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Abstract
A Bayesian analysis of the shape parameter of an Exponential Poisson Lindley Distribution (ExPLinD) is presented in this study. This study examined the Bayesian estimation of the shape parameters of an ExPLinD using both informative and non-informative priors.  A Uniform and Jeffrey Priors were used as informative priors while gamma prior was adopted as non-informative prior. These priors were combined with different error loss functions (Squared Error Loss Function (SELF), Precautionary Loss Function (PLF) and Quadratic Loss Function (QLF)) to allow for possibility of different combinations and scenarios of prior and loss function that produced the best estimate of the shape parameter of an ExPLinD. Using Mean Squared Errors (MSE) as a metric, the Quadratic loss function produced the best estimator of the shape parameter of an ExPLinD compared to estimates from the Maximum Likelihood Estimation (MLE), SELF and PLF having the lowest estimated value of this metric The result also revealed that the values of the other parameters have no effect on the estimators of the shape parameter as changing the values of these other parameters alone does not affect the MSE. This makes the QLF the best loss function to be used in obtaining a Bayesian estimate of an ExPLinD.  
Keywords: Bayesian estimation, informative prior, non-informative prior, error loss function, shape parameter, simulation studies.
Introduction
One of the traditional methods commonly used for the estimation of a parameter of a statistical distribution is Maximum Likelihood Estimation (MLE).  This classical method, however, suffers setback as it cannot account for uncertainty in terms of prior knowledge about the parameters of any given distribution. Hence, there is need for a non- classical approach of estimation method for any given statistical distribution. The Bayesian method uses additional information as prior probability in the estimation of the unknown parameter value. Accommodating these prior probabilities make the use of the Bayesian method more efficient than the popular MLE (Ahmad et. al. 2015; Kumari et. al. 2021; Djemoui et. al. 2024). Hence, this study aimed at carrying out a Bayesian estimation of the shape parameter of an Exponential Poisson Lindley Distribution (ExPLinD), (Aisha et. al. 2025), which extended an initially proposed continuous Poisson Lindley distribution ((PLinD), (Onwuka et. al. 2021). An ExPLinD was obtained by an addition of a shape parameter to the Poisson Lindley distribution (PLinD). This additional parameter increased the modelling flexibility and applicability. The PLinD is useful in characterizing data from biological and medical sciences. The extended version, the ExPLinD is useful in reliability analysis in modelling the lifetime of a system or process with a varying hazard rate form. This ExPLinD is handy in complex scenarios especially when there are issues of over dispersion in the observed count data.  The statistical properties as well as maximum likelihood estimates were obtained and well presented in literature (Aisha et. al. 2025). This current study considers the Bayesian estimation of the additional shape parameter of an ExPLinD. A Bayesian estimation involves application of the Bayes theorem to obtain a posterior distribution. In order to obtain the posterior distribution, a prior distribution, also known as a prior is necessary. There are different types of prior available in literature, some are informative such as gamma prior and others are non-informative such as the Jeffery’sprior (1967). These priors are utilised in combination with error loss functions to carry out Bayesian estimation of a parameter of interest. Several researchers used one or more of priors and loss functions to carry out Bayesian estimation. Some of these are; Pandey and Rao (2009) used quasi, inverted gamma and uniform priors with linex, plf, self and entropy loss functions. Fernando et. al. (2013) used Jeffery’s, Maximal Data Information prior (MDIP), Reference (Berger and Bernando, 1992), Tibishirani’s prior (Tibishirani ,1989) and copula priors(Trivedi and Zimmer, 2005) with Uniform. Jeffery’s, exponential and inverse linex in combination with self, plf and Degroot by Sultana et. al. (2017). Srivastava utilised the uniform prior.Eraikhumen et. al. (2020) used Jeffery’s, uniform and gamma with self, qlf and plf. Muhammad (2021) used the Jeffery’s prior and uniform prior in combination with self, qlf, weighted self and plf. Ahmad and Tripathi (2022) made use of extended Jeffery, and Erlang priors with self, entropy, plf, and linex loss function. Wheed et. al. (2022) utilised self, linex and general entropy loss functions with gamma prior in order to study the robustness of Bayesian estimation with regards to distribution model, prior distribution and loss function. Kumari et. al. (2022) used extensions of Jeffery’s prior and gamma prior with plf and entropy loss function.Eraikhuemen et. al (2023) used Jefferys, uniform and gamma priors with self, plf and qlf. Djemoui et. al. (2024) used the gamma prior with qlf and linex.Saridha and Radha(2024) applied exponential, gamma, log- normal and Weibull as identical priors under asymmetric loss functions linex and entropy integrated with Lindley approximation method.This study utilised uniform, Jeffery’s and gamma priors in combination with Precautionary, squared error and quadratic loss functions in order to estimate an additional shape parameter of ExPLinD. The choice of priors and loss fuctions is usually at the descretion of the researcher, but Eraikhuemenet. al. (2020) suggests using informative priors if adequate information about the parameter of interest is available. Otherwise, it is recommended to make use of non-informative priors. The loss functions were chosen as a result of their wide applicability.The rest of the paper proceeds as follows. Section 2.1 presents the posterior distribution of ExPLinD under the assumptions of the different priors. The error loss functions associated with each of the priors is presented in section 2.2. Section 3 gives the simulation studies of the ExPLinD as well as results and discussions. Summary and Conclusion are presented in section 4.
2.10   Posterior Distributions of ExPLinD

