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Abstract

This study introduces dual Lorentzian vectors whose components are derived from Leonardo number sequences.
By embedding these sequences into a three-dimensional dual Lorentzian space, the research investigates their
geometric properties and establishes the mathematical framework for dual Lorentzian angles.
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1 Introduction

Sequences of positive integers have long attracted mathematicians due to their elegant properties and diverse
applications. Among these, the Fibonacci and Lucas sequences are particularly prominent, known for their deep
mathematical structure and utility across various scientific disciplines. These sequences not only play an essential
role in number theory and combinatorics but also emerge in biology, physics, computer science, and beyond.
Their recursive nature and connections to algebraic identities make them a central focus in both theoretical
investigations and applied problem-solving (Bicknell et al., 1972; Koshy, 2001; Park et al., 2020; Candan, 2022;
Vajda, 1989; Verner and Hoggatt, 1969; Halic1, 2012; Ozkan and Akkus, 2024).

In pursuit of broader generalizations, many researchers have introduced and studied extensions and analogs
of these classical sequences. For instance, Horadam explored a generalized Fibonacci sequence H,(a,b;p,q),
where Hy = a, H1 = b, and

H,=pHn-1+qHn—2, n>=2

(Horadam, 1961, 1963). This formulation allows for the construction of various new integer sequences by
adjusting the parameters a, b, p, and ¢, encompassing numerous well-known recurrences as special cases.
One such notable sequence is the Leonardo numbers denoted by L, which are defined by the recurrence
relation
Len =Len1+Lenoa+1, Leg=1,Les =1, n>2. (1.1)

This sequence begins as
1,1,3,5,9,15,25,41,67,109, 177, . ..

and finds applications in computational theory, particularly in data structure analysis such as smoothsort, where
it models the size of heaps in a heap-based sorting algorithm. The recurrence of Leonardo numbers can also be
interpreted as a variant of the Fibonacci sequence with an additional increment term, yielding a slower-growing

but structurally rich sequence. The Binet’s formula for Leonardo number sequence is
2 n+l _ 2 n+1
Len=22" 2" 4 >0 (1.2)

o=
and

Le, =2F,+1—1, n>0 (1.3)

where ¢ = 1_4_2\/57 P = 1_2\/3, F,, is n** Fibonacci number (Fo=0,F, =1,..) and F,, = F;,_1 + F—2. In

other words,

Ln = Lnfl + Ln727 n 2 2

where L, is n'" Lucas number (Lo = 2, L; =1, ...), and L,, = ¢" +¢". The following equations can be written:
Ln = L'n+41 + anla

FonFpi1 — Fonp1Fp = (=1)"Foy_p, (1.4)

(Halic1, 2019; Catarino and Borges, 2020; Karatasg, 2022).

In the context of algebraic structures, dual numbers introduced by Clifford and further developed in geometry
and kinematics by Kotelnikov (1895) and Study (1901) offer an intriguing extension to real numbers. A dual
number is an expression of the form v = ~o + 1€, where 70,71 € R, and ¢ is a dual unit satisfying € = 0, £ # 0.
The set of all such numbers is denoted by

D= {y =" +me |7, € R,e* =0,e #0}.

The square root of a dual number + is defined as

VA =0 + ;71%5. (1.5)

Similarly, a dual vector takes the form
¥ = o + T1¢,
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where 4p and 41 are real vectors. Dual vectors and dual numbers are widely used in representing motions and
orientations in Euclidean space, particularly in the study of screws, rotations, and transformations (Veldkamp,
1976; Guggenheimer, 1963).

In this paper, we explore a dual number extension of the Leonardo number sequence, investigate its algebraic
and combinatorial properties, and derive new identities and formulas based on this generalized structure.

2 Dual Lorentzian Space D?

Let R® = {(a1,a2,a3) | a1,a2,as € R} be a 3-dimensional real vector space given by the vectors @ = (a1, as, a3)
and b = (b, b2, b3) in R3. The Lorentzian scalar product of @ and b is defined by

<5, g>]L = —a1b1 + asbs + asbs. (2.1)
(R3,(-,-)) is called the 3-dimensional Lorentzian space, or Minkowski 3-space, denoted by R}, and the
Lorentzian vector product of @ and b is defined by

-

—e1 52 53

anL b= ar a2 as
b1 by b3
= (—Gng + asba, —a1bs + azbi, ai1bs — asb1), (2.2)
where €1 A é3 = €3, €5 A é3 = —e1, and €3 A €1 = é5 (Akutagawa and Nishikawa, 1990).

