidence matrix is either 0 or 1, the equality m?, = my, holds,

and therefore
m
Qi = E Mk,
k=1

which counts the number of edges incident to vertex v;.
For distinct vertices ¢ # j, the entry

m
Qij = E MikMjk
k=1

counts the number of edges shared by v; and v;. This establishes the desired interpretation
of off-diagonal entries. In the case of simple graphs, the value reduces to either 0 or 1,
depending on adjacency.

Thus, the matrix M M7 encodes both degree information and adjacency structure. [J

Remark 4.4. The matric MM7T provides a unified algebraic representation of network
structure, simultaneously capturing vertex importance and connectivity patterns [17, 16].

Theorem 4.5. Let G = (V, E) be a graph with adjacency matriz A. Then for any integer
k> 1, the (i,7) entry of A is equal to the number of distinct walks of length k from vertex
v; to verter v;.

Proof. The result is a direct consequence of the definition of matrix multiplication to-
gether with its combinatorial interpretation in graph theory. Let A = [a;;] be the ad-
jacency matrix of the graph G. By definition, a;; = 1 if there exists an edge between
vertices v; and v;, and 0 otherwise.

Consider first the matrix A2. Tts (7, 7) entry is given by

n
(A% =) ama.
k=1

Each term a;,ax; is equal to 1 precisely when there exists an edge from v; to an interme-
diate vertex v;, and an edge from vy, to v;. Thus, every non-zero contribution corresponds
to a walk of length two from v; to v; passing through v;. Summing over all possible
intermediate vertices v, yields the total number of distinct two-step walks between wv;
and v;.
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This interpretation extends naturally to higher powers of the matrix. For any integer
k > 2, the entry (A%),; is obtained through repeated matrix multiplication, which can be
expressed as a summation over all possible sequences of intermediate vertices. Specifically,
each term in the expansion corresponds to a sequence

Vj —> Uy =2 Vgy =7 =+ =2 Uk, — Vj,

where consecutive vertices in the sequence are adjacent in the graph. Such a sequence
represents a walk of length k& from v; to v;.

The structure of matrix multiplication ensures that every valid walk contributes ex-
actly one unit to the sum, while invalid sequences contribute zero. Consequently, the
total sum (A*);; counts precisely the number of distinct walks of length &k between the
vertices v; and v;.

Hence, the matrix power A* provides a complete algebraic representation of all walks
of length k£ in the graph, which establishes the desired result. O

Remark 4.6. This theorem provides a fundamental link between algebraic operations
and combinatorial properties of graphs. It is particularly useful in analysing indirect
connectivity, route planning, and flow dynamics in transportation systems [7, 20].

Corollary 4.7. Let G = (V, E) be a graph with adjacency matriz A of order n. If there
exists an integer k < n—1 such that A* has no zero entries, then the graph G is connected.

Proof. 1f AF has no zero entries, then for every pair of vertices (v;,v;), the entry (A*);; >
0. By the interpretation of matrix powers, this implies that there exists at least one walk
of length %k connecting v; and v;. Since the existence of a walk guarantees the existence
of a path between the vertices, it follows that every pair of vertices in GG is connected.
Hence, the graph G is connected. O

Remark 4.8. This corollary provides a simplified criterion for connectivity based solely
on a single matrix power, which is useful in computational applications where evaluating
Ak is more efficient than constructing the entire reachability matriz.

Corollary 4.9. Let G = (V| E) be a graph with adjacency matriz A. If G is disconnected,
then for every integer k > 1, the matriz A* contains at least one zero entry.

Proof. If the graph G is disconnected, then there exist at least two vertices v; and v; such
that no path exists between them. Consequently, there is no walk of any finite length
connecting v; and v;. Therefore, for all integers k > 1, the entry (A*);; = 0. This shows
that each matrix power A* contains at least one zero entry. O]

Remark 4.10. This result highlights that disconnected components in a network can be
detected algebraically through persistent zero entries in matrix powers, which is particu-
larly useful in identifying isolated regions in transportation systems.

5 Application to Route Map

The methodology of matrix operations can be effectively applied to real-world trans-
portation networks to analyse connectivity, accessibility, and structural efficiency. In
this section, we demonstrate the use of incidence and adjacency matrices in modelling a
regional airline network in Madhya Pradesh [16, 23].

9
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Definition 5.1. Let G = (V, E) be a graph representing an airline network, where V
denotes cities and E represents direct flight routes between them.

Example 1: Regional Airline Network
We consider a regional airline transportation network consisting of five major cities.
Let the vertex set be
V = {vy,v9,v3, 04,05},

where the vertices correspond respectively to Indore (I), Bhopal (B), Jabalpur (J), Gwalior
(G), and Khajuraho (K). The graphical representation of this network is shown in Fig-
ure 3.

