Fixed Point For Nonlinear Rational Contractive Mappings In Fuzzy Metric Spaces With Application


Abstract
The present study investigates a new class of nonlinear rational contractive map- pings within the framework of fuzzy metric spaces (X , M, ∗). By introducing rational- type inequalities involving the fuzzy distance M (ξ, ζ, t), we establish sufficient condi- tions ensuring the existence and uniqueness of fixed points for self-maps T : X → X . The approach extends several known results in fuzzy fixed point theory by incorpo- rating rational expressions that generalize the classical contractive forms. A series of explicit examples, including affine and quadratic mappings on real intervals, illustrate the theoretical results and demonstrate the robustness of the proposed framework. Moreover, an application to a nonlinear integral equation is discussed, confirming the effectiveness of the main theorem in applied mathematical contexts.
Keywords: Fuzzy metric space, Nonlinear rational contraction, Fixed point, Integral equations.

1 [bookmark: Introduction]Introduction
Fixed point theory has emerged as a central instrument in contemporary mathematical analysis due to its profound role in nonlinear analysis, optimization, differential and integral equations, and computer science. The fundamental basis of this theory is the Banach contrac- tion principle, which guarantees the existence and uniqueness of fixed points for self-maps in








complete metric spaces. Since its introduction, numerous researchers have sought to broaden this principle to accommodate increasingly complex mappings and abstract space structures. In particular, various generalized forms such as Kannan-, Chatterjea-, and rational-type con- tractions have been introduced, each contributing to the expansion of fixed point applications across theoretical and applied mathematics [5].
The concept of fuzzy metric spaces was first introduced by Kramosil and Michalek [11] and later refined by George and Veeramani [7] to incorporate the notion of fuzziness into distance measurement. This development is rooted in the foundational idea of fuzzy sets pro- posed by Zadeh [17], which provides a mathematical framework for handling uncertainty and imprecision. In such spaces, the degree of closeness between two points is expressed through a membership function that depends on a time parameter rather than a fixed real value. Consequently, fuzzy metric spaces offer a richer analytical environment, making them par- ticularly suitable for applications in domains involving uncertainty, such as decision theory, image processing, pattern recognition, and dynamical systems.
On this foundation, Grabiec [8] was among the first to establish fixed point results in fuzzy metric spaces, paving the way for further contributions by Altun and Turkoglu [3] and Abbas and Rhoades [1]. Their investigations demonstrated that fuzzy metric structures provide a robust platform for generalizing classical contraction principles and for analyzing nonlinear mappings within uncertain frameworks.
Parallel to these developments, the notion of rational contractions introduced by Das and Naik [6] extended fixed point theory by incorporating rational expressions involving distances between points and their images. This framework allows the study of mappings that may not be Banach contractions yet still satisfy conditions ensuring the existence of fixed points. Subsequent works by Rhoades [13], Samet et al. [14], and Wardowski [16] enriched this field by presenting weak, α–ψ, and Wardowski-type contractions, respectively, thereby offering a variety of approaches to capture nonlinear behaviors beyond classical settings.
Motivated by these directions, the present paper investigates nonlinear rational contrac- tive mappings in fuzzy metric spaces. Our objective is to establish new fixed point results that ensure both existence and uniqueness of fixed points for such mappings. The proposed framework unifies rational-type contractive conditions with the inherent fuzziness of the met- ric, providing a natural generalization that extends earlier results in both classical and fuzzy environments.
Beyond theoretical development, the paper emphasizes practical applicability. We demon- strate that the obtained results can be effectively applied to the solvability of nonlinear inte- gral equations, which play a vital role in mathematical modeling across physics, engineering, and biological sciences. Fixed point principles serve as an essential tool for verifying the existence and uniqueness of solutions to such equations [4].

