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Stability of Solutions to Thermoradiative Models with
Temperature-Dependent Viscosity

Abstract. This paper focuses on a class of radiation hydrodynamics models where
the transport coefficients depend on temperature, investigating in detail the existence
of global strong solutions for the initial-boundary value problem.Considering a fluid
model that incorporates radiation effects and possesses a viscosity p(f) = 0 and
thermal conductivity x(f) = %(1 + 6%), we establish the existence theory for local
solutions under specific initial conditions.Compared with the work of Wei, Zhang, and
Zhu (Wei et al., STAM J. Math. Anal., 2024), the results of the present work have two
distinct advantages: first, our proof is time-uniform; second, it does not require higher
integrability conditions on the solutions.
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1 Introduction

The core objective of radiation hydrodynamics is to reveal the basic mechanisms
underlying the interaction between compressible viscous gases and radiation, and such
models hold considerable application potential in various fields. Through the introduc-
tion of Lagrangian coordinates, it is possible to construct a radiation hydrodynamics
model that takes both viscosity and thermal conductivity effects into account [1-5].

VUVt = Uy, (11)
Uy
w4+ Py = <“7>x’ (1.2)
1 0, .
<e+ u2) + (Pu), + ¢z = (H il ) 7 (1.3)
2 t v x
- (%’”) +avg + b(0%), = 0, (1.4)

Here, t > 0 denotes the time variable, and x € {2 denotes the Lagrangian mass co-
ordinate. The unknown functions, namely v(z,t) > 0,u(x,t) > 0,0(z,t) > 0,e(z,t) >
0,q(z,t) and P(z,t), correspond to the fluid’s specific volume, velocity, absolute tem-
perature, internal energy, radiative heat flux, and pressure, respectively. The positive
constants a and b depend solely on the inherent properties of the gas. Additionally,
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the pressure P and internal energy e satisfy the equations of state for ideal polytropic
fluids:

=—, e=cb, (1.5)

where R > 0 is the specific gas constant and ¢, > 0 is the heat capacity at constant
volume. The transport coefficients p and &, both functions of 8, are given by:

= b, /f:/%(ﬁﬂ—l—l), (1.6)

where i, > 0 and «, 8 > 0 [6-8]. Without loss of generality, we set Q = (0,1). The
primary goal of this work is to prove the global existence and stability of solutions for
the initial-boundary value problem associated with (1.1)—(1.6) with the given initial
data:

(v,u,0)(z,0) = (vo, up, bp)(x), x€(0,1), (1.7)

and the boundary conditions:
u(0,t) =u(1,t) =0, ¢(0,1)=gq(1,t) =0, 6,(0,t)=6,(1,t)=0, t>0. (1.8)

In the absence of radiation effects, the model under consideration reduces to the
classical compressible Navier-Stokes equations. Kazhikhov et al. [9,20] first exploited
the structural properties of the one-dimensional system.In the case where the viscosity
coeflicient p is constant and the heat conductivity x may depend on temperature, they
successfully derived positive upper and lower bounds for the specific volume v and the
temperature 6 by constructing an explicit expression for the specific volume v of ideal
polytropic gases and combining it with the maximum principle. Consequently, they
established the global existence and uniqueness of solutions to the one-dimensional vis-
cous and heat-conducting ideal gas equations in bounded domains under large initial
data. This method has also been widely extended and applied in subsequent stud-
ies [11-14]. For positive constant transport coefficients p and x, Li and Liang [15]
obtained uniform a priori estimates and investigated the large-time asymptotic be-
havior of solutions on unbounded domains.Wang and Zhao [16], inspired by natural
physical processes, investigated the density- and temperature-dependent regime; that
is _

p=npg(v)0* and K ="kg(v)§®,

where [i, & are positive constants, and g(-) € C3(0, 00) satisfies
VTR < Cglv),  ¢'(v)* < Og(v)®, Vo e (0,00),

for some positive numbers l1,lo > 1 and C' > 0.

By virtue of the specific construction of the viscosity coefficient p and heat con-
ductivity coefficient x mentioned above, Wang and Zhao [16] controlled the nonlinear
terms and thus established the global existence and uniqueness of non-vacuum solutions.
Moreover, the function g(-) involved in the viscosity term satisfies the corresponding
control conditions. This technique is mathematically nontrivial and allows the au-
thors to obtain the upper and lower bounds of the specific volume via Kanel’s method
(cf. [17]). Sun, Zhang and Zhao [18] investigated the one-dimensional viscous heat-
conducting ideal gas model in bounded domains with temperature-dependent transport
coefficients under higher-order nonlinear assumptions. They established the global ex-
istence, uniqueness and large-time asymptotic behavior of solutions, where the viscosity
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and thermal conductivity coefficients take the forms p = 6%(a > 0 sufficiently small)
and x = 0% (0 < B < oo arbitrary), respectively. Recently, Wei, Zhang and Zhu [19]
established the global existence and uniqueness of solutions to the radiative heat-
conducting model with constant viscosity in unbounded domains.

Without loss of generality, we assume that it = R = ¢, = 1. The main result of this
paper can be formulated as follows.

Theorem 1.1. Let My and Vy be fixed positive constants, and suppose that

inf wvo(z) > Vo, inf Og(x) > Vo, |vollmgz + [|(uo, 00)|l g1 < Mo. (1.9)
z€(0,1] z€[0,1]

Then there exists a positive constant eg > 0, depending only on My, Vi, & and 3, such
that for parameters

~ _ 10b
OSOCSE(], FJZ*, /8267
a

the problem (1.1)—(1.8) admits a unique global strong solution (v,u,0,q)(x,t) on [0,1] x
[0,00), satisfying

inf {v(z,t),0(x,t)} >0, sup {v(z,t),0(x,t)} < oo, (1.10)
(z,t)€[0,1]x[0,00) (z,t)€[0,1] x[0,00)

and for any s > 0
v—1¢eC(0,00; H*) N L?(0,00; H' N H?),
(u,0 —1) € C(0,00; H2) N L2(0, 00; H' N H3),
(ug,0;) € C(0,00; L2) N L%(0, 00; HY), : (1.11)
q € C(0,00; H*) N L2(0, 00; H?),
Lt € C(s,00; HY) N L?(0, 00; H?).

Moreover, the solution converges to the non-vacuum equilibrium state (1,0,1,0) in the
sense that
(v —1,u,0 —1,q)(t)|l;c =0 as t— oo, (1.12)

We now present a review of the analysis in this paper and outline the key ideas
leading to our main result, Theorem 1.1. A crucial step is to derive positive upper and
lower bounds for the specific volume and temperature. To this end, we first adopt the
analytical framework developed by Kazhikhov [20] and Nishida [21] to obtain a local
representation of the specific volume. In this expression, the nonlinear difficulty arising
from the fact that the viscosity is a power-law function of temperature is handled
by assuming that the parameter « is sufficiently small, which allows us to establish
bounds for the specific volume. Nevertheless, the presence of the radiative heat flux
term creates substantial challenges in obtaining a lower bound for the temperature. To
overcome this difficulty, we perform more refined estimates for both the temperature
and the radiative heat flux, using Young’s inequality together with suitable a priori
assumptions. Finally, relying on the arguments developed in Section 2, we establish
the global well-posedness and stability of strong solutions.