€3 Jabalpur (v3)

Indore (v4)

Figure 1: Regional Airline Network

The set of edges representing direct flight connections is given by

E= {617 €2, €3, €4, €5, 66}7

where

e1:B-1, ey:B-J, e3:1-J, e :I-G, e5:J-K, e5:GK.

Remark 5.2. This network models a practical transportation system in which vertices
represent cities and edges denote direct flight routes. Such graph-based representations
are widely used in analysing connectivity, route optimization, and infrastructure planning

/16, 23].

Incidence Matrix Representation
The incidence matrix M associated with the graph is given by

110000
101100
M=1{011010
000101
000011

Remark 5.3. Each row corresponds to a vertexr and each column corresponds to an edge.
The entry m;; = 1 indicates that vertex v; 1s incident with edge e;. This representation
provides a compact algebraic structure for analysing vertez—edge relationships [1].

10
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Derived Adjacency Matrix
The derived adjacency matrix is obtained using

A=MMT =

O O = =N
O~ = W
_ O W = =
— NN O = O
N = = OO

Remark 5.4. The diagonal entries of A represent vertex degrees, indicating the number
of direct connections associated with each city. The off-diagonal entries encode adjacency
relations. Thus, the matriz MM?T simultaneously captures both local connectivity and
global structural information [17, 16].

Adjacency Matrix
By eliminating diagonal entries, we obtain the standard adjacency matrix

01110
10100
A=11 1 0 0 1
10001
00110

Remark 5.5. The adjacency matrix provides a direct representation of connectivity. It
is observed that Indore (vi) and Jabalpur (vs) have the highest degrees, indicating their
roles as central hubs. Such nodes are crucial for maintaining efficient connectivity and
ensuring robustness of the transportation network [8].

Analysis Using Matrix Powers
To examine indirect connectivity, consider

3110 2
1 2111
A2=11 13 20
01220
2100 2

Remark 5.6. The entry (i,7) of A* represents the number of distinct two-step paths
between vertices v; and v;. For example, (A?)oy = 1 indicates that there exists exactly
one indirect route from Bhopal to Gwalior via an intermediate city. Such analysis reveals
hidden connectivity patterns within the network [7].

Reachability Analysis
Define the reachability matrix

S2:A+A2
32 21 2
2 2 211
So=12 2 3 2 1
112 21
2111 2
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Remark 5.7. Since all entries of Sy are non-zero, it follows that every pair of cities is
connected either directly or through at most one intermediate city. Hence, the network is
fully connected within two steps.

Remark 5.8. From an application perspective, this indicates a highly efficient transporta-
tion system in which travel between any two cities requires at most one stopover. Such
properties are desirable in real-world networks, as they enhance accessibility, reduce travel
time, and improve system reliability [15, 14].

Example 2: Extended Network
We now consider an extended transportation network consisting of seven cities. Let
the vertex set be

V={I,B,J,G,R,U,S},

representing Indore (I), Bhopal (B), Jabalpur (J), Gwalior (G), Rewa (R), Ujjain (U),
and Sehore (S). The graphical structure of this network is illustrated in Figure 2.

v4 Gwalior

V7 Sehore ¢ /v Bhopal

. C?:'( e v3 Jabalpur
vl Indore €2
v6 Ujjain

Figure 2: Extended transportation network

Remark 5.9. This extended network represents a realistic regional transportation sys-
tem. Such models are useful for analysing connectivity patterns, route optimization, and
infrastructure planning in large-scale networks [22, 23].

Adjacency Matrix Representation

0100010
1011001
0101100
A=10110100
0011000
1000001
010001 0]

Remark 5.10. The adjacency matriz shows that Bhopal (B) has the highest connectivity,
acting as a magor hub. In contrast, Rewa (R) has fewer direct connections, indicating a
peripheral role. Such heterogeneity is typical in real-world transportation networks [8].

12
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Higher-Order Connectivity Analysis

A2

D O O == O

Remark 5.11. The entries of A? represent the number of two-step paths between cities.
For instance, (A?)gr = 2 indicates that two distinct intermediate routes exist from Bhopal

to Rewa.

Reachability Analysis

S2:A+A2:

Remark 5.12. The matrix Sy shows that most cities are connected within two steps,
although some zero entries remain, indicating limited accessibility between certain pairs.

Remark 5.13. The matriz S3 significantly reduces the number of zero entries, indicating
improved connectivity across the network. Most city pairs become reachable within three

steps.

14
18
19
Sy= |19
8
12
18

Remark 5.14. Since S, contains no zero entries, the network is fully connected within
at most four steps. This ensures complete accessibility across all cities.

Remark 5.15. The magnitude of entries in Sy reflects the number of alternative routes.
Cities such as Bhopal and Indore exhibit higher values, confirming their importance as

18
46
26
26
20
14
33

O N~ = O

O = O = =N

19
26
41
35
16
10
19

—_ O = = W

NN N R

_ O = W ==

19
26
35
41
16
10
19

magor connectivity hubs in the network [7, 15].