2 [bookmark: Preliminaries]Preliminaries
The concept of a fuzzy metric space was originally introduced by Kramosil and Michalek [11] and later refined by George and Veeramani [7], providing a formal framework that combines metric structure with fuzziness. In such spaces, the proximity between two elements is represented not by a single numerical value but through a membership function that evolves

with a time parameter, reflecting the degree of nearness in a fuzzy sense.
Definition 2.1 (Fuzzy Metric Space). A fuzzy metric space is a triple
(X , M, ∗),
where X is a nonempty set, M : X × X × (0, ∞) → [0, 1] is a fuzzy distance function, and ∗ denotes a continuous t–norm. The function M satisfies the following conditions for all ξ, ζ, χ ∈ X and t, s > 0:
(F1) M (ξ, ζ, t) > 0;
(F2) M (ξ, ζ, t) = 1 for every t > 0 if and only if ξ = ζ; (F3) M (ξ, ζ, t) = M (ζ, ξ, t);
(F4) M (ξ, χ, t + s) ≥ M (ξ, ζ, t) ∗ M (ζ, χ, s), where ∗ is a continuous t–norm; (F5) for each fixed ξ, ζ ∈ X , the mapping t '→ M (ξ, ζ, t) is continuous on (0, ∞).
Definition 2.2 (Convergent Sequence). Let (X , M, ∗) be a fuzzy metric space. A sequence
{ξn} in X is said to converge to a point ξ ∈ X if, for every t > 0,
lim M (ξn, ξ, t) = 1.
n→∞
In this case, we denote the convergence by ξn → ξ in (X , M, ∗).
Definition 2.3 (Cauchy Sequence). A sequence {ξn} in a fuzzy metric space (X , M, ∗) is called a Cauchy sequence if, for each ε ∈ (0, 1) and t > 0, there exists N ∈ N such that
M (ξn, ξm, t) > 1 − ε	for all m, n ≥ N.
Definition 2.4 (Complete Fuzzy Metric Space). A fuzzy metric space (X , M, ∗) is said to be complete if every Cauchy sequence in X converges to a point of X .

3 [bookmark: Some_New_Examples]Some New Examples
In this section, we present several formulations of fuzzy metrics M (ξ, ζ, t) that, when paired with a continuous t–norm (here chosen as the product a ∗ b = ab or the minimum a ∗ b = min{a, b}), satisfy the axioms (F1)–(F5) defining a fuzzy metric space. The consistency of these axioms has been established in the classical studies of Kramosil–Michalek [11] and
George–Veeramani [7]. For completeness, each example below demonstrates convergence and Cauchy properties of representative sequences.

Example 3.1.	Let X = R and define
t
M (ξ, ζ, t) = t + |ξ − ζ| ,	t > 0,
where the t–norm is the product ∗ defined by a ∗ b = ab.
Proof. Positivity follows immediately since M (ξ, ζ, t) > 0 for t > 0, verifying (F1). Axiom (F2) holds because M (ξ, ζ, t) = 1 for all t > 0 precisely when ξ = ζ. Symmetry (F3) follows from the identity |ξ −ζ| = |ζ −ξ|. For fixed ξ, ζ, the mapping t '→ t/(t+|ξ −ζ|) is continuous, establishing (F5).
To verify (F4), let a = |ξ − η| and b = |η − ζ|. From the triangle inequality, |ξ − ζ| ≤ a + b, giving
t + s	t + s


Also,

M (ξ, ζ, t + s) = t + s + |ξ − ζ| ≥ t + s + a + b.



It suffices to show

t
M (ξ, η, t) M (η, ζ, s) = t + a ·
t + s
≥

s
=
s + b
ts

ts
.
(t + a)(s + b)

,

t + s + a + b	(t + a)(s + b)
which simplifies to a nonnegative sum after clearing denominators:
(t + a)s2 + (s + b)t2 + (a + b)ts ≥ 0.
Hence (R, M, ∗) is a fuzzy metric space. For the sequence ξn = 1/n,     
                       M (  , 0, t)  =   t		n


so ξn → 0 in (X , M, ∗).

	


Example 3.2.	Let X = [0, ∞) and set
M (ξ, ζ, t) = exp (− |ξ − ζ|),	t > 0,t

using the same product t–norm.
Proof. Axioms (F1)–(F3) and (F5) are evident from positivity, symmetry, and continuity. For (F4), using |ξ − χ| ≤ |ξ − ζ| + |ζ − χ|, we obtain
M (ξ, χ, t + s) = exp(− |ξ − χ| ) ≥ exp (− |ξ − ζ| + |ζ − χ|).


Since for u, v, α, β > 0 one has

t +s

t + s

exp(− u + v ) ≥ exp (− u ) exp (− v ),α + β
α
β


it follows that
M (ξ, χ, t + s) ≥ M (ξ, ζ, t) M (ζ, χ, s),
and hence (F4) is satisfied.
For sequences, ξn = n is not Cauchy since
M (n, m, t) = e−|n−m| /t → 0	as |n − m| → ∞.