The rest of this paper is organized as follows. In Section 2, we derive the necessary
a priori estimates. Based on these estimates and the continuation method, Section 3
first establishes uniform positive upper and lower bounds for the temperature 6(z,t)
and the specific volume v(x,t). We then extend the local solution to a global-in-time
solution, and establish the existence, uniqueness, and large-time asymptotic behavior
of strong solutions, thereby completing the proof of 1.1.
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2 A Priori Estimates
For positive numbers m1, mo, N and T, define
X(07T7 m17m27N)
2 {(v,u,e,q) (= 1,u,0 — 1) € C(0,T; H?), (ug,8,) € L2(0,T; H?),

2.1
q € C(0,T; H*) N L*(0,T; H?),v, € L=(0,T; L*) N L*(0, T; H), 1)
E(0,T) < N2, v, 1) = my, Ox,1) = ma, ¥ (2,1) € [0,1] x [0, 7]},
where
. T
£(0,T) = sup || (uz, v, 82) (1)ll70 +/ (6elf® + fluz|1? + oz 1) dt.. (2.2)
0<t<T 0

To simplify the presentation, we assume without loss of generality that

/01 vo()dr =1 and /01 <90 + 1?) (z)dz = 1. (2.3)

Then it is easy to obtain from (1.1) and (1.3) that for any ¢ € [0, T,

/01 oz, t)de = /01 volw)dr = 1 (2.4)

/01 <9+ u;) (z,t)de = /01 (90 + uj) (z)dx = 1. (2.5)

Therefore, similar to the Navier-Stokes equations, using (1.4), One can obtain an
estimation pertaining to radiative heat flux ¢,. The estimate processes are standard;
here we don’t repeat them again (one can see Wei, Zhang and Zhu [31] for details).

Lemma 2.1. [t holds that for any (x,t) € [0,1] x [0,T],

and

4z < bvd?, (2.6)

Lemma 2.2. It holds that

L
sup / <u2+v—lnv—1+9—ln0—1> (x,t)dx
0

2
R, (2.7)
+/ / 9au§+ﬁ+v—q2+95_293‘ +%+ﬁ (z,t)dzdt < C
o Jo v wh2 62 v v vh? ’ -
Proof. From (1.2) and (1.3), we obtain:
0 2
et + Puy + qp = <Kv> + % (2.8)

By multiplying (1.1), (1.2), and (2.3) by 1 — v~ u, and 1 — §~! respectively, and
integrating over [0, 1], we derive the following results.

Tl
% ; <2u2—|—(v—lnv—1)+(9—ln0—1)>dx

1 2 2 1
puy KO3 6—1
—= | dx = — r——dx.
+/0<ve+u92>‘” /Oq g

4
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Applying the Cauchy-Schwarz inequality yields

1 0—1 Lo,
—/0 qz<0 )dx—/qmdzv

2.10
< — vq —dx + — b /1 992” —=-dz ( )
- 4b 92 0 v92 '
Substituting (2.10) into (2.9), we obtain
d /1,
T U +(v—Inv—1)+ (@ —1Inf—1))de
0
1 92 ~9,8—292
A ey
0

Uq z
< _x
=1 / izt / 920

Multiplying (1.4) by g5 and integrating over [0, 1], while applying (2.6), we obtain:

2 1 1
q; avq 2.0,
+ =—4 . +
/0 (1)92 02 )dx b/o 00,.qdx /0 e dz

1 1
—4b/ eequm+2b/ 0]q0.|dz

1 2
/ U g 4 10 94egdx
0
L1 i 1
<2 / U g 4 180 <95—2+2> 62da.
o VU 0

=2 ifph>1
grc 05 021 (2.13)
072, ifo<f<1.

IN

(2.12)

| /\

where

Multiplying (2.11) by 2b and adding (2.12), when & > 10b holds, we obtain

/1 <1u + (v —Inw—1)+ (9_1119_1)) (0

0% 2 92 9,8—202 q
T 2T <
/ / ( 2}02 + ” + 92> (x,7)dzdr < C

Combining (2.12) with (2.14) yields

2 2 5202
// (9 Uq)dxd¢<// (592 f 9)dxd7+C<C

Then we complete the proof of Lemma 2.2 .

(2.14)

Therefore, similar to the Navier-Stokes equations, using (1.1), (1.2) and Lemma 2.2,
One can obtain an expression for the specific volume v(z,t) along with positive lower
and upper bounds for v(z, t).The estimate processes are standard; here we don’t repeat
them again (one can see Ying Sun [26] for details).
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Lemma 2.3. Let g 2 pu(6g). Then for any t > 0, there is a no(t) € (0,1) such that
(2.15)

where

1 1
g(x,t)é—[u <> +P<> —l—'uwugc],
w/, w),
A Erlo+u?
B(t):exp{—/ / dde},
0 Jo H

. T T uo 1 T uo
D(z,t) = vo(x) exp / —dy — —dy +/ Vg </ dy> dr p .
no(t) M 0 Mo 0 0 Ho

Lemma 2.4. There exist two positive constants Cy and €1, depending only on 5, Vo and
Moy, such that if (v,u,0) € X(0,T;m1,ma, N) is a solution of the problem (1.1)—(1.7)
on (0,T), satisfying

and

my;* <2, N*<2 aH(mi,me,N)<e, (2.16)

with H(my,ma, N) 2 (1 +m " +my" + N)°, then

6_4T

N
U($7t) > Cp 20, )

v(z,t) < Co, V¥ (x,t) € Qr £ [0,1] x [0,T). (2.17)

Proof. In view of(2.7) and (2.5), we infer from the Jessen’s inequality that there exists
a positive number v; € (0,1) such that

6(t) = /01 O(x,t)dx € [y1,1], Vte0,T] (2.18)

Next, we are in a position of deriving the upper and lower bounds of specific volume,
based on the representation formula (2.15), the a priori assumption (2.16), as well as
the basic estimates (2.4), (2.5), (2.7)and (2.18). First, by virtue of(2.16) and (2.5), we
easily obtain that for ny(t) € (0,1) as in Lemma 2.3,

T 1
[ i< [ By <o) <
no(t) M o 0°
and consequently,
C™t<D(x,t)<C, V(x,t)€Qp (2.19)

It follows from the Sobolev’s inequality that

10 = 0)(®)| oo < [I0a(t)]r2 < N, VY te0,T] (2.20)
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which, combined with (2.18), shows that ||,y < 2N. Thus,

1 1 2 1 2 1 2
§(2N)‘a/ <9+“>dx§/ b+ u d:c§2m2a/ (0+u>d$§4,
4 0 2 0o M 0 2

so that, it holds for 0 < 7 < ¢ < T that

e < B(t) < et and e 4T < <e T (2.21)

In terms of the definition of g, by (2.16) we see that

T 1 xex
v/ gdy’ < aHv(t)HLoo/ <‘9a19tu‘ + 07710, P| + “ > dx
0 0 vd
- 1 1 2aN
< 2N (10 o+ o 1l ) + 2o gl ol e (222

alN
< CaH(my,ma, N) + —||0]|7
ma
where we have used the Cauchy-Schwarz’s inequality and the following simple facts:
[0l < llvllps + [Joalle <1+ N <2N, ullzz < [Juallz2 < N.