Also, @ in R} is called a spacelike vector, a lightlike vector or a timelike vector if

(@@ >00rd=0, (@dad.=0andd#0, or(damL<O0,

respectively.
The Lorentzian scalar product and vector product of dual vectors A = @ + @5 and B = by + £by in D? are
given by
(A, By =(do, bo). + = ({8, B} + (@, bo)s.) (2.3)
and
ANL B =db AL bo + e(an AL by + a@g AL bo), (2.4)

where we call the dual space D?® together with this Lorentzian inner product as dual Lorentzian space and denote
it by D? (Ugurlu and Caligkan, 1996).

Definition 2.1. Let A € D?. The dual vector A is said to be spacelike if the vector d@y is spacelike, timelike if
the vector dp is timelike, and lightlike (dual null) if the vector do is lightlike, respectively.

Definition 2.2. The norm of a dual vector A in D? is given by

‘K’L = /(A A = |ao| + a<“|010|°>. (2.5)

Let h(zo + z1€) be a dual function Fike and Alonso (2009). Then the Taylor series expansion of this dual
function x¢ + x1€ = ap + a1€ can be given as:

h(llo + a1€) = h(ao) + alh/(ao)e, (26)
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where the prime represents differentiation with respect to x, i.e.

W () = b (z + £0) = %h(m). 2.7)

In this paper, we introduce the dual Leonardo numbers, which generalize the classical Leonardo number
sequence (Karatag, 2022, 2023; Halici, 2019; Halic1 and Curuk, 2019; Alp and Koger, 2021; Catarino and Borges,
2020; Babadag and Atasoy, 2024; Babadag et al., 2024; Atasoy, 2025) by employing the concept of dual numbers.
We investigate fundamental properties of these numbers and construct new geometric entities, namely, the dual
Leonardo vector and dual Leonardo angle within the framework of dual Lorentzian geometry.

3 Dual Leonardo Number Sequences

In this section, the focus is on dual Leonardo number sequences, with an exposition of their fundamental
characteristics (Karatag, 2023; Alp and Koger, 2021; Babadag and Atasoy, 2024). The following terms are
defined as follows: identities and properties.

Definition 3.1. The dual number of the form
DLen = Len + eLent1 (3.1)

is called the n'® dual Leonardo number and 2 = 0, € # 0, where Le,, is n*" Leonardo number.

From definition, the following recurrence relation can be prove
DLe, =DLen—1+DLep_2+1+¢, n>2.
The few dual Leonardo numbers are given as

DLey =1+ 3¢, DLex = 3+ be, ...
Theorem 3.1 (Karatag (2023)). The Binet’s like formula for dual Leonardo numbers is

n+1 _ aymtl
DLe, = Qw —1—= (3_2)
NG

where
p=1+¢cp and p =1+ €. (3.3)

Proof. From (1.2), (3.1) and (3.3), we find that

DLe, = Len +eLent1

n+l _ n+l n+2 _ n+2
:QM_H{?@%_Q

=1 -9
20" (b pe) 2 (k)
-9
(p'rﬂ»lf _ wn«kly
=2—— = —1-¢
V5
This is the desired result. O
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For example, for n =1,

2 2
_ @ =) te(@® =Yt
=2 7 1-¢
_ YoV

V5
=1+ 3e.