13

— O NN WND

OO NN =N O

— o N WD N -

8
20
16
16
10

4

8

OO OO N O

Sy = A+ A% 4 A3

N OO == O N

SO N DNDNDNO

12
14
10
10
4

10
12

— NN OO o N

18
33
19
19
8
12
14

O = O =N
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Example 3: Transportation Network of Major Indian Cities

We consider a large-scale transportation network consisting of ten major Indian cities.
Such a model provides a realistic framework for analysing connectivity patterns in national-
level transportation systems.

Let the vertex set be

V= {Ula V2, U3, V4, Us, Vs, U7, Us, V9, UlO}J

where
vy : Delhi (D), vy : Mumbai (M), w3 : Kolkata (K), w4 : Chennai (C),
vs : Bengaluru (B), wg :Hyderabad (H), wv7: Ahmedabad (A),
vg : Pune (P), g : Jaipur (J), vy : Lucknow (L).

Remark 5.16. These cities represent major economic and transportation hubs in In-
dia. Analysing their interconnections provides valuable insights into large-scale network
efficiency and infrastructure planning [22, 19].

Adjacency Matrix Representation
The adjacency matrix A is given by

01 10001O0T1T1
1000011100
10010000O0O0T1
001011O00¢O0®O0
A 000101O01O0O0
01 011O000O00O0
11700000110
010010100 O0
10000O01O0O0T1
1 01000001 O]

Remark 5.17. The matriz A encodes direct connectivity between cities. It can be ob-
served that Delhi (vy), Mumbai (v2), and Ahmedabad (v;) have relatively higher degrees,
indicating their roles as major hubs. Such hub-based structures are typical in real-world
transportation networks [8].

Higher-Order Connectivity
To analyse indirect connections, we consider matrix powers of A.

Remark 5.18. The matriz A? provides information about two-step connectivity. A non-
zero entry (A%);; indicates that there exists at least one intermediate city connecting v;
and vj. This helps identify alternative routes and enhances route planning efficiency [7].

Reachability Analysis
Define the reachability matrix

Sp=A+ A%+ A3 ... 4 A~

14
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Delhi
el @ &2 e
Jaipur
@ ®Lucknow e4
el e5
e7
Ahmedabad (&) o5 @ Kolkata
€6 .

eg
el0

eg
Mumbai @® e

Pune () Hyderabad
e12

€4 es
e4 €10

Bengaluru @ @ Chennai
e9

Figure 3: Transportation Network of Major Ten Indian Cities

4221112122
2 411122211
2131111012
1113221100

g _ |1 112321200

2711212231100
2211114221
1201212310
2110002132
21200010 2 3]
8 6 5333 6 36 6]
6 10 4 4 4 6 7 6 4 4
5 4 7544 4 2 46
3 45766 4 32 2

g _ 344676 4522

5713 6 46 6 7 4 4 2 2
6 7 4 4 4 410 6 6 4
3 6 2354 6 732
6 4 4 222 6 375
6 4 6222 4 25 7]

Remark 5.19. Since the matriz S3 contains no zero entries, it follows that the trans-
portation network is fully connected within three steps. Hence, any city can be reached
from any other city using at most two intermediate stops.

This indicates a highly efficient and well-integrated national transportation network,
where magjor hubs such as Delhi, Mumbai, and Ahmedabad facilitate widespread connec-
tivity.

15
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Remark 5.20. For sufficiently large k (in particular k < n — 1), the matriz Sy, captures
complete connectivity of the network. In this case, the structure of A ensures that the
network is connected, meaning that every city can be reached from any other city through
a finite number of intermediate stops.

Remark 5.21. From a practical perspective, this implies that the national transporta-
tion network is well-integrated. Major hub cities facilitate long-distance travel, while
intermediate cities ensure regional accessibility. Such analysis is essential for optimizing
transportation efficiency and improving infrastructure planning [15, 14].

6 Conclusion

In this study, a matrix-based framework for analysing transportation networks has been
developed using tools from graph theory and linear algebra. The transformation of inci-
dence matrices into adjacency matrices via the product M M7 provides a unified repre-
sentation that captures both vertex connectivity and structural properties of the network.
The use of matrix powers enables a systematic investigation of indirect connections and
path structures, while the reachability matrix offers an effective algebraic criterion for
determining network connectivity. The theoretical results establish a strong relation-
ship between matrix operations and graph connectivity, forming a solid mathematical
foundation for network analysis.

The proposed methodology has been successfully applied to various transportation
network models, including regional and large-scale systems. The analysis demonstrates
that central nodes play a crucial role in maintaining connectivity, whereas peripheral
nodes require intermediate links to ensure accessibility. The results further indicate
that complete connectivity can be achieved within a finite number of steps, highlight-
ing the efficiency of well-structured networks. This approach provides valuable insights
for transportation planning, route optimization, and infrastructure development, and can
be extended to other complex systems such as communication and logistics networks.
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