In a similar manner,

U/Olu(/oxgdy)dx

Assume that for any fixed T > 0, and for (x,t) € (0,1) x (0,7), by (2.16) and
(2.19)—(2.23) we derive from (2.15) that

alN
< CaH(my,ma, N) + m—uetuiz. (2.23)
2

v(z,t) > B(t)D(z,t) — CaH(my, ma, N) e 1 dr—C— 160|724t
0 m2 Jo
o (2.24)
> Cl_lefﬂ — ChaH(myi,ma,N) > Cl_le*4T —Cieg > e
1
provided ¢ is chosen to be such that e; < e=*T/(2C%). So, it readily follows from(2.24)
that
s (2.25)
>y 2 .
U(l’,t) - CO 201

Let W(t) £ fol (0(:7;“ + % + 06_;0“23> (x,t)dz. In view of (2.4) and(2.18), we have

1 1
_ 1 1 9B8g2 2 1 2
0% (x,t) — 9% (t) pri (/ “de) (/ 9vda:>
2 0 'U92 0

1 1
CWa(t 3(z,t
2();2[%3%]712(:6 )

IN

IN

so that, using (2.18) and the Cauchy-Schwarz’s inequality, we find

mex 0(z,t) < C + CW(t) e v(z,t) (2.26)
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In terms of (2.19)—(2.23) and(2.26), by (2.16) we see that for any (x,t) € Qr,

t
v(z,t) < C+ CaH(mi,ma, N)+ C’m2a/ em T m{g)i] Odr
0 ze|0,

t t—71
<C+ C/ e i (1 + W(7) max U(:L',T)) dr
0

z€[0,1]

t
<C+ C'/ W(r) max v(x,7)dr
0 z€[0,1]

which, combined with (2.7) and Grénwall’sinequality, we have
v < Celo W(r)dr <O

This, together with(2.25), finishes the proof of Lemma 2.4.

Corollary 2.1. Assume that if the inequality

0%y 2 92 967202
T X <
/ / < 002 + ” ) (x,t)dzdt < C

1s satisfied,then on the basis of Lemma 2.4, it follows that

Co <wv(z,t) <Cyt, ¥ (x,t) €[0,1] x [0, +00).

Proof. Let f. £ max{f,0}, In view of (2.4) and(2.18), we have

1 1
1 1 0562 Nz [ 1 2
(9 () —0%5 (x,t))+§0</0 o ) (/0 uex(ggg)c@ |

< OWi(t)

where xg<g) = 11if 6 < 6, and X(o<gy =0t 6 > 6.As a result,

min 0(z,t) > Cy — CoW (t)
z€[0,1]

Using (2.7),(2.19)—(2.23) and (2.29), we infer from (2.15)and(2.16)that

v(x,t) > CIN™ / =) min 9dT—C/ 16-]72dr
Te

t
—CaH(m1,m2,N)/ e~ T dr
0
t
>C! / e~ (Cy — O3W (7)) dr — CaH (my, ma, N)
0

Cy —4t Cs /t —4(t—T)
> —(1-— - — — .
e (1—e) ¢/ e W(r)dr — Cey

It is easy to deduce from the assumptions in the corollary 2.1 that

t

t t ¢
/ ¢34('57)V[/'(7')cl7'—/2 e 40— T)W( )dT+/ —4(t- T)W(T)dT
0

—Qt/w d7+/W

as t— oo

(2.27)

(2.28)

(2.29)

(2.30)
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Thus, if T > 0 is chosen to be sufficiently large such that

Che +% t674(t77—)
0 T,

Cs -
< — >
W(r)dr < 60" Vt>T

then one has

v(x,t) > %, Veelo1], t>T (2.31)

provided £; > 0 is chosen to be small enough such that ¢; < min{1,Cy/(16C?)}. So,
it readily follows from(2.24) and(2.31) that

v(z,t) > Cp = min G ﬂ (2.32)
=0T 8C" 20, '
provided aH (m1, mg, N) < &1 with &1 < min{1,Cs/(16C?), e*Aj/(ZC%)}.

This, together with the upper bound of v in Lemma 2.4, finishes the proof of corollary
2.1.

Lemma 2.5. Let the conditions of Lemma 2.4 be in force. Then for any p > 2, there
exists a positive constant C', which may depend on p, such that

T rl Ka% T rl qu2 T )
/0 /0 9p+1dxdt—|—/() /0 UGP“dxdtSC(p) and /0 ug|72dt < C.  (2.33)

Proof. 1t suffices to consider the case that p > 2. Indeed, multiplying (2.8) by 0P with
p > 2 and integrating by parts, by (1.1) we have

1 1 1 /{/02 1qu2
— 9'-7d z_q zq
p_1</0 :r)ter o vortl x+/0 voP g
L0 — 1) u, 1 1
:/ ~— “dx + (/ lnvdm> +/ g0 Pdx
0 v 0 t 0
1
<) [ 104 =11 (0377 4 1) e
0
1 1
Q'HJ:
+ /lnvdx> +p/ dz
( 0 ¢ o 0P 1
1 1
1 1-p 2 1 2 2
9%—1H (/ v dx) (/ ““%:;;)
Lo 0 M 0 U9p
) 1 1
+C(p) ‘ 02 — 1” / |ug|da + </ lnvdx)
L>=Jo 0 t
1 2 1 g2
q 1 0z
+C’(p)/0 €p+1dx+2/0 9p+1d$
1 1 92 1 I[LUQ
< T dr 4 - z g
—2/0 g1 $+2/0 wop
. 9 1 1
63 —1H <1+/ 91—de) +C(p) </ qu\dx>
Lee 0 0
L2 1
+C’(p)/0 de—k (/0 lnvdx>t

< 0|

2
+C)|

(2.34)
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where we have also used (2.16) and (2.17) to get that

1 ,01-p 1 1
/ Y dx < Co_lm;a/ 01 Pdr < C/ ' Pdz.
0 H 0 0

In view of (2.5), (2.16) and (2.17), we find

L 3/l 3
/ lug|dz < Cy 2m2 (/ Zd) (/ 6dx> <CW
o vo 0

By virtue of (2.5) and (2.18), we obtain that for any (z,t) € Qr,

N[

().

