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Abstract
This article proposes a unified mathematical framework combining the theory of fuzzy vector spaces and that of fuzzy topologies to model complex systems characterized by uncertainty and structural imprecision. We formally introduce the notion of a fuzzy topological vector space and study its fundamental algebraic and topological properties, including the continuity of vector operations, fuzzy separation axioms, and fuzzy compactness and connectivity.

A constructive approach based on α-cuts is developed to establish a rigorous link between fuzzy structures and classical topological vector spaces. Furthermore, we extend this framework to fuzzy functional analysis, fuzzy Sobolev spaces, fuzzy partial differential equations, and fuzzy dynamical systems. Potential applications in optimal control, image processing, artificial intelligence, and mathematical physics are also discussed.
This work constitutes a theoretical contribution towards the coherent integration of algebra, topology and uncertainty, paving the way for the development of new mathematical tools for the analysis of complex systems.
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1) Introduction
The analysis of modern complex systems requires mathematical tools capable of simultaneously capturing:
· The imprecision of the data and parameters
· The algebraic structure of solution spaces
· The continuity and topological properties of transformations
· What combination exists between the fundamental mathematical theory of fuzzy vector spaces and fuzzy topologies?
· What are fuzzy vector spaces and fuzzy topology?
· What is fuzzy topological vector space?
Combining fuzzy vector spaces with fuzzy topologies addresses this need by providing a unified framework for special and functional contexts.
The fuzzy vector space (FVS) over a fuzzy field is a fuzzy set equipped with addition operations ⨁ and scalar multiplication satisfying fuzzy properties, and the fuzzy topology over a set X is a family of fuzzy subsets of X such that:
1.  ,
2. Any fuzzy union of elements of belongs to .
3. Every finite intersection of belongs to
The fuzzy topological vector space is a quadruplet where:
is a fuzzy vector space
is a fuzzy topology on
Vector operations are continuous for fuzzy topologies.
The objective of this article is to combine fuzzy vector space and fuzzy topology in the presence of uncertainty and imprecision.
3) Methodology
The appropriate method for unifying fuzzy topologies with fuzzy vector spaces is resolution, discretization by, and reconstruction.
The interest is based on its practical application in various fields: optimal fuzzy control, fuzzy image processing, artificial intelligence and learning, fuzzy mathematical physics.
4) Fundamental concepts.

4.1. Fuzzy Vector Space (FVS)
A fuzzy vector space over a fuzzy field is a fuzzy set equipped with addition and scalar multiplication operations satisfying fuzzy properties.
4.2. Fuzzy Topologies
A fuzzy topology on a set X is a family of fuzzy subsets of X such that:
1.  
2. Any loose combination of elements belongs to
3. Every finite intersection of belongs to .
5. Fuzzy Topological Vector Spaces (FTVs)
Definition 1.1.
A fuzzy topological vector space is a quadruple or:
( , ⨁ ) is a fuzzy vector space
is a fuzzy topology on
Vector operations are continued for fuzzy topology.
5.1. Conditions of continuity Vague
Continuous addition

Multiplication by a continuous scalar:

5.2. Fuzzy neighborhood basis
A fundamental system of fuzzy neighborhoods of õ is a family B of fuzzy subsets such that:
a) each is a fuzzy neighborhood of
b) For any fuzzy neighborhood of , there exists with
6. Topological properties of fuzzy vector spaces (FVS) 
6.1. Separation and Axioms of Separability
:
 
(Hausdorff blurry)

6.2. Blurry Compactness
A fuzzy subset is compact fuzzy if every open fuzzy cover of A admits a finite subcover.
Theorem 3.1. In a Hausdorff topological fuzzy vector space, every compact fuzzy subset is closed.
6.3. Fuzzy connectivity
A fuzzy subset is fuzzy connected if 
 
7. Construction of Fuzzy Topological Vector Spaces using α-Cuts 
7.1. Construction principle
Every EVTF can be represented by a family of classical topological vector spaces indexed by 
where each is a classical topological vector space and
7.2. fuzzy quotient topologies
For a fuzzy vector subspace , the quotient space inherits a natural fuzzy topological vector space structure.