Assume that the values were obtained independently; the likelihood function is given by:

.					(1)          
To obtain posterior distribution, Bayes rule is applied as follows

									(2)
Where g(x) is the marginal distribution of X and 

          g(x) =




where when  is discrete and  when is continuous 


where  and  are the prior distribution and the Likelihood function respectively.
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The uniform prior as a non-informative prior relating to the shape parameter  is defined as:



Recall from equation 2,since is continuous, Posterior distribution is defined as:

								     (3)
Andthe likelihood function of the Exponential-Poisson Lindley distribution (ExPLinD)(Aisha et.al. 2025), as

       (4)
and for the shape parameter in particular as

    (5)
Now, let

									  (6)


Substituting for  and ; gives (7):

				(7)
Also, using integration by substitution method in equation (7), making appropriate substitutions and solvingto obtain the following:

				 (8)
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In the same vain, the Jeffrey’s prior as a non-informative prior relating to the shape parameter  of the Exponential-Poisson Lindley distribution (ExPLinD) is defined as:

									(9)
Recall equation (3)

		



The posterior distribution of the shape parameter for a given data using Jeffrey’s prior is defined as:

	(10)
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Also, for the gamma prior as a conjugate prior relating to the shape parameter  of the Exponential-Poisson Lindley distribution (ExPLinD):

								   (11)
Recall equation (3)

		

The posterior distribution of the shape parameter  for a given data under gamma prior is defined as:


	(12)
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Here, the estimate of the shape parameter of the Exponential-Poisson Lindley distribution (ExPLinD) under three loss functions using the posterior distribution obtained from the uniform prior. 
2.2.1.1   Under Squared Error Loss Function (SELF)

The squared error loss function proposed by Legendre (1805) and Gauss (1810) relating to the shape parameter  is defined in Azam and Ahmad (2014) as

								(13)


 where  is the estimator of the parameter  under SELF.
The derivation of Bayes estimator using SELF under uniform prior is obtained as:



									(14)
Now recall equation (10)



Substituting for  in equation (14) and simplifying to obtain

				(15)
2.2.1.2   Under Quadratic Loss Function (QLF)
The quadratic loss function is defined in Azam and Ahmad (2014) as

								(16)


 where  is the estimator of the parameter  under QLF.
In the same vain, the derivation of Bayes estimator using QLF under uniform prior is obtained as:



								(17)