1
-8} <cp-dl=ci- [ ds| < Clul < Clud)alu(o)].~
0

1
< c/ g |da < CWH (2).
0

Analogously, using (2.4), (2.5) and (2.17), we see that for any 8 > 6,
1

Combining (2.35)—(2.38) with (2.7) gives

/Ot(/ol\ux]dx>2d7+/0t‘

Multiplying (1.4) by z%r where ¢ > 2 yields

2 t
oz — 1HL dr < C/ W(r)dr <C.
~ 0

2
qx 4
( )a 0p+1+av9p+1+b(0) 9p+1:0

and

1 q2 1 q 2
X
/0' GUW dx+ o Uep+1d$

1 1 3
Iz q 4b0°0.q
= /0 (5, gorrde+| | e

X
dx
v@p-‘rl

1 1 2 12
dz 4z 0.q 0°0.q qx
S_/0 U<9p+1_( +1)9 +2>d +‘4b 0 op+1 dx‘~|—/0 T

1 5 2
qz0:q 9 >
9p+2 + C 0 d +é Wdfﬁ

. q 952 12
<C/ 0+3d—|—/0+1d +C’/ dx + ¢ ngHdac

9502 952 1 2
§4/ UHPHd +C'/ dx + 2¢ ; HHdm

<(p+1) i

10

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)
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where

1 1 96—292 1 02
/ 0302 dr < C </ z dx +/ = dx) (2.41)
0 0 v o v

Thus, by virtue of the Gronwall’sinequality and the fact that || lnwv(t)||,1 < C due
to (2.17), we easily infer from (2.40), (2.41), (2.7) and (2.34) that(2.33); with p > 2
holds.

To prove (2.33)2, we multiply (1.2) by v in L? and integrate by parts to get that

1,2 1,2 1g_1 1
</ uda:) +/ Fl% g — / uzdr + (/ In Udm)
0o 2 t o v o v 0 t

1,2 193 — 1)2(03 2 !
Sl/ ““fcd:c+1/ (02 — 1762+ 17, | (/ lnvd$>
2 o U 2 0 1224 0 t
11 2l !
g/ P o+ gty || - 1 /(1+9)d$+</ hlvdx)
9 . v L Jo 0 t

1 1 2
</ Mu$dm+0‘
0 v

1 2 1
0z — IH + </ 1nvdm> ,
Lo 0 ¢

where we have used (2.5) and (2.16). This, combined with (2.17) and (2.39), shows
that for any t € [0, T,

t t 1 2
u
s + [ uslfadr < u@l +205" [ [ Eanar < c.

since p > mg > 1/2 due to (2.16). This finishes the proof of (2.33)a. O

With the help of Lemma 2.5, we can now estimate the L?-norm of the first-order
derivative of specific volume.

Thus, similar to the Navier-Stokes equations, using Lemmas 2.2-2.5, based on the
case where 8 > 6 , we can obtain the following two lemmas. Here we don’t repeat them
again (one can see Ying Sun [26] for details).

Lemma 2.6. Let the conditions of Lemma 2.4 be in force. Then,

T 1
sup vz (t)]32 +/ / (v2 4 0v2) dxdt < C. (2.42)
0<t<T o Jo
and .
sup_luq (t)[172 +/ (luelZz + lluzal7z + [162]72) dt < C. (2.43)
0<t<T 0

Lemma 2.7. Let the conditions of Lemma 2.4 be in force. Then,
O(x,t) > Cy 2 [C(T+ DY, O(x,t) <C3, Y (2,8) €Qr 21[0,1] x [0,T]. (2.44)
and

T
sup_||62(t)]172 +/ (10:17 2 + 1|02z 72) dt < C. (2.45)
0<t<T 0

11
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Proof. we multiply (2.8) by 6 in L? and integrated by parts to deduce

1d /{92 pou? 162y, !
thHGHLz—I- 5 x—/o ” dz /0 ” dx—/o q0dz

0 10233
/““d‘ / Yz qz| +
0 v o v

By the Cauchy-Schwarz’s inequality, we have

1 1
’/ g.0dx S/ |g0.| dz
0 0
1q2 !
<C/ 2dx+C/ 06 da
o 0 0

1q2 1 1
gc/ 2dx+C/ 949§dx+c/ 02da.
0 0 0 0

It follows from (2.5), (2.16), (2.17) and (2.43) that

<

P
/ o dr < CN|ug|Foo 10l 11 < Cllugll 2|tz 2
0
< Cllugz || 2

Thanks to(2.18), (2.28)and (2.34) ,we easily obtain

1 p2 1(p2 _ 12 1 1
/ 0 u, dx’:‘_/ (ee)%dx_,_(l_g)/ “l“dx_/ u’fdx’
o U 0 v o Y o v

1
< (8 — ) (0) |l + CW () + ( / lnvdx)t,

where
162 = 6%)(t) [ L= < C|10]| 21|02 2
< 1012 W2 (8).
Putting (2.47)—(2.49) into(2.46), by (2.7) we deduce that,

sup_ 16(t) ’L2+/ /KGdedt<C

0<t<
Next, multiplying (2.8) by x6; in L? and integrating by parts, we have

1d [!(kb,)? r
5& 0 dl’ +/0 %Ht dx

2 1 (Y, 1
:/ (,uu@u) /{thm—2/ u2(;.;9x)2dx—/ qukby dx
0 v 0
| 1
< 4/ k02 da + — / k07 dx + C/O ordx

1
/ rutp® + k6%u 2)dx+/ ug | (k0,)2dx
0

A

/ Ket dae + I1 + Iy + I3.

l\:>\>i

12

1
/ q.0dx|,
0

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)
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in which the second term on the right-hand side can be estimated as follows:
I < o/ 6 (6% + 05+2) dz < c 1+ ||(9|y/3+2 / ql’da;

( T 165416, 2 / % 4o (2.52)
q q
<C/ Qd +C’/ 0d1:||/{0 12,

1 < C (1 1015E") etal oo 10l e
+ ON% (1411001 oo ) Nt 320l 22
<O (11017 ot 2ot .2 (2.53)

C (141670222 ) ltzal 2 1] 12
<C (HuxH%Q + ||umH2L2 + H"fexH%2) ’
where we have used (2.16), (2.43), (2.50) and the following Sobolev inequalities:

and

luzllzee < lusallze, luellZoe < 2luellr2lluse 2.

