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Abstract

This study is on the characterization of the three decomposition models commonly used in descriptive time series analysis. The purpose is to provide basis for choosing the most appropriate model for any study data. The Buys-Ballot procedure, adopted for choosing the most appropriate model, is based on the row and column coefficients of variation of the study series presented in a Buys-Ballot table. When trend-cycle component is exponential, the study shows that (a) the row coefficient of variation follows the modified negative exponential for the Additive model, constant for the Mixed and cyclic for the Multiplicative models, (b) the column coefficient of variation follows the seasonal pattern for the additive model, constant for the mixed model and cyclic for the multiplicative models. It is therefore, recommended that the (a) Additive model be used whenever the row coefficients of variation is negative exponential and column coefficient of variation varies according to the seasonal pattern, (b) the mixed model be used whenever the row and column coefficients of variation are constant and (c) the multiplicative model be used when the row and column coefficients of variation are cyclic.
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1 Introduction

In the descriptive time series analysis, the three models commonly used for the 
decomposition of the observed data are the 
Additive Model:	

							(1.1)
Multiplicative Model: 

							(1.2)
and Mixed Model/Pseudo-Additive;	

							(1.3)











 for time  is the observed series, is the trend (long term direction), is the seasonal effect (systematic, calendar related movements), is the cyclical (long term oscillations or swings about the trend) and is the irregular (unsystematic, short term fluctuations) (Kendal and Ord, 1990; Chatfield, 2004). If short periods of time are involved, the cyclical component is superimposed into the trend (Chatfield, 2004) and the observed time series  can be decomposed into the trend-cycle component, seasonal component  and the irregular/residual component.  Therefore, the decomposition models are restated as
Additive Model: 

								(1.4)
Multiplicative Model: 

								(1.5)
  and Mixed Model Pseudo-Additive/; 

								(1.6)
However, one of the greatest challenges in descriptive time series analysis is how to choose the appropriate model for any study data. That is, when to use any of the three models for analysis is uncertain. The reliability of any result from any analysis depends on how well the appropriate model was chosen. Use of wrong model will certainly lead to erroneous decomposition of a study series. 



Several of attempts have been made by scholars in the literature to address this problem. Chatfield (2004) proposed the use of the run sequence plot (time plot).  In his opinion, the appropriate model is additive if the seasonal variation stays roughly the same size regardless of the mean level and multiplicative if it increases in size in direct proportion to the mean level.  However, he did not provide any justification for the choice. According to Puerto and Rivera (2001), the appropriate model is Additive if the coefficient of variations of seasonal quotients (CV(c)) is greater than the coefficient of variations of seasonal differences (CV (d)), that is, if and Multiplicative if. However, they did not provide the theoretical basis for the decision rule.

Linde (2005) says that the differences between the Multiplicative and the Additive models are: (i) in the additive model, the seasonal variation is independent of the absolute level of the time series, but it takes approximately the same magnitude each year while in the multiplicative model, the seasonal variation takes the same relative magnitude each year. 
Iwueze et al (2011) said the additive model is appropriate when the seasonal standard deviations show no appreciable increase or decrease relative to any increase or decrease in the seasonal means.  On the other hand, the appropriate model is multiplicative when the seasonal standard deviations show appreciable increase/decrease relative to any increase /decrease in the seasonal means. However, the proposals by Iwueze et al (2011) are based only on tables and graphs. No test was provided for choice of appropriate model. 

In the framework for choice of model and detection of seasonal effect in time series, Iwueze 
and Nwogu (2014) observed that when the trend-cycle component is linear, the column variances are constant for the additive model, but contain the seasonal component for the multiplicative model. Thus, choice between additive and multiplicative models was reduced to test for constant variance to identify the additive model. In this method the Buys-Ballot procedure attempted to solve the problem of providing test for choice of model. However, the test only identifies the additive model (when the column variance is constant), but does not tell the analyst the alternative model when the variance is not constant.  The implication of this is that when the test for constant variance says the appropriate model for a study series is not the additive model; an analyst still faces the challenge of distinguishing between multiplicative and the mixed models. Thus, in all these methods outlined above, including the Buys-Ballot procedure, the emphasis has been on the choice between additive and multiplicative models, with little or no reference to the mixed model. 

The work of Nwogu, Iwueze, Dozie and Mbachu (2019) extended the choice of appropriate model to include the mixed model. Nwogu et al (2019) proposed a statistical test for choosing between mixed and multiplicative models when trend-cycle component is linear based on the column variances of the Buys-Ballot table. However, this work is limited to choice between mixed and multiplicative models in series with linear trend only. For other trending curves, it is not clear whether this test stands or not.
	
From the foregoing, it is clear that there is no sound basis for choosing the appropriate model for any study from the three decomposition models. The methods outlined either addressed choice between additive and multiplicative models or multiplicative and mixed models for linear trend-cycle component. Thus, the problem of choosing the most appropriate model from the three decomposition models and for other trending curves than the linear still remains.

Therefore, the ultimate objective of this study is to provide bases for choosing the most appropriate model from the three most commonly used decomposition models, when the trending curve is the exponential. Specifically, the study 
(i) obtained the row, column and overall means, variances and coefficients of variation for the three decomposition models for series arranged in Buys-Ballot table.
(ii) identified the specific characteristics of each of the three decomposition models including the coefficients of variation, 
(iii)  proposed the procedure for identification of the most appropriate model for decomposition of any study series based on the identified the specific characteristics and 
(v) illustrated the proposed procedure with empirical examples.