Checking result: Le; =1, Lea =3 and DLe; = Ler +eLex =1+ 3e.
Theorem 3.2. Let DLe, be the n'™ dual Leonardo number. Then,
DLe, = DLen—1+DLen—2+ (1+¢),
DLe, — DLent1e = Ley,
DLe,DLem + DLepy1DLemt1 = (LenLem + Lent1Lemyt)
+ (ﬁen£€m+1 + £€n+1£€m
+ Een+1£em+2 + Een+2ﬁem+1)5~
Proof. (3.4): Using the definition of dual Leonardo numbers, we have
DLen—1+DLep—2 = (Len—1 + Lene) + (Len—2 + Len_16)
= (£6n71 + £€n72) + ([fen + £6n71)5~

Since Leonardo numbers satisfy
£€n = ['enfl + £8n72 + 1

and
Een+1 =Len + Len—1+1
we obtain
DLen—1+ DLen—2 = (Len — 1) + (Lent1 — 1)e
=DLe, — (1 +¢).
Thus,

Dﬁen = Dﬁen—l + D»Cen—Z + (1 + 5).
(3.5): From (4.1),

DLen — DLeny1e = (Len + Lent1€) — (Lent1 + Lent26)e

2
= Len + Lent1€ — Lent16 — Lepy2€e
= Leyp.

(3.6): From (4.1),

DLenDLem = (Len + Lenti16)(Lem + Lemt1€)
= LenLem + (LenLemi1 + Lent1Lem)e.

Similarly,

DLen+1DLEm+1 = (Len.H + £€n+26)(£em+1 + £€m+26)
= Len+l£€m+l + (£6n+1£em+2 + Len+2£€m+l)5-
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Adding both expressions gives

DLe,DLewm +DLenr1DLEm+1
= (LenLem + Lent1Lemt1)
+ ([renﬁeerl + £€n+1£em + Ln+1ﬁem+2 + Len+2£em+l) E.

The proof is completed. O

4 Dual Leonardo Vector and Angle in Dual Lorentzian Space

In this section, we obtain dual Leonardo vector and dual Lorentzian angle by using Leonardo number sequences
in dual Lorentzian spaces D} (see Fig. 1).

Time

DL,

DL, \
. space
y I

Figure 1: Vector and angle on Lorentzian sphare.

Definition 4.1. The n'® dual Leonardo Lorentzian vector DZen is defined as:

DZZen = Een + 6Een+1

where Le, = (Len, Lent1, Lenta) iS n'® Leonardo Lorentzian vector.

Theorem 4.1. Let DZen and DZem be dual Leonardo Lorentzian vectors in dual Lorentzian spaces ]D)i’, the
Lorentzian scalar product and the Lorentzian vectoral product are given as:

- - 4 24
(DLen,DLem) = £ (1) Linon + 8Lamsnss + o Lintn — 4Fnsz = 4Pnia +1 (4.1)
4 n+1 48
+ g(_l) L—n + 16Lm+n+2 + ?Lm-ﬁ-n-ﬁ-l - 4Fn+4 - 4Fm+4 +2)e.
and

4(71)nFm7n - 2Fn+1 + 2}‘_"rnle 4(71)’”Fm7n - 2Fn+3 + 2Fm+3
DLe, AL DLe,, = 4(—1)"Fm7n —2Fh42 +2F 42 | +¢ 4(—1)”Fm7n — 2Fn45 + 2F 45
A(—1)"Fpyp + 2F, — 2F, A(—1)"Fpy + 2Fpyn — 2F s
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Proof. Using (2.1) for the Leonardo Lorentzian vectors [en and Eem, the Lorentzian scalar product is as follows:

<E€n, E€m>L = —Le,Lem + £6n+1£em+1 —+ £6n+2£6m+2

280n+1 _ 2,¢)n+1 2¢m+1 _ 2wm+1
- -1 -1
( -1 ) =1 )
24pn+2 _ 2wn+2 1 2¢m+2 _ 2,¢m+2
-9 -1
290714»3 _ 21/)n+3 . 2@m+3 _ 2wm+3
e Voo
= SN ) S (g 4 )
+ 20" (0" et %) + % T+ ) +
+ %zﬁ"(—wwﬂ + %) + %w”(w—«f’ —o*) +1

= (1" Lnn + 29109 4 6) + 2™ (109 +6)

+(

—1)