In a similar manner, we have
I3 < Ollug|lz=|lK02 172 < C (|uaall72 + 1) 60217 (2.54)

Thus, substituting (2.52), (2.53), and (2.54) into (2.51), we conclude from (2.7),(2.33)a,
(2.43), (2.50) and the Gronwall’sinequality that

T o1
sup ||#0(1)]%2 +/ / kb2dzdt < C, (2.55)
0<t<T 0 Jo
which particularly implies
O(z,t) < C3, V (x,t) € Qr. (2.56)

Assume that for any fixed 7' > 0, and for (z,t) € (0,1) x (0,7"), Multiplying (2.8)
by 6P with p > 2, and integrating by parts, by (2.16), (2.40), (2.41) we have

1 9 L
—1 x x
R e

Ug 9t
/ ng—1d +p 9p+1d
1 2 1 2 1 2 1
q 1 0z 1 Hus 1 o 1
S C(p)/o Wd:t + 5 0 0p+1 2 /; U@p d.’lf + §m2 CO ) Hpjdl'

1 [t 62 1 [t pu
<= _d xd
-2 0 or+1 ZC+2/0 0P

19205 95 29926 10% 1
e | 6p+1dx+0()</0 —*do +/0 Ud>+CH9 172

13
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and consequently,

d | _
o), <

where C' is a generic positive constant independent p. Thus, integrating the above
inequality over (0,t) and letting p — oo, we arrive at

0 N z,t) <C(T+1) & 0(x,t) >Cs £ [C(T+ 1)1, V (z,t) € Q.

This, together with (2.56) and (2.59), proves (2.44). Finally, using (2.17), (2.42), (2.43),
(2.44) and (2.50), we deduce from (2.8) that

T T 1
/ 10|22t < C’/ / (07 +u2 + 05 + 0202 + uj) dadt
0 o Jo
T T
<Ot [ et OO [ el
0 0
1 [T
<Ct g [ 1oulaat
2Jo
which, combined with (2.44) and (2.55), leads to (2.45). this completes the proof of

the Lemma 2.7.
O

Corollary 2.2. Assume that if the inequality

o) 1 eaUQ 92 96—292
4z z t)dzxdt <
/0 /0<vt9 +U92+ v )(az,)x S

is satisfied,then on the basis of Lemma 2.4, it follows that

Co < O(z,t) <Cyt, ¥ (x,t) €0,1] x [0, 4+00). (2.57)

Proof. In view of (2.50) and (2.56), one has

T 1 - 9 T 1
/ / (95“ - 95“) dzdt < C / / 62802 dxdt
0 0 0 0

T 1
< C sup ||6’(t)\|5oo/ / 0°62dxdt < C,
0 0

0<t<T

(2.58)

which, together with (2.55) and (2.56), yields

T d 1 B 2
- B+1 _ pB+1
/0 = /0 (0 0 ) dz

T ,1 B ) T -
SC/ / (95+1_95+1) dxdt+0/ <||969t||%2+9259t2> dt (2.59)
o Jo 0

dt

T
<C+C [ ulfsluladt <,
0
since it follows from (2.5), (2.33)2 and (2.43) that
T T
| <o [ sl < c.
0 0

14
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As an immediate result of (2.55), (2.58) and (2.59), one has

1 _ 2
lim (95“ _ eﬁ“) da =0,
0

t——+o0

which, combined with (2.55) again, shows that as t — 400,

_ 2 _
H (9ﬁ+1 - eﬁﬂ) (t)H <C H (eﬁﬂ - 9ﬁ+l) (t)H 1650, ()]| 2 — 0 when ¢ — oo.
L= L?

Thus, by (2.18) we conclude that there exists a time Ty > 1 such that

0(z,t) > % Y (2,t) € 0,1] x [Th, +00). (2.60)

Lemma 2.8. Let the conditions of Lemma 2.4 be in force. Then,

T
sup [0 (O + [ la.00) Pt < . (261)
0<t<T 0
and
T
sup U(t)||(utauxxaHtaexx)(t)”%ﬁ + / O-(t)H(uIt,qtantaext)H%ﬂdt S Ca (262)
0<t<T 0
where

o(t) £ min{1,t}.

Proof. 1t follows from (2.7) and (2.12) that

T
swu@%wW+/r@%sta (2.63)
0<t<T 0

First, differentiating (1.2) with respect to ¢, by (1.1) we have

v0; — Quy Uy
Utt+ ( tU2 ) - (MU >xt - ((%>tux+ %uzt>x7

which, multiplied by u; in L? and integrated by parts, gives

1d 1 1 L
Sdq ; ufder/O ;uitdm

:/01 (it B % _ ('z)tux> Ugedx

L ) (2.64)
HUgy 2 2 4 2.2
gn/ dx+C/(9t + uy + uy + 07us)dx
0 0

v
< lﬂugtd C(1 2 0,12 2
S S x4+ C 1+ luelze) ([10:172 + llullZs)

where we have also used (2.17), (2.44) and the Cauchy-Schwarz’s inequality.
Similarly, differentiating (2.8) with respect to ¢ gives

K0 Oru Ou? 0 2
Oy — (x) — T 4+ L — —ug + (M) Ui + ﬂuxuxt — 4zt
v xt v v

v V2 v/t

15
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which, multiplied by 6; in L? and integrated by parts, yields

1d /1 1, e 1qu2
—— | 0% 292.d <_/ =) 0,0,.d / 2t q
2dt/0 t x+/0 p #tOE = 0 (v)t 14N 0 v v

+C (14 Jualfos + 102)7e0) (lusllZz + [162172)

1
O (14 a2+ 16:02) 16022 + / Guibyda
0

1 2 1 2 1 .2
0
Sn/ fwtd“n/ /thdﬁn/ Dot g,
o v 0 v o v

+ C (1 + Hux”%oo + HG:EH%OO) (HuxH%? + HGCEH%2)
+ O (1 fluzlFoo + 162]17) 16672,

(2.65)

Similarly, differentiating (1.4) with respect to ¢ gives

—(),, + a(vg)r + b(6)0r = 0,

[

which, multiplied by ¢; in L? and integrated by parts, yields

1 g2 1
/ mdm+/ avqfd:n
o v 0
1q 1 1
:/ QQxethdﬂf—/ aqthtd£C+/ 4b939tqgetd$
o v 0 0
12 1 L2q? 1
§77/ mdx+n/ avqfderCHuxH%zwLC/ i}dq:JrC/ 02dx (2.66)
o v 0 0 0