2	Methodology




The method adopted, the Buys-Ballot procedure proposed by Iwueze and Nwogu (2004 & 2005) is based on the row, column and overall means and variances of the Buys-Ballot table.  For details of the Buys-Ballot procedure, see Iwueze and Nwogu (2004 and 2005). In Buys-Ballot table, the time t is written in terms of the row, i and column, j as , (and ). Hence, Equations (1.4) through (1.6) with trend; ,.may be re-written as 

.  	    		             (2.1)
 for the additive model

		                                     (2.2)
 for the mixed model and 

	                                                     (2.3)
 for the multiplicative model, 


where  is error associated with 
2.1 Row, Column and Overall Means and Variances of Buys-Ballot table
Following the ways of Iwueze and Nwogu (2004 and 2005), the row, column and overall means and variances obtained for the models in (2.1) through (2.3) are shown in Tables 1 through (3) respectively. 
Tables 1: Row, Column and overall means and variances for the Additive Model 
	Measure
	Estimates

	

	


	

	


	

	


	

	


	

	


	

	





2.2	Comparison of the Row, Column and Overall means and variances across decomposition models



From Tables 1 through 3, for all three models (a) The row means and standard deviations are exponential functions of the row (, while the column means and standard deviations are exponential functions of the column (). To obtain a summary index we consider the coefficients of variation.


Tables 2: Row, Column and overall means and variances for the Mixed Model 
	Measure
	Estimate

	

	


	

	


	

	


	

	


	

	


	

	




Tables 3: Row, Column and overall means and variances for the Multiplicative Model 
	Measure
	Estimate

	

	


	

	


	

	


	

	


	

	


	

	






Where ,   

2.3 COEFFICIENTS OF VARIATION

Row Coefficients of Variation

For the additive Model, the row variance is





  



 
where




and 





Hence, the row standard deviation is of the form




The row mean is

  
Thus, the row coefficient of variation is, for the additive model,






,which is modified negative exponential with intercept and 


as the coefficient of 


For the Mixed Model, the row variance is




The standard deviation is




,and the mean is


 

Hence, row coefficient of variation is, for the mixed model, 









,which is the coefficient of variation of 


For the Multiplicative Model, the row variance is




Hence, the row standard deviation is




,and the row Mean is





Hence, the row coefficient of variation is







		           


  


,which is the coefficient of variation of 




In summary, the row coefficient of variation is, for all i, the modified negative exponential for the Additive model, the coefficient of variation of  for the Mixed model and the coefficient of variation of for the Multiplicative  models.

Column Coefficients of Variation

For the Additive model, the column variance is






The column standard deviation is





,where 

The column mean is 



 

Hence, the column coefficient of variation is 


 


		, 
 ,where




,which is the reciprocal of a modified negative exponential in j adjusted by the seasonal effect. The reciprocal of the column coefficient of variation is


  


   





,which is a function of . So the plot of the CV (j) will follow the shape of or if the seasonal effect dominates  .


For the Mixed model, the column variance is  
 







	              

,where
Hence, the standard deviation is

	
The column mean is  


  
The column coefficient of variation is

	




,which is constant for all j, depending only on the trend parameters, m and s.

For the Multiplicative model, the column variance is


,and the column standard deviation is


The column mean is


  





			


,which is, for all j, the coefficient of variation of .



In summary, the column coefficient of variation is, for each j, a reciprocal of a function of  for the additive model, a constant for the mixed model and the coefficient of variation of .
3 Empirical Examples
The empirical examples consist of 100 simulations of 120 observations each from 



(a)   with  b = 10 and  c = 0.02,   and  given in  Table 1  for the Additive model



(b)   with  b = 10 and  c = 0.02,,   and given in  Table 2  for the Mixed model and
Table.4: Summary of Coefficients of Variation by Model 
	
	Model

	
	Additive
	Mixed
	Multiplicative

	Row
	

      
	
 
	


	Col
	

	



	




where


,







 (c)   with  b = 10 and  c = 0.02,  and  given in  Table 5  for the Multiplicative model.
Table 5: Seasonal   indices used in the simulation of the Additive series.
	  j
	  1
	  2
	  3
	  4
	  5
	  6
	  7
	  8
	  9
	  10
	  11
	  12

	
	- 1.5
	 2.5
	 3.5
	- 4.5
	-1.5
	 2.5
	 3.5
	- 4.5
	 -1.5
	2.5
	3.5
	-4.5



Table 6: Seasonal   indices used in the simulation of the Mixed and Multiplicative
                 series.
	j
	 1
	 2
	 3
	 4
	 5
	 6
	 7
	 8
	 9
	 10
	 11
	 12

	
	0.91
	0.88
	1.00
	0.98
	0.98
	1.12
	1.26
	1.20
	1.05
	0.92
	0.80
	0.90


          
The simulated series were obtained using the MINITAB software. The row, column and overall means and standard deviations of the simulated series arranged in Buys-Ballot table are shown in Appendix A for the Additive, Appendix B for the Mixed model and Appendix C for the Multiplicative model. For want of space the result for only twenty simulations are reported in this study. The corresponding graphs are shown in Figures 1 through 4.
Row and column means and Standard deviations of the models


As Appendices A, B, and C and Figures 1 and 4 show, the row and column means and standard deviations follow the analytical patterns described in Section 2. The row means and standard deviations are exponential in for the three models. The row means are consistently higher than the standard deviations, with the gaps widening as the row increases.



For the three models, the column means are modified exponential in j and follow the patterns of the seasonal effect. Recall, in the analytical expressions, the column means are adjusted by the seasonal effect. For the additive model, the column variance is modified exponential parabola in . For the mixed and multiplicative models, the column variances are modified exponential parabola in and follow the patterns of the seasonal effect. 
Coefficient of Variation 
The row coefficient of variation of variation follows the negative exponential pattern for the Additive model, constant for the Mixed model and undulating for the multiplicative model. The column coefficient of variation varied according to the seasonal pattern for the additive model, constant for the mixed model and undulating and moving upwards for the multiplicative model.








































Fig. 1: Time plots of Row means and standard deviations 





































Fig. 2: Time plots of Column means and standard deviations 










4 Summary, Recommendation and Conclusion

From the results outlined above, our proposal for choice of model will be based on the row and column Coefficients of variation. The row coefficient of variation is modified negative exponential for the Additive model, constant for the mixed model and constant for the Multiplicative model with undulations. The column coefficient of variation is varied according the product   for the additive model. From empirical examples, if the seasonal effect is dominant then the column coefficient of variation varied according to the seasonal pattern. The column coefficient of variation is a constant for the mixed model and the constant depends on trend parameters, m and s. For the multiplicative model, the column coefficient of variation is undulating and moving upwards, perhaps because of the effects of the error terms.