However, for ξn = 1/n,



 

M(,,t)



= exp 




1 −  1
—  n	m  	  

t




→ 1,

so {ξn} is Cauchy and converges to 0.


Example 3.3.	Let X = [0, 1] and define
t2
M (ξ, ζ, t) = t2 + |ξ − ζ| ,	t > 0,
with the product t–norm.
Proof. Axioms (F1)–(F3) and (F5) are immediate. For (F4), let a = |ξ − η| and b = |η − ζ|, so that |ξ − ζ| ≤ a + b. Then
(t + s)2	(t + s)2
M (ξ, ζ, t + s) = (t + s)2 + |ξ − ζ| ≥ (t + s)2 + a + b.

It remains to prove


(t + s)2


t2	s2

(t + s)2 + a + b ≥ t2 + a · s2 + b,
which holds because the difference between both sides expands into nonnegative terms. Thus (X , M, ∗) fulfills (F4).
For ξn = n/(n + 1) and ξ = 1,


M   n	 

n + 1

, 1, t

t2
=  2	 1 +
t

n+1

−−−→ 1,
n→∞

so ξn → 1 in (X , M, ∗). The space [0, 1] endowed with this fuzzy metric is complete, as discussed in [7].

4 [bookmark: Nonlinear_Rational_Contractive_Mappings]Nonlinear Rational Contractive Mappings
We now introduce a class of fuzzy self-maps whose contractive behavior is governed by rational expressions in the fuzzy distance function.
Definition 4.1. Let (X , M, ∗) be a fuzzy metric space. A mapping T : X → X is called a nonlinear rational contractive mapping if there exists a constant κ ∈ (0, 1) such that, for all ξ, ζ ∈ X and t > 0,
M (T ξ, T ζ, t) ≥ f M (ξ, ζ, t), M (ξ, T ξ, t), M (ζ, T ζ, t) ,
where f is a rational function satisfying the standard contractive inequalities associated with the fuzzy metric structure.
Example 4.1. Let X = [0, 1] and define

t
M (ξ, ζ, t) = t + |ξ − ζ| ,	∗ = min .
ξ
Define the operator T (ξ) = 2 . For a fixed t > 0, set
t
s := M (ξ, ζ, t) = t + |ξ − ζ| ,	d := |ξ − ζ| =






t(1 − s)
.
s



Then

t	t	2s

M (T ξ, T ζ, t) = t + |T ξ − T ζ| = t + d2


=	.
1 + s

Thus, for every ξ, ζ ∈ X and t > 0,
 2 M (ξ, ζ, t) 
M (T ξ, T ζ, t) = 1 + M (ξ, ζ, t).


Define the rational function

Then


f(a, b, c) =

2a
.
1 + a

M (T ξ, T ζ, t) = f M (ξ, ζ, t), M (ξ, T ξ, t), M (ζ, T ζ, t) , 	 

so T is a nonlinear rational contractive mapping with respect to f.
Example 4.2. Let X = [0, ∞) and use again the fuzzy metric
t
M (ξ, ζ, t) = t + |ξ − ζ| ,	∗ = min .


Define T (ξ) =

ξ + 1
3	. For s = M (ξ, ζ, t) we have |ξ − ζ| = t(1 − s)/s, hence

t	t	3s

M (T ξ, T ζ, t) = t + |T ξ − T ζ| =	t(1−s)t +

3s

=	.
2 + s

Therefore,


and we may take

 3 M (ξ, ζ, t) 
M (T ξ, T ζ, t) = 2 + M (ξ, ζ, t),

3a

f(a, b, c) =

,
2 + a

which defines a rational contractive function of the first argument. Hence T is a nonlinear rational contractive mapping on (X , M, ∗).
Example 4.3. Let X = [0, 1] and introduce a quadratic-type fuzzy metric
t2
M (ξ, ζ, t) = t2 + |ξ − ζ| ,	∗ = min .


Define T (ξ) =

ξ + 2
4	, which maps [0, 1] into itself. For s = M (ξ, ζ, t) we have |ξ − ζ| =

t2(1 − s)/s, giving
t2	t2	4s



Thus

M (T ξ, T ζ, t) = t2 + |T ξ − T ζ| =  2	t2(1−s)
4st +


=	.
3 + s


where

M (T ξ, T ζ, t) = f M (ξ, ζ, t), M (ξ, T ξ, t), M (ζ, T ζ, t) ,

4a

f(a, b, c) =

.
3 + a

Hence T satisfies the nonlinear rational contractive condition.