1 2 1
q
<o [ Lot [ ovgir+CQlult+ 1012) + sl ol

1 2 1
<o [ Btdo o [ avgde+ Olluals + Juss s -+ 161]32)
0 0
which, combined with (2.64) and (2.65), leads to

d 2 2 2 2 2 2
p (luellZo + 10:l172) + (102¢l172 + Nuaell 7o + gl + llell72) (2.67)
<O (14 uglZoe + 102 200) (uallZa + 162122 + 16:]22) ,

where we have also used (2.17) and (2.44). Due to (2.33)2, (2.43) and (2.45), one
has

lualZee + 10allZoe < C (luzllfz + 10z172 + lucalfz + 10z2l72) € L0, T),

Multiplying (2.67) by o(t) and Gronwall’sinequality, we arrive at

T
sup o (t)]|(u, 00) (1) |72 +/ o (&) (uat, @2, Gt Oat) |72t < C, (2.68)
0<t<T 0

Furthermore, it follows from (1.2) that
luzalfe < C (luellzz + 10zll72 + lvallZ2) + Clluzlies (1021172 + llvalZ2)

1 (2.69)
< 5”“:6:1:”%2 + Ol (ug, ut, Oz, Uz)”%Q

16
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Similarly, it follows from (1.3) that

2

ot [ o P 2 (5) o)
< Cll(ue, Ges 00, Ve, w72 + Cl0al|Zo0 0, 02) |72 (2.70)
< 100l 4 Cll et s O s 60
Combining (2.69) and (2.70),we can derive that for 0 <t <T
o (t)|[tae () |72 + o () |02 (t)72 < C. (2.71)
The proof of Lemma 2.8 can be completed by (2.63), (2.68) and (2.71).

Lemma 2.9. Let the conditions of Lemma 2.4 be in force. Then,

T
sup ||vgz(1)]|72 +/ (I (vas @za)ll72 + ()| (Vaar, Du, B30)|75) dt < C. (2.72)
0<t<T 0

Proof. First, differentiating (1.2) with respect to z, we have
[ [

Uyt + Py = (%'Uxx)t - (%)tvxz + 2(5)1“1:1: + (;)zmum

which, and multiplying it by %vm in L?, we obtain

T
sup [oza(®)F: + [ fosel 3t
0<t<T 0
T 1 T 1
§C+C/ / \uxl(m\+a!9t])|vm\dxdt+0/ /(|vt+]0t)v§xdmdt
0 0 0 0

T 1
+ C/ / (u2, +uz(v2 + 02) + 02, + v202 + vy) dadt
0 0

T 1 (2.73)
€ [ [ (vl + 18aDltaa] + (Josel + s+ 02 + ) o
0 0
T
+ C/ |(umﬁux2) gi(ﬂdt
0 v
5
LC+> Wi
1=1
In light of Lemmas 2.2-2.8 that
1 [T )
Wit Ws < o [ fual3adt + C. (2.74)
0

Set

17
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we then calculate from the Cauchy-Schwarz’s inequality that
T 1 1 1 1 )
Wy < C/ (HumHm + el 72 lluaell 72 + 110:]] £2 + H9tHizH9:ctHiz> [0z || 72l
0
T 1
<C [ (Iuas e 0 + 08+ $10,0(0)) 10 (2.75)
0

1 [T )
+ 3 HvxxHL?dt‘
0

Next we can obtain from Sobolev’s inequality that
r 2
Wy < C/ (”(Uﬂwgm)HmHumu + || (Vo Oz ) | |tz o0 + H(Uanew)uoo“uxn) [|vaz|dt
1
C/ < Vs 0) |2 [ (Vs O |17 [t | + \(U:ca9x)|||!(vx,9x)\|1|!uz\|> [0z |t
5 [ N ben)2a-4.C [ el P
0

1 T
<3 / lvasl2dt + C / |t 1) |2 [0 | 2+ C.
0 0

(2.76)
We have, according to (1.1) and (1.2),
o1 =1 9 r=1
(%%um) = <ux(Ut + Py — (%)xugg)) T (ux(—qﬂvx + évﬂm)) s
Thus .
Wy < C [ urvas i) ds
0
t 1 1 1 1
<© [ (lusliallllys + ool sl ) ool Fllsl s
0 (2.77)

1 t t
< g [ aaliads 4 € [ 02t tar) 3o
0 0

1 t
< / !\Um||%2d8+0'
8 Jo

Therefore, substituting (2.74)-(2.77) into (2.73), we can obtain from(2.62), and Grénwall’sinequality
that

T
sup [[vse(t)2a + / vas |2dt
0<t<T 0

- (2.78)
< Cexp (c | (10000, 0 2+ 00001 + 3100, 0)) dt) <c
0
We can also infer from (1.4) and (2.69) that
T T T
/0 \Iqu|!%2dt§/0 quH%szz!L2H%HH1dt+/0 I(q, 62)[17-dt < C. (2.79)

18
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And, due to (2.17), (2.78) and Lemmas 2.2-2.8, we deduce from (1.2) that
T
| o0zt
0

T T
S/O (G(t)lluxt|2+C||(9m7vm)|2)dt+0/0 ool vzl i1 | (G o) Pt

T . ) T 1 9 (2.80)
+C [ 02]l0@)>[102]| g luae|7dt + C |z llo ()2 [|ue|| g1 (| (e, vee) ||°dE
0 0

T T
1
+CAuwm%mw%wuwmmma+Ardew%%w%wa
< C.

By means of above and (1.1), we can infe

T
[ o0anliaat <
0

Similarly,it is also easily derived from (2.8) that

T
/ o (1)]|0az||22dt < C
0

The proof of Lemma 2.9 is complete.

Corollary 2.3. Let the conditions of Lemma 2.4 be in force. Then
T
sup ||que(t)]|72 + sup U(t)||(QtaQ:ct7Qx:cac)(t)H%2+/ (N gzzz] 22 +0 ()| quat || 22)dt < C.
0<t<T 0<t<T 0
Proof. we can infer from (1.4), (2.45), (2.63) and (2.72) that

1
mmwﬁgsmmm+cwwﬂ;+cjk%w%ﬂm
0
< Cllgl2 + CllBalZe + w2 0222
1
< O+ Clasll 2 lall2 < C 4 Llgsal

and consequently,
sup H%ﬁx(t)”?ﬂ <C.
0<t<T

Differentiating (1.4) with respect to z and combining the results from (2.17), (2.43),
(2.60), (2.61) and (2.72), we obtain

1
o ()| Goza(t) |32 < o (2) / (4202 + @2v2 + V2 + 08 + g3 + qovy + 02,)dz
0

< C(””IH%N”QHHQH + H%H%OOHUMH%Q + ”%c”%2 + H%H%Z)

1
+ CllaalZoe lvalZoc lvall72 + 16s]172 - o ()2 16l 2 + o (1) 16221 72)
<,
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and
T T
/O aee(8) 22t < © / (o2 llgms |22 + gl lome |22 + l1go]2a + lloa]22)dt

T
+ C/O (lgalZocllvallZoe lvallZe + 1022 162172 + 1600122 )dt
<C.