It is therefore recommended that the (a) Additive model be used whenever the row coefficients of variation is negative exponential and column coefficients of variation varies according to the seasonal pattern, (b) the mixed model be used whenever the row and column coefficients of variation are constant and (c) the multiplicative model be used otherwise.
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Appendix   A1: The Row Means and Standard Deviations for Additive Model and Exponential Trend
	Row
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	
	x1i
	z1i
	X2i
	Z2i
	X3i
	Z3i
	X4i
	Z4i
	X5i
	Z5i
	X6i
	Z6i
	X7i
	Z7i
	X8i
	Z8i
	X9i
	Z9i
	X10i
	Z10i

	  1
	11.08
	3.580
	11.390
	3.680
	11.22
	3.610
	11.564
	3.124
	11.440
	3.640
	11.610
	3.860
	11.695
	2.925
	11.190
	3.720
	11.358
	3.259
	11.361
	3.304

	  2
	14.21
	3.720
	14.219
	3.354
	14.90
	3.480
	14.670
	4.370
	14.395
	2.893
	14.444
	3.414
	13.970
	3.610
	14.676
	3.359
	14.530
	3.650
	14.433
	3.126

	  3
	18.68
	3.224
	18.336
	3.000
	18.85
	3.600
	17.910
	3.480
	18.270
	3.820
	18.340
	3.720
	18.819
	3.142
	18.510
	3.790
	18.260
	4.000
	18.420
	3.910

	  4
	23.10
	3.790
	23.062
	3.247
	23.20
	3.418
	23.409
	3.319
	23.378
	3.108
	23.718
	3.408
	23.419
	3.376
	23.383
	2.898
	23.250
	3.880
	23.190
	3.800

	  5
	30.17
	3.800
	30.070
	3.790
	29.71
	3.790
	30.100
	3.840
	29.820
	4.280
	29.730
	3.650
	29.820
	4.050
	29.950
	4.030
	29.920
	3.950
	29.500
	3.770

	  6
	37.79
	4.150
	37.890
	4.300
	37.74
	4.140
	37.770
	3.800
	38.090
	4.080
	37.640
	4.070
	37.930
	4.450
	38.440
	4.060
	38.380
	4.190
	37.940
	4.660

	  7
	48.24
	4.500
	48.180
	4.680
	48.17
	5.230
	48.260
	4.800
	48.080
	4.810
	48.090
	4.570
	47.930
	4.780
	48.200
	4.340
	48.120
	4.570
	48.050
	4.650

	  8
	61.16
	5.250
	61.590
	5.490
	61.41
	5.000
	60.940
	5.240
	61.480
	5.470
	61.040
	5.860
	61.130
	5.440
	61.110
	5.290
	61.020
	4.950
	61.520
	5.220

	  9
	77.96
	6.020
	77.770
	6.610
	77.84
	6.310
	77.570
	6.720
	78.080
	6.330
	77.630
	6.150
	77.950
	6.150
	77.710
	6.140
	77.770
	6.560
	77.200
	6.250

	  10
	98.96
	7.230
	99.040
	7.880
	99.10
	7.340
	98.680
	7.690
	99.360
	7.480
	98.610
	7.520
	98.970
	7.860
	99.130
	7.560
	98.810
	7.600
	98.610
	7.520

	 All
	42.13
	28.28
	42.16
	28.33
	42.21
	28.24
	42.09
	28.13
	42.24
	28.38
	42.08
	28.10
	42.16
	28.23
	42.23
	28.22
	42.14
	28.20
	42.02
	28.14



	Row
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	
	X11i
	Z11i
	X12i
	Z12i
	X13i
	Z13i
	X14i
	Z14i
	X15i
	Z15i
	X16i
	Z16i
	X17i
	Z17i
	X18i
	Z18i
	X19i
	Z19i
	X20i
	Z20i

	 1
	11.34
	3.18
	11.58
	3.33
	11.31
	3.20
	11.12
	3.44
	11.25
	3.42
	11.22
	3.18
	11.68
	3.05
	11.39
	3.22
	11.12
	3.50
	11.16
	3.46

	 2
	14.68
	3.62
	14.10
	3.60
	14.61
	3.32
	14.42
	3.51
	14.34
	3.40
	14.83
	3.96
	14.84
	4.13
	14.45
	3.51
	14.66
	3.45
	14.80
	3.81

	 3
	18.61
	3.69
	18.38
	3.75
	18.48
	3.57
	18.60
	3.21
	18.38
	3.41
	18.53
	3.17
	18.33
	4.18
	18.57
	3.83
	19.05
	2.97
	18.25
	3.86

	 4
	23.61
	3.97
	23.58
	3.56
	23.18
	3.41
	23.62
	3.38
	23.21
	4.05
	23.52
	3.96
	23.38
	3.88
	24.05
	3.82
	23.22
	3.78
	23.67
	4.05

	 5
	30.12
	3.70
	29.69
	3.88
	29.64
	3.91
	29.81
	3.54
	30.02
	3.36
	29.78
	4.10
	29.85
	4.23
	29.61
	4.00
	29.51
	3.22
	29.70
	4.25

	 6
	38.07
	4.52
	37.58
	4.50
	38.32
	4.20
	38.05
	4.26
	38.37
	4.04
	37.81
	4.04
	37.95
	4.24
	38.35
	4.42
	37.63
	3.79
	37.35
	3.90

	 7
	48.31
	4.64
	47.83
	4.67
	48.39
	4.76
	48.41
	5.04
	48.18
	4.61
	48.21
	4.43
	47.75
	4.89
	48.42
	4.36
	48.46
	4.74
	48.48
	5.19