Remarks on the examples
· In each case, an explicit rational relationship between M (T ξ, T ζ, t) and M (ξ, ζ, t) is derived, establishing the contractive behavior directly.
· The mappings are termed nonlinear because the rational expressions  2s ,  3s , and  4s 

are nonlinear functions of s.

1+s

2+s

3+s

· For s ∈ (0, 1), each function satisfies f(s) > s, indicating that successive iterations of T increase the fuzzy closeness of points, which corresponds to contractive dynamics in the fuzzy metric sense.

5 [bookmark: Main_Result]Main Result
Our principal statement is formulated below using script symbols and Greek letters through- out.

[bookmark: _bookmark0]Theorem 5.1. Let (X , M, ∗) be a complete fuzzy metric space and let T : X → X satisfy M T ξ, T ζ, t	≥ f M (ξ, ζ, t), M (ξ, T ξ, t), M (ζ, T ζ, t)	(∀ ξ, ζ ∈ X , t > 0),	(1) where f : [0, 1]3 → [0, 1] is continuous.  Assume there exists a continuous, increasing map 	 	 	 

φ : [0, 1] → [0, 1] with
φ(s) > s  for every s ∈ [0, 1),	lim φn(s) = 1  for every s ∈ [0, 1),
n→∞
such that
f(a, b, c) ≥ φ(a)	for all (a, b, c) ∈ [0, 1]3.
Then T admits a unique fixed point in X .
Proof. Pick ξ0 ∈ X and define the Picard sequence ξn+1 := T ξn (n ≥ 0). Fix t > 0 and write
sn := M (ξn, ξn+1, t) ∈ (0, 1],	n ≥ 0.
Applying (1) to (ξ, ζ) = (ξn, ξn+1) and using f ≥ φ yields 	 

sn+1 = M (ξn+1, ξn+2, t)  ≥ f M (ξn, ξn+1, t), M (ξn, ξn+1, t), M (ξn+1, ξn+2, t)	≥ φ(sn).
Hence (sn) is monotone nondecreasing and bounded by 1, so sn → L ∈ (0, 1]. Passing to the limit gives L ≥ φ(L), which forces L = 1 because φ(s) > s on [0, 1). Consequently,
lim M (ξn, ξn+1, t) = 1	for each fixed t > 0.
n→∞
We show that (ξn) is Cauchy in the fuzzy sense.  Let ε ∈ (0, 1) and fix t > 0.  Since
sn → 1, there exists N such that 	 

M ξk, ξk+1, t/(m − n)  > 1 − ε
for all m > n ≥ N and all k ∈ {n, . . . , m − 1}. Using the fuzzy triangle inequality with the equal partition t =	m−n t/(m − n), we obtainj=1
Σ

M (ξ , ξ  , t) ≥ m−1M  ξ , ξ	, 	t	  > 1 − ε.n
m
j=n
j
j+1
m − n

Hence, (ξn) is Cauchy. Completeness then yields ξ∗ ∈ X with M (ξn, ξ∗, t) → 1 for each
t > 0.
To prove T ξ∗ = ξ∗, apply (1) with (ξ, ζ) = (ξ∗, ξn): 	 

M (T ξ∗, T ξn, t)  ≥ f M (ξ∗, ξn, t), M (ξ∗, T ξ∗, t), M (ξn, T ξn, t) .
As n → ∞, the first and third arguments tend to 1 (since T ξn = ξn+1 → ξ∗), so by continuity lim inf M (T ξ∗, T ξn, t) ≥ f 1, M (ξ∗, T ξ∗, t), 1 . 	 

n→∞
But M (T ξ∗, T ξn, t) = M (T ξ∗, ξn+1, t) → M (T ξ∗, ξ∗, t), hence
M (T ξ∗, ξ∗, t) ≥ f 1, M (ξ∗, T ξ∗, t), 1  ≥ φ 1 = 1,
so T ξ∗ = ξ∗.
Uniqueness follows immediately: if η∗ is another fixed point, then 	 	 	 

M (ξ∗, η∗, t) = M (T ξ∗, T η∗, t)  ≥ f M (ξ∗, η∗, t), 1, 1	≥ φ M (ξ∗, η∗, t) ,
which forces M (ξ∗, η∗, t) = 1 for all t > 0, hence ξ∗ = η∗.