8. Application to fuzzy integral transforms
8.1. Fuzzy function spaces

Consider the space of fuzzy functions; we can equip it with a fuzzy topology defined by uniform convergence on the concepts:


8.2. Continuity of integral operators
Theorem 5.2 : The fuzzy Laplace operator is continuous for the topology of fuzzy uniform convergence.
Proof: uses the linearity property and the continuity of the fuzzy integral.
8.3. Fuzzy Sobolev space
Generalization of Sobolev spaces to fuzzy frames

With the vague standard.

6. Fuzzy Function Analysis
6.1. Banack Space Fuzzy
A fuzzy norm vector space is completely fuzzy if every fuzzy Cauchy sequence converges.
Theorem 5.3 : Every locally convex Hausdorff complete EVTF is a fuzzy Fréchet space.
6.2. Linear, Continuous, Fuzzy Operators

An operator is linear, continuous, and fuzzy if:

1.
2.
3.

6.3. Hahn-Banack Theorem (Flou)
Theorem 6.4: Let be a fuzzy seminorm on and a fuzzy linear form on a subspace such that
Then admits an extension to satisfy the same inequality.

7. Applications to Fuzzy Partial Differential Equations (FPDs)
7.1. Fuzzy Partial Differential Equations.
A general fuzzy partial drift equation is written as:
where ũ is an unknown fuzzy value function.
Example 7.1 : Fuzzy Heat Equation
with fuzzy boundary conditions

8. Fuzzy Dynamical Systems
8.1. Fuzzy groups and fuzzy semigroups
A fuzzy semigroup is a family {T(t)}t≥0 of continuous linear operators on an EVTF such that:
1)
 
3)
8.2. Stability of Fuzzy Systems
A flow equilibrium point is stable if
:
10. Practical application
10.1. Fuzzy optimal control
Fuzzy cost minimization problem with fuzzy dynamic constraints:

below
10.2. Processing of blurry images.
Topological analysis of imprecise images:
· Fuzzy segmentation based on topological connectivity.
· Blurry edge detection.
· Classification of imprecise textures

10.3. Artificial Intelligence and Learning
· Fuzzy activation neural networks.
· Fuzzy topological feature spaces
· Classification with topological uncertainty

10.4. Fuzzy Mathematical Physics
· Fuzzy quantum mechanics with fuzzy Hilbert spaces.
· General relativity with fuzzy metrics
· Fuzzy field theory.
11. Challenges and limitations
11.1. Computational complexity
The simultaneous manipulation of fuzzy algebraic and topological structures requires significant computational resources:

11.2. Physical Interpretation
Interpreting the results in applied contexts can be tricky.
11.3 Lack of digital tools
There are few specialized software programs available for manipulating fuzzy topological vector spaces.
11.4. Implementation problems
Practical difficulties in the implementation of algorithms by EVTFs
The research perspective : Combining with fuzzy differential varieties for a geometric analysis of solution spaces.
General Conclusion
The combination of fuzzy vector spaces and fuzzy topologies represents a major theoretical advance for the modeling and analysis of complex systems characterized by uncertainty and structural imprecision. This synthesis provides a unified mathematical framework for the coherent integration of algebraic and topological structures within a fuzzy environment, thereby generalizing classical topological vector spaces.

In this work, we introduced the notion of a fuzzy topological vector space, studied its fundamental properties (continuity of operations, fuzzy separation axioms, fuzzy compactness and connectivity), and proposed a rigorous construction based on α-cuts. We also extended this framework to fuzzy functional analysis, fuzzy Sobolev spaces, fuzzy partial differential equations, and fuzzy dynamical systems, thus illustrating the richness and generality of this approach.

The potential applications of this theory span a wide range of disciplines, from pure mathematics and engineering to artificial intelligence, image processing, and mathematical physics. These results demonstrate that fuzzy topological vector spaces are a powerful tool for modeling complex phenomena in contexts where data, parameters, and structures are inherently imprecise.

Despite these contributions, several theoretical and practical challenges remain, notably the computational complexity of fuzzy structures, the lack of specialized numerical tools, and the difficulties of physical interpretation. Nevertheless, the perspectives opened up by this approach are promising. Future work could focus on integrating fuzzy topological vector spaces with fuzzy differential geometry, fuzzy manifolds, fuzzy neural networks, and advanced numerical methods, in order to develop a comprehensive analytical and computational theory.
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