	 8
	61.34
	5.39
	60.75
	5.45
	61.15
	5.25
	61.66
	6.04
	61.04
	5.92
	60.96
	5.55
	61.14
	5.65
	61.86
	5.42
	61.33
	5.47
	60.88
	4.97

	 9
	77.96
	6.17
	78.00
	6.42
	77.92
	6.63
	78.03
	6.67
	77.79
	5.69
	78.10
	6.75
	78.06
	6.14
	77.74
	6.34
	77.74
	6.40
	77.51
	6.45

	10
	99.03
	7.39
	99.31
	8.18
	99.34
	7.37
	99.01
	8.02
	98.99
	8.20
	98.88
	8.07
	98.99
	7.92
	98.68
	7.27
	99.11
	7.87
	98.75
	7.40

	 All
	42.31
	28.22
	42.08
	28.34
	42.23
	28.33
	42.27
	28.34
	42.16
	28.27
	42.18
	28.24
	42.2
	28.23
	42.31
	28.17
	42.18
	28.26
	42.05
	28.16
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Appendix A2:  The Column Means and Standard Deviations of the Additive Model of Exponential Trend
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	 col
	X1j
	Z1j
	X2j
	Z2j
	X3j
	Z3j
	X4j
	Z4j
	X5j
	Z5j
	X6j
	Z6j
	X7j
	Z7j
	X8j
	Z8j
	X9j
	Z9j
	X10j
	Z10j

	  1
	36.36
	25.48
	36.45
	26.16
	36.19
	26.44
	36.15
	26.29
	36.22
	26.84
	35.90
	26.11
	36.39
	26.13
	36.42
	26.02
	35.89
	26.42
	35.86
	26.14

	  2
	41.50
	26.79
	40.42
	26.38
	40.80
	26.66
	41.12
	26.31
	40.63
	26.68
	40.62
	26.84
	41.05
	26.26
	41.06
	27.11
	40.73
	26.43
	40.77
	26.57

	  3
	42.82
	27.86
	42.88
	27.27
	42.71
	27.22
	42.97
	27.05
	42.73
	27.69
	42.55
	27.20
	42.77
	27.61
	42.50
	27.32
	43.05
	26.87
	42.52
	27.20

	  4
	35.79
	28.39
	35.36
	27.54
	35.86
	27.90
	35.34
	27.56
	35.88
	27.87
	35.27
	27.69
	35.54
	27.94
	35.57
	27.46
	35.15
	27.49
	35.22
	27.70

	  5
	38.96
	29.00
	39.61
	28.71
	38.78
	28.81
	39.13
	27.95
	39.58
	27.85
	39.53
	28.43
	39.39
	27.86
	39.37
	28.24
	39.57
	28.41
	39.19
	28.03

	  6
	43.67
	29.33
	44.45
	29.05
	44.09
	29.11
	43.89
	28.94
	44.30
	28.67
	44.38
	28.84
	44.15
	28.85
	43.98
	29.10
	44.20
	29.17
	44.22
	29.19

	  7
	46.05
	29.16
	45.86
	29.55
	45.73
	29.48
	46.32
	29.62
	45.82
	29.65
	45.89
	29.58
	45.38
	29.29
	46.16
	29.74
	46.11
	29.72
	45.59
	29.11

	  8
	38.80
	30.02
	38.53
	29.84
	39.23
	29.65
	38.71
	29.71
	39.04
	30.33
	38.57
	29.43
	39.05
	29.90
	39.35
	30.26
	39.10
	30.51
	38.98
	29.96

	  9
	42.67
	30.54
	42.98
	30.81
	42.96
	30.27
	42.52
	30.59
	42.60
	31.02
	43.30
	30.44
	42.70
	30.55
	42.78
	30.79
	42.35
	30.28
	42.34
	30.89

	 10
	47.72
	31.21
	47.50
	31.80
	48.08
	31.07
	47.34
	31.09
	48.40
	31.80
	47.73
	30.85
	48.01
	31.39
	47.56
	30.60
	47.08
	31.28
	47.32
	31.01

	  11
	49.20
	31.70
	49.20
	32.50
	49.40
	31.90
	49.50
	32.10
	49.30
	32.00
	49.10
	31.60
	49.40
	32.50
	49.40
	31.70
	49.60
	31.80
	49.57
	31.51

	  12
	42.10
	32.30
	42.60
	32.50
	42.70
	32.70
	42.10
	32.40
	42.30
	32.50
	42.20
	32.30
	42.10
	32.60
	42.60
	32.70
	42.90
	32.20
	42.70
	32.50

	 All
	42.13
	28.28 
	42.16
	28.33
	42.21
	28.24
	42.09
	28.13 
	42.24
	28.38
	42.08
	28.10 
	42.16
	28.23
	42.23
	28.22
	42.14
	28.20
	42.14
	28.20



Appendix A2 Cont’
	
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	Col
	X11j
	Z11j
	X12j
	Z12j
	X13j
	Z13j
	X14j
	Z14j
	X15j
	Z15j
	X16j
	Z16j
	X17j
	Z17j
	X18j
	Z18j
	X19j
	Z19j
	X20j
	Z20j

	 1
	36.46
	26.13
	36.03
	26.05
	36.29
	26.26
	36.16
	25.92
	36.73
	25.78
	36.33
	25.99
	35.83
	25.95
	36.66
	25.93
	36.15
	26.01
	35.63
	26.36

	 2
	40.41
	26.91
	41.12
	26.69
	41.08
	26.68
	41.08
	26.36
	40.80
	26.96
	40.97
	26.26
	40.70
	26.67
	41.05
	26.37
	40.95
	26.63
	41.07
	26.58

	 3
	42.91
	27.43
	42.48
	26.86
	42.35
	27.47
	42.24
	27.62
	42.72
	27.31
	42.61
	27.06
	43.22
	27.49
	42.93
	27.22
	42.64
	26.80
	42.67
	26.59