6 [bookmark: Illustrative_Examples]Illustrative Examples
In each example, ∗ denotes a continuous t–norm (we use ∗ = min for simplicity).
Example 6.1. Let X = [0, 1], and define the fuzzy metric
t
M (ξ, ζ, t) = t + |ξ − ζ| ,	(ξ, ζ ∈ [0, 1], t > 0),
together with the self-map T : X → X given by T (ξ) = ξ/2. We prove in detail that T
is fuzzy contractive in the sense of (1) and that its unique fixed point is ξ∗ = 0.
Fix t > 0 and ξ, ζ ∈ [0, 1], and set s := M (ξ, ζ, t) = t/(t+|ξ−ζ|). Since |ξ−ζ| = t(1−s)/s, it follows that

1
|T ξ − T ζ| = 2 |ξ − ζ| =
Substituting into the definition of M gives

t(1 − s)
.
2s

t	t	2s



Thus

M (T ξ, T ζ, t) = t + |T ξ − T ζ| =	t(1−s)
2st +


=	.
1 + s

M (T ξ, T ζ, t) = φ M (ξ, ζ, t) ,	where φ(s) =  2s . 	 

1 + s
Hence the condition (1) holds with equality if we set
2a	2s

f(a, b, c) =



1 + a

,	φ(s) =

.
1 + s

Since φ is continuous, strictly increasing, and satisfies φ(s) > s for s ∈ (0, 1) and φ(1) = 1, the sequence φn(s) converges monotonically to 1.
To determine the fixed point of T , note that T ξ = ξ implies ξ = ξ/2, hence ξ = 0. Thus
ξ∗ = 0 is the unique fixed point.
For any ξ ∈ [0, 1], the sequence (ξn) defined by ξn = T nξ = ξ/2n satisfies
t
M (ξn, 0, t) = t + |ξ|/2n −→ 1	(n → ∞),
for every t > 0. Therefore, ξn → 0 in the fuzzy metric, confirming that T is fuzzy contractive and that the unique fixed point is ξ∗ = 0.
Example 6.2. Let X = [0, 1], and define the fuzzy metric
t
M (ξ, ζ, t) = t + |ξ − ζ| ,	(ξ, ζ ∈ [0, 1], t > 0),
together with the self-map T : X → X given by T (ξ) = ξ/2. We prove in detail that T
is fuzzy contractive in the sense of (1) and that its unique fixed point is ξ∗ = 0.
Fix t > 0 and ξ, ζ ∈ [0, 1], and set s := M (ξ, ζ, t) = t/(t+|ξ−ζ|). Since |ξ−ζ| = t(1−s)/s, it follows that

1
|T ξ − T ζ| = 2 |ξ − ζ| =

t(1 − s)
.
2s

Substituting into the definition of M gives
t


t	2s



Thus

M (T ξ, T ζ, t) = t + |T ξ − T ζ| =	t(1−s)
2st +


=	.
1 + s

M (T ξ, T ζ, t) = φ M (ξ, ζ, t) ,	where φ(s) =  2s . 	 

1 + s
Hence the condition (1) holds with equality if we set
2a	2s

f(a, b, c) =



1 + a

,	φ(s) =

.
1 + s

Since φ is continuous, strictly increasing, and satisfies φ(s) > s for s ∈ (0, 1) and φ(1) = 1, the sequence φn(s) converges monotonically to 1.
To determine the fixed point of T , note that T ξ = ξ implies ξ = ξ/2, hence ξ = 0. Thus
ξ∗ = 0 is the unique fixed point.
For any ξ ∈ [0, 1], the sequence (ξn) defined by ξn = T nξ = ξ/2n satisfies
t
M (ξn, 0, t) = t + |ξ|/2n −→ 1	(n → ∞),
for every t > 0. Therefore, ξn → 0 in the fuzzy metric, confirming that T is fuzzy contractive and that the unique fixed point is ξ∗ = 0.
Example 6.3. Let X = [0, 1], and define the fuzzy metric
t2
M (ξ, ζ, t) = t2 + |ξ − ζ| ,	(ξ, ζ ∈ [0, 1], t > 0),
together with the self-map T : X → X given by
ξ + 2
T (ξ) =	4	.
We show that T is fuzzy contractive in the sense of (1) and determine its unique fixed point.
For fixed t > 0 and ξ, ζ ∈ [0, 1], set

t2
s := M (ξ, ζ, t) = t2 + |ξ − ζ| .
Then |ξ − ζ| = t2(1 − s)/s, and hence

|T ξ − T ζ| = 


ξ + 2

ζ + 2
—

1
=	|ξ − ζ| = 


t2(1 − s)
.