+(

[S2R =N

+é%wm+w%@w%+i%@M+¢w@a¢%+1

24
- 7(_1)n+1Lm—n + 8Lm+n+1 + ELm-kn - 4Fn+2 - 4Fm+2 +1

(SR

where L, is n'* Lucas number. Similarly,

.o 4 N
<£en7 Eem+1>L = g(_l) +1men+1 + 8Lm+n+2

24
+ ELm+n+1 —4F, 2 —4F 13 +1
and
o o 4 N
<£en+17 ['em>L = 5(71) +2Lm—n—1 + 8Lm+n+2
24
+ ELm+n+1 —4F, 13 —4F 42+ 1

By using (2.3), (4.2), (4.3) and (4.4), we obtain the dual Lorentzian scalar product as follows:

em> (<£_‘en,£_‘em+1>]L + <Een+1,fem>L)

)n+lL m—n T 8Lm+n+1 + —

<D26n, DZem >IL

4
( 5 m+n - 4Fn+2 - 4Fm+2 + 1
4 7L+1 8
g L'm n + 16L'm+n+2 + 5 Lm+n+l - 4Fn+4 - 4Fm+4 + 2

o
(e

2 o — o — o)
V5

(4.4)
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If we use (2.2) and identity (1.4), the Lorentzian vectoral product is obtained

—€1 €2 €3
Len AL Lem = | Len  Lent1  Lent2
Lem Lemi1 Lemin
= (7£en+1£em+2 + £8n+2£em+17 7£en£€m+2 + Een+2£em,
- £6n+1£6m + £€m+1£€n)
- [4(_1)nFm—n - 2F‘n+1 + 2Fm+1] gl
+ [4(=1)"Fp—n — 2Fn12 4 2Fnq42] &
4 [A(=1)"Fp + 2F, — 2F,] .

Similarly
Een+1 AL Eem = [4(_1)n+1Fm—n—1 - 2Fn+2 + 2Fm+1} el
+ [4(_1)n+1Fm7n71 - 2Fn+3 + 2Fm+2] é’2
+ [4(71)n+1Fm—n—1 + 2Fn+1 - 2Fm] €3-
and

Een AL £€m+1 = [4(71)”Fm7n+1 —2F 41+ 2Fm+2] €1
+ [4(—1)"Fnent1 — 2Fni2 + 2F 3] €
+[4(-1)"Fpnt1+2F, — 2F 1] 5.

where €1, €3, €3 are unit direction vectors and

DLlen AL DLem = Len AL Lem + e(fen AL Eem+1 + Een+1 AL Eem)

4(_1)nmen - 2F’n+1 + 2F‘mqtl 4(_1)nFm7n - 2Fn+3 + 2Fm+3
= 4(_1)nFm—n - 21Tn+2 + 2Fm+2 +e 4(_1)nFm—n - 2Fn+5 + 2Fm+5
4(_1)77, m—n + 2Fn - 2Fm 4(_1)71 m—n + 2Fn+2 - 2Fm+2
Thus, the proof is completed. O

Corollary 4.2. The norm of DLe, is

IDLen||* = (DLen, DLen)L
8 n 24
= 5(71) + + 8L2n+1 + ELG — 8Fn+2 +1
8 n 48
+ (g(fl) +1 + 16L2n+2 =+ €L2n+1 — 8Fn+4 + 2) €.
Proof. The proof is clear from taking m = n in (4.1). a

Proposition 4.1 (Kotelnikov (1895); Study (1901)). Let A = @+ ea@* be a unit dual Lorentzian vector, then
the directed line d that corresponds with A has the equation of the form

F=daALad +pd (4.5)

where 0 < p < 1.
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k
\ P

Figure 2: E. Study mapping in D3, Kotelnikov (1895); Study (1901).

Proof. Let A = @+ ¢e@ be the unit dual vector and if Q and R are points on the corresponding line d, and O
is the origin (see Fig. 2), then

OR = 0Q + QR,
T=q+ A a,
where ) is a real parameter. A point R is on the line of vectors @ and @* if and only if
aALad =aiL (@A]L ZI:) = <Ei, d>]1}f- (6, @Ld

and then

and

F=aALa +pd
d
Theorem 4.3. Suppose that D~Leyn is a dual Leonardo Lorentzian vector and let
DLen = Len + eLents = Len + Ley, (4.6)

be its unitized vector, then the equation of corresponding dual line is

7:’n = [4(_1)nFm—n - 2F’n-‘,—l + 2F‘m,+1 + 1% Ln} él
[A(=1)"Frmn —2Fn0i2 + 2F 12+ pt Lnya] €2
[ _

4(=1)"F_p + 2F, — 2F, + p Lnyo] &.