	 4
	35.93
	27.86
	35.29
	27.87
	35.59
	28.08
	35.35
	27.27
	34.95
	27.63
	35.13
	27.28
	35.43
	28.30
	35.56
	27.88
	35.84
	27.74
	35.59
	27.95

	 5
	39.38
	28.07
	38.92
	28.24
	39.75
	28.09
	39.34
	28.47
	39.49
	28.18
	39.48
	27.71
	39.46
	27.50
	39.05
	28.80
	39.34
	28.50
	39.25
	28.07

	 6
	43.94
	28.75
	44.47
	29.34
	44.16
	29.08
	44.82
	29.23
	44.15
	28.96
	43.76
	29.10
	44.01
	28.63
	44.72
	28.76
	44.18
	28.52
	43.82
	28.89

	 7
	46.36
	29.29
	45.67
	29.84
	45.93
	29.48
	46.18
	29.41
	46.20
	29.30
	46.29
	29.69
	45.96
	29.17
	46.00
	29.54
	46.00
	29.63
	46.29
	28.93

	 8
	38.96
	30.33
	38.67
	30.18
	39.11
	29.63
	39.27
	30.17
	38.76
	29.99
	39.11
	30.98
	38.37
	30.13
	38.91
	30.07
	39.07
	30.30
	38.39
	30.18

	 9
	42.90
	30.86
	42.67
	30.61
	42.84
	31.25
	42.78
	30.62
	42.76
	30.99
	42.72
	30.64
	42.69
	30.85
	42.93
	30.73
	42.97
	30.80
	43.11
	31.00

	 10
	47.88
	31.11
	47.81
	31.19
	47.10
	31.60
	48.00
	31.80
	47.22
	31.49
	47.95
	31.58
	47.94
	31.60
	47.69
	30.73
	47.50
	31.80
	47.77
	31.50

	11
	49.70
	31.60
	49.60
	32.50
	49.90
	32.10
	49.60
	32.90
	49.50
	32.30
	49.60
	32.30
	49.90
	31.70
	49.50
	32.00
	49.20
	32.70
	49.20
	31.70

	 12
	42.90
	32.50
	42.20
	32.70
	42.70
	32.60
	42.50
	32.30
	42.70
	32.50
	42.30
	32.20
	42.80
	32.60
	42.80
	32.20
	42.40
	31.90
	41.90
	32.20

	All
	42.31
	28.22
	42.08
	28.34
	42.23
	28.33
	42.27
	28.34
	42.16
	28.27
	42.18
	28.24
	42.20
	28.23
	42.31
	28.17
	42.18
	28.26
	42.05
	28.16





Appendix B1: Row Means and Standard Deviations of the Mixed Model
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Row
	X1i
	Z1i
	X2i
	Z2i
	X3i
	Z3i
	X4i
	Z4i
	X5i
	Z5i
	X6i
	Z6i
	X7i
	Z7i
	X8i
	Z8i
	X9i
	Z9i
	X10i
	Z10i

	   1
	11.08
	1.98
	11.39
	2.26
	11.21
	1.99
	11.56
	2.16
	11.44
	2.21
	11.60
	2.31
	11.69
	1.88
	11.19
	1.98
	11.35
	2.06
	11.36
	1.65

	   2
	14.20
	2.01
	14.21
	2.24
	14.90
	2.04
	14.67
	2.52
	14.39
	2.56
	14.44
	2.39
	13.96
	2.63
	14.67
	2.69
	14.53
	1.57
	14.43
	2.62

	   3
	18.67
	3.03
	18.33
	2.88
	18.84
	3.25
	17.91
	2.65
	18.27
	2.82
	18.34
	3.36
	18.81
	3.08
	18.51
	2.57
	18.26
	3.42
	18.41
	3.15

	   4
	23.09
	3.49
	23.05
	3.35
	23.19
	3.61
	23.40
	3.77
	23.37
	3.44
	23.71
	3.85
	23.41
	3.43
	23.37
	3.54
	23.24
	3.83
	23.18
	3.65

	   5
	30.16
	4.62
	30.06
	4.45
	29.69
	5.01
	30.09
	4.40
	29.81
	4.61
	29.72
	4.74
	29.80
	4.24
	29.94
	4.32
	29.91
	4.67
	29.49
	4.37

	   6
	37.78
	5.99
	37.88
	5.98
	37.73
	6.39
	37.75
	5.43
	38.07
	5.41
	37.62
	5.68
	37.92
	5.24
	38.43
	6.07
	38.37
	5.40
	37.92
	5.84

	   7
	48.22
	6.94
	48.17
	7.72
	48.15
	7.45
	48.24
	7.44
	48.06
	7.58
	48.07
	7.11
	47.91
	7.52
	48.18
	7.26
	48.10
	7.83
	48.03
	6.92

	   8
	61.14
	9.34
	61.57
	9.70
	61.39
	9.17
	60.91
	9.54
	61.45
	9.53
	61.01
	9.50
	61.11
	9.39
	61.08
	9.20
	61.00
	9.22
	61.49
	9.23

	   9
	77.93
	11.94
	77.74
	11.44
	77.81
	11.60
	77.54
	11.61
	78.05
	11.97
	77.60
	11.55
	77.92
	11.62
	77.68
	12.73
	77.74
	12.41
	77.17
	11.99

	   10
	98.92
	14.57
	99.00
	14.89
	99.06
	14.70
	98.64
	15.11
	99.32
	14.79
	98.57
	15.27
	98.93
	14.69
	99.09
	14.90
	98.77
	15.11
	98.57
	15.13



APPENDIX B1 continue
	
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	Row
	X11i
	Z11i
	X12i
	Z12i
	X13i
	Z13i
	X14i
	Z14i
	X15i
	Z15i
	X16i
	Z16i
	X17i
	Z17i
	X18i
	Z18i
	X19i
	Z19i
	Z20i
	Z20i