On the other hand, differentiating (1.2) with respect to z, we have

. v + v 2uv
qrat _ th$ + ath+ avgs —|—4b(039 ) xtqt . xqxt - t ?.’;qu‘
v ’U v v

Then we integrate it over [0, 1] x [0, ¢] to compute

T
/ o (8) gt |2t
0

T
< C/ luall 20 (®)l|uall - lgeallze + lv2llo vzl - o () gullz2dt
+C/ 19| 2 1@z || e 72 + N1l 2 gl e el 2 20 | ot

+C/ t)lI(ge, Oxt) 72 + CllualF2) + 10all 2o () 102l 1 - 1017 2dt

In addition, by means of (2.62) and(2.66), we can also obtain that

sup o(t) ot (t)l|72 + sup_o(®)]a(t)7. < C.
0<t<T 0<t<T

The proof of corollary 2.1 is complete.

Corollary 2.4. Let the conditions of Lemma 2.4 be in force. Then there ezists C'(mg) >
0, which depends only on ma, Vo, My, such that for allt € [0,T],

T
sup (10 =1.0.0 = 1) Ol + o)+ | (el + e, 02 + o) e < Cioma).

0<t<T

3 Proof of Theorem 1.1

3.1 Global Well-Posedness

Relying on the a priori estimates established in Section 2, we now prove our main
result, Theorem 1.1. To this end, we start with the local well-posedness of the Cauchy
problem (1.1)-(1.8). which may be established by means of the standard iteration
argument (see [?]).

Lemma 3.1. Assume that (1.9) holds. Then there exists Ty = To(Vo, Vo, My) > 0,
depending only on 3,Vy and My, such the initial and boundary problem (1.1)—(1.8) has
a unique solution (v,u,0,q) € X (O,Tg; %‘/Q, %%,2MO) .
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Building on the local existence and uniqueness of strong solutions, we will prove
Theorem 1.1 step by step as follows.

Step 1. Through Lemmas 2.4-2.8, we can find a constant C satisfying
¢
0= 10,6 = L OF + [ [IVouule + (b0l | ds < €2 1)
0

Set Th = 128C§. With (1.9) recalled and Lemma 3.1 applied, we can find a positive
constant ¢; = min{7y, To(Vo, Vo, Mp)} such that the Cauchy problem (1.1)-(1.4), and
(1.9) has a unique solution (v, u,,z) € X(0,t1; %VO, %VO, 211y).

Take a < a1 with o is some positive constant such that
1 T o 1 1
5‘/0 S 27 (2MO) S 2) alH(E%u 5‘/07 QMO) S €1, (32)

where €1 > 0 is chosen in Lemma 2.4. Next, by applying Lemma 2.4 and 2.7 with
T = t;, we can conclude that for each ¢ € [0, 1], the above-constructed local solution
(v,u, 0, z) satisfies:

o—AT
v(z,t) > =:Cp for all z € ]0,1], (3.3)
2C4
O(z,t) > [Co(Ty +1)] 7' = Cy  for all z € [0,1], (3.4)
v(x,t) < Co, O(z,t) < Cs, forall zel0,1], (3.5)
t
0= 106 =10l + [ [IVBvalfs + b)) ds < 2 (36)

Combining Corollary 2.2, (3.3) and (3.4), we can find a positive constant C7, which
depends on C4, Cy, Vp and My, such that for each t € [0, 1],

t
10 = 10,6 = 1)(8) %2 + la(®)l%a + /0 (o2 + Nuta 02 + llgll3) ds < C2.
(3.7)

Step 2. Taking (v(-,t1),u(-,t1),0(-,t1),2(-,t1)) as the initial data and reapplying
Lemma 3.1 allows us to extend the local solution (v, u, 6, z) to the time interval [0, ¢ +£2]

where
to = min{T1 — 11, To(C(), Cy, 07)}.
Moreover,
1 1
’U(Lli,t) > 5007 O(x,t) > 5047 (ﬂf7t) € [07 1] X [tlvtl +t2])
and

t
0= 8 = D@ + a0 + [ (sl + 1 ur, 02 + i) ds < 4CE,

which combined with (3.7) implies that for all ¢ € [0,¢; + to],

t
10 = 10,6 = 1)(0)[%2 + lla®)]%a + /0 (losll3ps + (. 021132 + llall3s) ds < 5C.
(3.8)
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Choose |a| < min{ag, as}, with oy > 0 being determined by (3.2) and s being a
positive constant that satisfies

1 T2 1 a2 az 1 1
500 S 2, 504 S 2) (2\/507) S 27, OZZH(icoa §C4a \/507) S €1,

(3.9)
where €1 > 0 is chosen as in Lemma 2.4. Next, by applying Lemma 2.4, Lemma 2.7
and Corollary 2.2 with T' = t; + t2, we can conclude that for each ¢ € [0,¢; + to], the
above-constructed local solution (v, u, 0, ) satisfies(3.3)-(3.7).

Step 3. Repeating the argument from Step 2 enables us to extend the solution
(v,u, 0, 2) to the time interval [0,¢; + t2 + t3], with

ts = min {Tl — (t1 + t2)7T0 (C()v Cy, 07)} :

Suppose |a| < min{ai,as}, where the constants a; and aq satisfy (3.2) and (3.9)
respectively. Moving forward, after a finite number of iterations, we construct the
unique solution (v, u, 0, z) existing on [0, ¢1] and fulfilling (3.3)-(3.7) for each ¢ € [0, T1].

Step 4. Since T} = 128031 and

T
sup 16— 1)(0)]12: + / 102 (0)|12:dt < C2, (3.10)
0<t<T} T1/2

we can find a ¢, € [T1/2, T3] such that
1 .-
10(t0) = Uiz < s, [10a(fo) 22 < 5C5 g

For if not, we have that [|6,(t)]| ;2 > 1C5 " for each t € [T1/2,T}] and hence

T 1 1 2
/ IIHm(t)H?{ldt > -1 705‘1 = 052.
T1/2 2 8

This stands in contradiction to (3.10), and from Sobolev’s inequality, it thus follows
that

10 = 1)(t) 1= < V2O~ D 20202 < 5.

from which we get
Oth,a) > 1~ (6~ 1)() 1 > 5 for all &€ [0,1] (3.11)
We observe that
10— 1w, 0 = 1)(E) 32 + la(th) 3 < Cr, w(thoa) = Cy for all @ € [0,1].

We proceed to apply Lemma 3.1 again, choosing (v, u,0, z)(-, %) as the initial data.
We then deduce that the solution (v,u, 0, z) exists on the interval [t(, ¢, + t}], where
ty = min{T}, To(Co, 5,C7)}, and for all (z,t) € [0,1] x [t), tf + 1],

t
10 = 10,6 = 1)(0)[%2 + lla®)]%a + / (losll3ps + (. 01132 + llall3s) ds < 4C2.