4	4	4	4s


Substituting this into the definition of M gives
t2


t2	4s

M (T ξ, T ζ, t) = t2 + |T ξ − T ζ| =  2	t2(1−s)t +

4s

=	.
3 + s

Therefore,

M (T ξ, T ζ, t) = φ M (ξ, ζ, t) ,	where φ(s) =  4s .
3 + s 	 


Thus the fuzzy contractive condition (1) holds with
4a	4s

f(a, b, c) =



3 + a

,	φ(s) =

.
3 + s

The function φ is continuous, strictly increasing on (0, 1], and satisfies φ(s) > s for s ∈ (0, 1) and φ(1) = 1, hence ensuring the fuzzy contractive property.
To find the fixed point of T , solve T ξ = ξ, i.e.
ξ + 2
= ξ,
4
which gives ξ∗ = 2 . For any ξ ∈ [0, 1], the iterates ξn = T nξ satisfy3





and therefore

2
ξn = 3

2	t2

ξ − 2
+ 	3 ,
4n

M (ξn, 3 , t) = t2 + |ξ − 2 |/4n −→ 1	(n → ∞),3

showing that ξn → 2 in the fuzzy metric. Hence T is fuzzy contractive with the unique3

fixed point ξ∗ = 2 .3


7 [bookmark: Application]Application
To demonstrate the applicability of the main result, consider the nonlinear integral equation
∫ 1
ϕ(x) =	κ(x, y, ϕ(y)) dy,	x ∈ [0, 1],
0
where κ : [0, 1] × [0, 1] × [0, 1] → [0, 1] is continuous and satisfies
1

|κ(x, y, ξ) − κ(x, y, ζ)| ≤

[image: ]|ξ − ζ|,	for all x, y ∈ [0, 1], ξ, ζ ∈ [0, 1]. 4

Define the operator T : C([0, 1]) → C([0, 1]) by
∫ 1
(T ϕ)(x) =	κ(x, y, ϕ(y)) dy,	x ∈ [0, 1],
0


and equip C([0, 1]) with the fuzzy metric
t
M (ϕ, ψ, t) =t + ϕ − ψ ∞




,	t > 0.

For any ϕ, ψ ∈ C([0, 1]), one has
1


which implies that

M (T ϕ, T ψ, t) =

[image: ] T ϕ − T ψ [image: ] ∞ ≤ 4 ϕ − ψ [image: ] ∞,


t	t	4s
≥	=	,	s = M (ϕ, ψ, t).t +  T ϕ − T ψ ∞
t + 1 ϕ − ψ ∞
4

3 + s

Hence, T satisfies the fuzzy contractive condition of the main theorem with


f(a, b, c) =

4a 3 + a

,	φ(s) =

4s
.
3 + s

By the established fixed point theorem in fuzzy metric spaces, the operator T admits a unique fixed point ϕ∗ ∈ C([0, 1]) such that
T ϕ∗ = ϕ∗,
and therefore ϕ∗ is the unique continuous solution of the given nonlinear integral equation. This application confirms that the theoretical framework obtained in the main result is effective for analyzing nonlinear problems in applied mathematics.

8 [bookmark: Conclusion]Conclusion
In this work, we have introduced and analyzed the concept of nonlinear rational contractive mappings in fuzzy metric spaces. The established fixed point theorem provides a unified structure encompassing both linear and nonlinear contraction principles. By utilizing ra- tional functions f(a, b, c) of the fuzzy metric components, we obtained explicit forms of the contractive condition that ensure convergence of iterative sequences to unique fixed points. The constructed examples on intervals of the real line demonstrate the theoretical validity of the results, while the application to a nonlinear integral equation highlights their practical relevance in analysis and applied mathematics.
Future investigations may focus on extending these results to multivalued operators, hybrid rational-type contractions, and fuzzy normed or intuitionistic fuzzy settings, thereby broadening the scope and utility of the proposed framework.
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