	 1
	11.34
	2.10
	11.57
	2.09
	11.31
	2.42
	11.12
	2.42
	11.24
	2.02
	11.22
	1.92
	11.67
	2.09
	11.38
	2.17
	11.12
	1.95
	11.15
	1.49

	 2
	14.68
	2.27
	14.10
	2.55
	14.60
	2.20
	14.41
	2.57
	14.34
	1.98
	14.82
	2.23
	14.84
	2.13
	14.45
	2.41
	14.66
	2.02
	14.80
	2.29

	 3
	18.61
	2.71
	18.38
	2.73
	18.47
	2.70
	18.59
	2.82
	18.37
	3.01
	18.52
	2.57
	18.33
	2.98
	18.57
	2.84
	19.05
	2.54
	18.25
	3.53

	 4
	23.60
	4.09
	23.57
	3.08
	23.17
	3.39
	23.61
	3.68
	23.20
	3.97
	23.51
	3.59
	23.37
	3.05
	24.04
	3.68
	23.21
	4.30
	23.66
	3.85

	 5
	30.11
	4.27
	29.68
	4.37
	29.62
	4.99
	29.80
	4.46
	30.01
	4.67
	29.76
	4.14
	29.84
	4.77
	29.59
	3.79
	29.49
	4.84
	29.69
	4.60

	 6
	38.06
	5.98
	37.56
	5.87
	38.30
	6.08
	38.03
	5.75
	38.36
	6.09
	37.80
	6.27
	37.94
	5.57
	38.33
	6.04
	37.61
	6.04
	37.33
	6.26

	 7
	48.29
	8.02
	47.81
	6.90
	48.37
	7.29
	48.39
	7.75
	48.16
	7.54
	48.19
	7.39
	47.73
	7.79
	48.40
	7.31
	48.44
	7.15
	48.46
	7.40

	 8
	61.32
	8.86
	60.73
	9.33
	61.12
	8.80
	61.63
	9.74
	61.02
	8.74
	60.94
	9.23
	61.11
	9.37
	61.84
	9.58
	61.30
	9.47
	60.86
	8.94

	 9
	77.93
	11.88
	77.97
	11.77
	77.89
	11.75
	77.99
	12.03
	77.76
	11.70
	78.07
	12.35
	78.02
	11.68
	77.71
	11.79
	77.70
	12.17
	77.48
	11.93

	 10
	98.99
	15.11
	99.27
	15.40
	99.30
	14.94
	98.97
	14.94
	98.95
	15.12
	98.83
	15.53
	98.95
	14.68
	98.64
	15.04
	99.07
	14.84
	98.71
	15.01





Appendix  B2:   The Column Means and Standard Deviation of Mixed Model Exponential
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Col
	X1j
	Z1j
	X2j
	Z2j
	X3j
	Z3j
	X4j
	Z4j
	X5j
	Z5j
	X6j
	Z6j
	X7j
	Z7j
	X8j
	Z8j
	X9j
	Z9j
	X10j
	Z10j

	  1
	34.46
	23.13
	34.56
	23.81
	34.29
	24.09
	34.26
	23.94
	34.33
	24.49
	34.01
	23.76
	34.50
	23.78
	34.53
	23.67
	34.00
	24.07
	33.97
	23.79

	  2
	34.39
	23.59
	33.31
	23.18
	33.69
	23.46
	34.00
	23.11
	33.51
	23.48
	33.51
	23.65
	33.93
	23.06
	33.94
	23.92
	33.61
	23.23
	33.66
	23.37

	  3
	39.32
	27.86
	39.38
	27.27
	39.21
	27.22
	39.47
	27.05
	39.23
	27.69
	39.05
	27.20
	39.27
	27.61
	39.00
	27.32
	39.55
	26.87
	39.02
	27.20

	  4
	39.49
	27.83
	39.06
	26.99
	39.56
	27.34
	39.04
	27.01
	39.58
	27.32
	38.97
	27.13
	39.24
	27.39
	39.27
	26.90
	38.85
	26.93
	38.92
	27.14

	  5
	39.64
	28.43
	40.30
	28.14
	39.46
	28.24
	39.81
	27.39
	40.27
	27.28
	40.22
	27.87
	40.07
	27.30
	40.05
	27.67
	40.25
	27.85
	39.88
	27.47

	  6
	46.20
	32.80
	47.00
	32.50
	46.60
	32.60
	46.40
	32.40
	46.80
	32.10
	46.90
	32.30
	46.60
	32.30
	46.50
	32.60
	46.70
	32.60
	46.70
	32.70

	  7
	53.60
	36.80
	53.40
	37.20
	53.30
	37.10
	53.90
	37.30
	53.40
	37.30
	53.40
	37.20
	52.90
	37.00
	53.70
	37.40
	53.70
	37.40
	53.10
	36.80

	  8
	52.00
	36.00
	51.70
	35.80
	52.40
	35.70
	51.90
	35.70
	52.20
	36.30
	51.70
	35.40
	52.20
	35.90
	52.50
	36.30
	52.30
	36.50
	52.10
	36.00

	  9
	46.40
	32.10
	46.70
	32.30
	46.70
	31.80
	46.20
	32.10
	46.30
	32.60
	47.00
	32.00
	46.40
	32.10
	46.50
	32.30
	46.10
	31.80
	46.10
	32.40

	 10
	41.61
	28.71
	41.37
	29.25
	41.97
	28.57
	41.23
	28.59
	42.33
	29.28
	41.62
	28.34
	41.90
	28.89
	41.45
	28.10
	40.97
	28.78
	41.21
	28.51

	 11
	36.44
	25.32
	36.53
	26.15
	36.72
	25.48
	36.79
	25.76
	36.60
	25.59
	36.39
	25.25
	36.69
	26.16
	36.69
	25.27
	36.90
	25.40
	36.86
	25.13