+ +
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Proof. By using (4.5), we obtain

—

Ty = Een AL EenH + u Een,
—é1 éo €3
Ley, Lent1 Lent2 |+ p (Len€t + Lent182 + Len12€3)
Lent1 Lenta Lenys
= [4(_1)nFm7n - 2Fn+l + 2Fm+1 + 12 ﬁen] é’1
+ [4(_]—)nmen - 2Fn+2 + 2Fm+2 + 12 ﬁen«kl} 62
+ [4(=1)"Fo—n + 2F, — 2F, + p Leng2] €3.

O

Definition 4.2. (Dual center angle) (Ugurlu and Calgkan (1996)) Let A = @ + e@* and B = b + ¢b* be
dual spacelike unit vectors in D3. Given the center angle ¢ and the shortest distance ¢*between the directional
spacelike lines corresponding to these vectors, the dual number

®=¢+eo"

is called the dual center angle between these vectors (see Fig. 3).

Figure 3: Dual Central Angle between Spacelike Lines

Definition 4.3. (Aslan et al., 2020) Let A=ad+ed and B = b+ cb* be the spacelike dual vectors in D}. The
Lorentzian scalar product of these vectors is

(A, B)r, = cos ® = cos ¢ — e¢” sin ¢ (4.7)
where ® = ¢ + £¢™ is the dual Lorentzian angle between them.
We will have the following cases for A=a +ed" = DZen and B = l_;+ eb* = DZem.

Corollary 4.4. Let DLen and Dlewm be dual Leonardo vectors in dual Lorentzian spaces, by using (4.1),
Definition(4.2) and Definition(4.3)

-, - 4 24
<D£@n7D£em>L = g(_l)n-lemfn + 8Lm+n+1 + ngﬁ»n - 4Fn+2 - 4Fm+2 + 1

4, . 48
+ (5(_1) +1Lm7n + 16Lm+n+2 + ELm+n+l - 4Fn+4 - 4Fm+4 + 2) g

10
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where if we take

4 24
COS¢ = g(_l)n+lefn + 8Lm+n+l + gL’rnJrn - 4Fn+2 - 4Fm+2 + 1

and

- n 48
—¢ sm¢ = (—1) +1Lm—n + 16Lm+n+2 + ng+n+l — 4Fn+4 — 4Fm+4 + 2.

Figure 4: Parallel of dual lines dy and do

Case 4.5. If =0 and ¢* # 0, then
<DZen,DZem>]L =cos® =cosp =1
which gives

4 n 24
g(_l) +1Lm7n + 8Lm+n+1 + ELm+n - 4Fn+2 - 4Fm+2 =0.

Thus, corresponding dual Leonardo vectors Drlen and DLlew are parallel (see Fig. 4).
Case 4.6. If 9" =0 and ¢ # 0, then we obtain
<D26n, ’DZem> =cos P = cos¢p
L
which gives
4 n+1 24
¢ = arccos g(fl) Ly—n +8Lmint+1 + ng+n —4F, 10 —4Fpnyo+ 1
and

n 48
(71) +1Lm—n + 16Lm+n+2 + ?Lm-‘—n-&-l = 4Fn+4 + 4Fm+4 — 2.

(SR

Thus, corresponding dual Leonardo vectors ’Z)Zen and DZem intersect each other (see Fig. 5).

11
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a
- y
b

Figure 5: Intersection of dual lines d; and do

5 Conclusion

This study introduced dual Leonardo sequences, extending classical Leonardo numbers into the dual number
system. We established fundamental recurrence relations and algebraic identities. By integrating these sequences
into three-dimensional dual Lorentzian space, we defined dual Lorentzian vectors and analyzed their geometric
behavior through the formulation of dual Lorentzian angles. The results provide a robust foundation for future
research and offer potential applications in kinematics, theoretical physics, and geometric modeling.
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