/
0

and )
v(z,t) > 500, O(x,t) >

E
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Therefore, the solution (v, u, 0, z) satisfies (3.8) for all ¢t € [0, t(, + t}].

Let |a| < min{ay, ag, a3}, where each «;(i = 1,2, 3) being positive constants satis-
fying (3.2), (3.9) and

1\ as 1 1
1 <2, (2\/507) <2, OégH(§C(], Z; \/507) <el, (312)

where €1 > 0 is chosen as in Lemma 2.4. Then we can deduce from Lemma 2.4,
Lemma 2.7 and (3.1) with T' = t{, 4 ¢}, that for each t € [t{, ¢, + t}], the local solution
(v,u,0,2)(x,t) satisfies (3.3), (3.4), (3.5) and (3.6).

Here we have used the estimate (3.11).

We deduce from (3.4) and Corollary 2.2 that there exists some positive constant Cy,
depending on Cy, Cy, Vo and My, such that for each ¢ € [0, ¢, + ],

t
0= 106 = DO+ O+ | (ool + 1m0 B + ) ds < 2
(3.13)
Step 5. Next, with (v,u,0,z)(-,t;, + t;) as the initial data, we apply Lemma 3.1 to
construct the solution (v, u, 6, z)(x,t) existing on the time interval [0, ¢{, + t} + t5] with

t’2 = min{T1 — t/la To(Co, Cy, Cg)},

such that for all (x,t) € [0,1] x [tf + t],ty + ¢ + t5)
1 1
’U(IL‘,t) > §COa 9($,t) > 5043

and

t
ol D, 0) I + lals) s < 4C2.

ott

I 1.0 = DO e + la® s + |
which combined with (3.13) implies that for each ¢ € [0, + t] + 5],

t
|M—MW—MW#+MW%+Am%%ﬁW%%M%+M%Nﬁ%%-

Let |a| < min{aj, a2, a3, as}, where each a;(i = 1,2, 3) being positive constants satis-
fying (3.2), (3.9), (3.12) and

1 T 1 T ay 1 1
500 S 2, §C4 S 2) (2\/508) S 27, OZ4H(§C[), §C4a \/508> S €1,

(3.14)
where 1 > 0 is chosen as in Lemma 2.4. Then we can deduce from Lemma 2.4,(3.1) and
Corollary 2.2 with T = t{, + ¢} + ¢}, we conclude that the local solution (v, u, 0, z)(z,t)
satisfies (3.3), (3.4) and (3.13) for each ¢ € [0, t;+t}+1t5]. With |a| < min{oy, as, a3, au}
assumed, we may repeatedly employ the argument above to extend the local solution
to the time interval [0, t{, + 71]. Furthermore,we infer that (3.3), (3.4) and (3.13) hold
for each ¢ € [0,t, + T1], In view of t; + 71 > 371 /2, we have shown that the Cauchy
problem (1.1)-(1.8) admits a unique solution (v,u,8,z)(z,t) € X(0,371;Co, Cy,Cs)
on the time interval [0, 373].

Step 6. Let |a| < min{aj, a2, a3, as}, Following the same reasoning as in Steps 4
and 5, we are able to find ¢ € [t;+T1/2,t,+ T1] where the Cauchy problem (1.1)-(1.8)
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has a unique solution (v,u, 6, z) on [0,t; + T1] that satisfies (3.3), (3.4) and (3.13) for
every t € [0,ty + T1]. Since t§ + 11 > t{ + 311/2 > 2T, we have extended the local
solution (v,u, 0, z) to the time interval [0,277]. Repeating the above process allows us
to extend the solution (v,u,#,z) incrementally to a global solution, on the condition
that |a| < min{ai, ag, az, as}.
Choosing
g0 = min{ay, ag, ag, g} (3.15)

where «;(i = 1,2,3,4) are given by (3.2), (3.9), (3.12) and (3.14), we then derive that
the Cauchy problem (1.1)-(1.8) has a unique solution (v, u, 0, z) satisfying (3.3), (3.4)
and (3.13) for all ¢ € [0,00). Thus we have

W—mw—mw;+wm%+é(m@ﬁw%mWWMMM®§%

which implies that the solution (v, u, 0, z) € X(0, 00; Cy, Cy, Cs).

The constants €1, C;(i = 0,1,2,3,4,5,7,8) depend only on Vj and Mj. According to
the definition (3.15) of £y, we can conclude the proof of Theorem 1.1.

3.2 Nonlinearly Exponential Stability

For completeness, we sketch the proof of large-time behavior of the solutions, based
on the t-independent regularities (1.10) and (1.11).

Relying on (1.1) and (1.2), direct computations allow us to obtain that

(M(Q)Ux) —w Pt %(Qtvx ~ugby)
v . v0

0, 0Ov, ab®
= Ut + ; - ? + W(Gtvx — uzex),

Multiplying it by v — p<% in L?, integrating by parts, and using the Cauchy-Schwarz
inequality, we have

d 1 - ) 1
— (u - uv—> dx + C’g/ vidx
0 v 0

dt
Cs
< Cl(uz, 0z, 0r) HL2 + 5 HUCEHB

Multiplying (1.1) by ug,, we have from integration by parts that

14 /1 1,2 1 1
33 uidx—k/ Mumd:r:/ qumd:c—/ (H> U Ug AT
0 o v 0 0o \V/z

It is evident from this that

&‘Q‘

1
[ x+@/@msmme@ﬁm (3.17)
0
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Multiplying (2.8) by xf, in L?, integrating by parts, we deduce that for § € (0, 1)

i 1 (KQI)Q
dt 0 v

1
do+Cs [ 6Fde < COl(uasborao) e + el (318)
0
Choosing § > 0 sufficiently small,Based on (3.6)-(3.8), we get

a”(/“}m Uy, "@Gx)(t)H%2 < CH(“:B» Ut, Vg, O, O, Qm)H%ﬂ (3'19)

Integrating (3.9) over [s, t], we have
[ (vs (2), s (8), 502 ()) 72 = [l (102 (5), o (s), 602 (s) 72| < C(t — 5). (3.20)

Since ||(uvg(t), uz(t), k02(t))||3. is a nonnegative and uniformly continuous function,
we can infer from (3.10) that

| (v (t), ur(t), K02 (1) |32 = 0 as ¢ — oo. (3.21)

From (2.12) and (3.11),we can infer that

1 1 1
/@%w%hgc/nﬁwgc/egm (3.22)
0 0 0

By means of (2.7), (2.17), (2.30), (3.21), and (3.22), it follows
|(v—1,u,0 —1,q)(t)]l;c =0 as t— oo.

The proof of Theorem 1.1 is complete.
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