	 12
	41.93
	29.09
	42.41
	29.26
	42.53
	29.43
	41.85
	29.12
	42.13
	29.27
	41.97
	29.03
	41.94
	29.35
	42.41
	29.46
	42.69
	28.92
	42.47
	29.21




Appendix  B2 Cont’
	
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	Col
	X11j
	Z11j
	X12j
	Z12j
	X13j
	Z13j
	X14j
	Z14j
	X15j
	Z15j
	X16j
	Z16j
	X17j
	Z17j
	X18j
	Z18j
	X19j
	Z19j
	X20j
	Z20j

	  1
	34.57
	23.78
	34.13
	23.70
	34.40
	23.91
	34.27
	23.57
	34.83
	23.43
	34.44
	23.64
	33.94
	23.60
	34.76
	23.58
	34.25
	23.66
	33.73
	24.00

	  2
	33.29
	23.72
	34.01
	23.49
	33.96
	23.48
	33.96
	23.16
	33.68
	23.76
	33.85
	23.06
	33.59
	23.48
	33.93
	23.18
	33.84
	23.43
	33.96
	23.38

	  3
	39.41
	27.43
	38.98
	26.86
	38.85
	27.47
	38.74
	27.62
	39.22
	27.31
	39.11
	27.06
	39.72
	27.49
	39.43
	27.22
	39.14
	26.80
	39.17
	26.59

	  4
	39.63
	27.31
	38.99
	27.31
	39.28
	27.53
	39.05
	26.71
	38.65
	27.08
	38.83
	26.73
	39.13
	27.74
	39.26
	27.33
	39.54
	27.19
	39.29
	27.39

	  5
	40.07
	27.51
	39.60
	27.67
	40.43
	27.52
	40.03
	27.90
	40.17
	27.62
	40.17
	27.15
	40.14
	26.93
	39.73
	28.24
	40.03
	27.93
	39.93
	27.50

	  6
	46.40
	32.20
	47.00
	32.80
	46.70
	32.50
	47.30
	32.70
	46.70
	32.40
	46.30
	32.60
	46.50
	32.10
	47.20
	32.20
	46.70
	32.00
	46.30
	32.40

	  7
	53.90
	37.00
	53.20
	37.50
	53.50
	37.10
	53.70
	37.10
	53.80
	37.00
	53.80
	37.30
	53.50
	36.80
	53.60
	37.20
	53.60
	37.30
	53.80
	36.60

	  8
	52.10
	36.30
	51.80
	36.20
	52.30
	35.60
	52.40
	36.20
	51.90
	36.00
	52.30
	37.00
	51.50
	36.10
	52.10
	36.10
	52.20
	36.30
	51.60
	36.20

	  9
	46.60
	32.40
	46.40
	32.10
	46.60
	32.80
	46.50
	32.20
	46.50
	32.50
	46.40
	32.20
	46.40
	32.40
	46.60
	32.30
	46.70
	32.30
	46.80
	32.50

	 10
	41.77
	28.61
	41.70
	28.69
	40.97
	29.14
	41.85
	29.31
	41.11
	28.99
	41.84
	29.08
	41.83
	29.10
	41.58
	28.22
	41.34
	29.34
	41.66
	29.00

	 11
	36.99
	25.23
	36.90
	26.09
	37.23
	25.69
	36.90
	26.49
	36.74
	25.90
	36.87
	25.89
	37.23
	25.31
	36.79
	25.60
	36.44
	26.31
	36.46
	25.28

	 12
	42.68
	29.23
	42.04
	29.43
	42.50
	29.31
	42.26
	29.01
	42.46
	29.21
	42.08
	28.90
	42.62
	29.33
	42.56
	28.93
	42.24
	28.64
	41.73
	28.91




Appendix C1:  Row Means and Standard Deviations of Multiplicative model and Exponential Trend.
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	Row
	X1i
	Z1i
	X2i
	Z2i
	X3i
	Z3i
	X4i
	Z4i
	X5i
	Z5i
	X6i
	Z6i
	X7i
	Z7i
	X8i
	Z8i
	X9i
	Z9i
	X10i
	Z10i

	1
	10.41
	3.53
	11.48
	3.79
	10.85
	3.10
	11.94
	3.43
	11.61
	3.34
	12.07
	3.82
	12.15
	3.29
	10.82
	2.82
	11.32
	2.95
	11.19
	1.87

	2
	13.21
	2.93
	13.41
	2.97
	15.69
	4.09
	15.15
	4.62
	14.17
	4.22
	14.31
	3.62
	12.69
	4.34
	15.29
	4.97
	14.18
	2.70
	14.39
	4.50

	3
	19.62
	4.74
	17.86
	5.24
	20.56
	5.46
	15.80
	4.12
	17.59
	3.94
	18.30
	5.62
	20.27
	5.34
	18.57
	2.97
	17.90
	6.96
	18.48
	5.54

	4
	21.27
	5.20
	20.89
	5.43
	21.92
	6.01
	23.25
	7.26
	22.77
	6.33
	25.17
	7.09
	23.05
	5.69
	22.90
	6.32
	22.42
	6.52
	21.89
	6.01

	5
	32.48
	8.62
	31.57
	8.13
	29.41
	11.16
	31.82
	4.51
	29.90
	8.15
	29.36
	8.77
	29.46
	6.59
	30.55
	6.00
	30.67
	8.83
	27.25
	5.27

	6
	37.07
	13.32
	38.00
	12.79
	37.21
	12.77
	36.15
	7.98
	39.15
	7.22
	35.24
	9.92
	37.44
	8.50
	43.34
	13.67
	41.94
	8.65
	38.31
	9.69

	7
	48.14
	12.58
	48.83
	16.81
	48.27
	13.63
	49.27
	14.13
	47.38
	12.99
	46.53
	16.53
	45.48
	14.30
	48.27
	11.79
	48.26
	17.32
	45.81
	11.38

	8
	60.01
	12.25
	67.37
	19.08
	63.41
	15.20
	56.96
	21.78
	65.19
	19.92
	58.35
	20.57
	59.62
	15.90
	58.84
	11.71
	57.58
	15.18
	65.21
	13.56

	9
	80.07
	22.82
	75.01
	21.08
	76.85
	20.90
	71.52
	19.85
	82.51
	21.49
	72.67
	18.70
	79.01
	19.06
	77.30
	40.10
	77.72
	29.47
	65.45
	19.76

	10
	10.41
	3.53
	11.48
	3.79
	10.85
	3.10
	11.94
	3.43
	11.61
	3.34
	12.07
	3.82
	12.15
	3.29
	10.82
	2.82
	11.32
	2.95
	11.19
	1.87
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	5
	31.79
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	7
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	17.25
	48.54
	14.35
	43.76
	14.99
	51.01
	11.04
	51.27
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	8
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	15.34
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Appendix C2: Column Means and Standard Deviations of Multiplicative and Exponential 
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	2
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	37.90
	33.20
	39.10
	32.40
	39.04
	27.73
	36.74
	25.43
	37.60
	36.20
	31.77
	21.04

	12
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	45.90
	34.50
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	25.53
	37.33
	23.08
	33.73
	20.92




Fig. 1a: Time plot of Row means and standard deviations for Additive model

X2iAd	1	2	3	4	5	6	7	8	9	10	11.39	14.218999999999999	18.335999999999999	23.062000000000001	30.07	37.89	48.18	61.59	77.77	99.04	Z2iAd	1	2	3	4	5	6	7	8	9	10	3.68	3.3540000000000001	3	3.2469999999999999	3.79	4.3	4.68	5.49	6.61	7.88	



Fig..1b: Time plot of  Row means and standard standard deviation for Mixed model

X2i	1	2	3	4	5	6	7	8	9	10	11.388999999999999	14.212999999999999	18.329000000000001	23.053000000000001	30.06	37.880000000000003	48.17	61.57	77.739999999999995	99	Z2i	1	2	3	4	5	6	7	8	9	10	2.262	2.2360000000000002	2.8839999999999999	3.3530000000000002	4.45	5.98	7.72	9.6999999999999993	11.44	14.89	



Fig. 1c: Time plot of Row means and standard deviations for Multiplicative model

X2i	1	2	3	4	5	6	7	8	9	10	11.48	13.404999999999999	17.86	20.89	31.57	38	48.83	67.37	75.010000000000005	99.95	Z2i	1	2	3	4	5	6	7	8	9	10	3.79	2.9729999999999999	5.24	5.43	8.1300000000000008	12.79	16.809999999999999	19.079999999999998	21.08	24.27	



Fig. 2a: Time plot of Column means and standard deviations for Additive model

X2jAd	1	2	3	4	5	6	7	8	9	10	11	12	36.450000000000003	40.42	42.88	35.36	39.61	44.45	45.86	38.53	42.98	47.5	49.2	42.6	Z2jAd	1	2	3	4	5	6	7	8	9	10	11	12	26.16	26.38	27.27	27.54	28.71	29.05	29.55	29.84	30.81	31.8	32.5	32.5	



Fig. 2b: Time plot of Column means and standard standard deviation for Mixed model

X2j	1	2	3	4	5	6	7	8	9	10	11	12	34.56	33.31	39.380000000000003	39.06	40.299999999999997	47	53.4	51.7	46.7	41.37	36.53	42.41	Z2j	1	2	3	4	5	6	7	8	9	10	11	12	23.81	23.18	27.27	26.99	28.14	32.5	37.200000000000003	35.799999999999997	32.299999999999997	29.25	26.15	29.26	



Fig. .2c: Time plot of Column means and standard standard deviations for Multiplicative model

X2j	1	2	3	4	5	6	7	8	9	10	11	12	36.590000000000003	27.76	40.869999999999997	36.229999999999997	45.1	51.1	52.1	45.7	50.2	42.9	37.4	43.2	Z2j	1	2	3	4	5	6	7	8	9	10	11	12	25.99	15.92	31	22.42	41.1	40.299999999999997	36.200000000000003	33.6	33.9	32.700000000000003	33.9	31.7	



Fig. .3: Column coefficient of varition CV (i)

AdCV3(i)	1	2	3	4	5	6	7	8	9	10	32.174688057041003	23.355704697986599	19.0981432360743	14.732758620689699	12.756647593402899	10.9697933227345	10.857380112103	8.1419964175215807	8.1063720452209598	7.4066599394550998	MxCV3(i)	1	2	3	4	5	6	7	8	9	10	17.705824636517701	13.675730110775399	17.2690123653346	15.567054764984899	16.874368474233702	16.936125099390399	15.472481827622	14.9372862029647	14.9081094974939	14.839491217443999	MtCV3(i)	1	2	3	4	5	6	7	8	9	10	28.547717842323699	26.067558954748201	26.556420233463001	27.417883211678799	37.946276776606602	34.318731523783903	28.237000207167998	23.970982494874601	27.195836044242	18.691774033696699	



Fig. 4: Column coefficient of varition CV (j)

AdCV3(j)	1	2	3	4	5	6	7	8	9	10	11	12	73.058856037579403	65.343137254902004	63.732147038164399	77.8025655326269	74.290871583290397	66.0240417328192	64.465340039361493	75.579913331634003	70.460893854748605	64.621464226289504	64.574898785425106	76.580796252927399	CV3(j)Mx	1	2	3	4	5	6	7	8	9	10	11	12	70.253718285214404	69.634906500445197	69.421066054577906	69.110212335692594	71.566142929548903	69.957081545064398	69.606003752345202	68.129770992366403	68.0942184154176	68.072432690016697	69.389978213507604	69.198213026099197	MtCV3(j)	1	2	3	4	5	6	7	8	9	10	11	12	77.874125874125895	73.4360554699538	88.431876606683801	78.060046189376393	86.6310160427808	77.2151898734177	70.080321285140599	61.048689138576798	61.796042617960403	70.762331838565004	71.007927519818793	75	
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