						(18)
2.2.1.3   Using Precautionary Loss Function (PLF)
The precautionary loss function (PLF) introduced by Norstrom (1996) is an asymmetric loss function and is defined from Azam and Ahmad (2014) as:

								(19)


 where  is the estimator of the shape parameter  under PLF.
Similarly, the derivation of Bayes estimator using PLF under uniform prior in Azam and Ahmad (2014) is obtained:

	

									(20)
Also as in above,

	(21)
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This section presents the estimation of the shape parameter of the ExPLinD under three loss functions using the posterior distribution obtained from Jeffrey’s prior. 
2.2.2.1   Using Squared Error Loss Function (SELF) 
The derivation of Bayes estimator using SELF under Jeffrey’s prior is obtained as:



									   (22)
Now recall that for Jeffrey’s prior,



Substituting for  in equation (25) and solving yields:

				(23)

2.2.2.2   Under Quadratic Loss Function (QLF)
The derivation of Bayes estimator using QLF under Jeffrey’s prior is obtained as:



								(24)
In the same vain,

						(25)
2.2.2.3   Using Precautionary Loss Function (PLF)
Similarly, the derivation of Bayes estimator using PLF under Jeffrey’s prior following Azam and Ahmad (2014) is obtained:



									  (26)

				  (27)
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This section presents the estimation of the shape parameter of the ExPLinDunder three loss functions using the posterior distribution obtained from Gamma prior. 
2.2.3.1   Using Squared Error Loss Function (SELF)
The derivation of Bayes estimator using SELF under Gamma prior is obtained as:



									 (28)
Now recall that for gamma prior,



Substituting for  in equation (28) and solving gives (29):


		     (29)
2.2.3.2 Under Quadratic Loss Function (QLF)
In the same vain, the derivation of Bayes estimator using QLF under gamma prior is obtained as:



								(30)


					(31)
2.2.3.3   Using Precautionary Loss Function (PLF)
Also, the derivation of Bayes estimator using PLF under gamma prior following Azam and Ahmad (2014) is obtained as:



									     (32)

		(33)
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 This section compares the estimators using simulated data from the ExPLinD to obtain numerical estimates of parameters which enables the loss attached to the value of the estimated parameter against its true value to be measured. In this section, the MSE was used to assess the performance of each estimator or prior under three loss functions (SELFQLF and PLF). A simulation study was employed to assess performances of estimators, priors and Loss functions. Different values of the model parameters were used with different sample sizes to carry out the assessment. A package in R software was also used to generate random sample of size n = (7, 27, 77, 137, 217) from the proposed ExPLinD using different parameter values. The following Tables present the results of our simulation study by listing the estimates of the shape parameter under the appropriate estimation methods such as theMLE Bayesian with Squared Error Loss Function (SELF), Quadratic Loss Function (QLF), and Precautionary Loss Function (PLF) under the assumption of uniform, Jeffrey and gamma priors.


Table 1: Average Estimates (Estimates) and Mean Squared Errors (MSEs) Of The Estimated Shape Parameter () For θ=0.7, λ=0.7, α=0.7, a=1.0 and b = 1.0 Under Three Different Priors And Loss Functions With Varying Sample Sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	 0.8134
	0.9297
	0.6972
	0.9860
	0.8134
	0.5810
	0.8696
	0.8189
	0.6142
	0.8686

	
	MSE
	      0.1412
	 0.2204
	 0.0943
	 0.2704
	 0.1412
	 0.0796
	 0.1755
	 0.1075
	 0.0599
	 0.1334

	27
	Estimate
	 0.7276
	0.7545
	0.7006
	0.7679
	0.7276
	0.6737
	0.7409
	0.7340
	0.6816
	0.7470

	
	MSE
	      0.0219
	 0.0257
	 0.0196
	 0.0281
	 0.0219
	 0.0188
	 0.0236
	 0.0214
	 0.0178
	 0.0232

	77
	Estimate
	 0.7093
	0.7185
	0.7001
	0.7231
	0.7093
	0.6908
	0.7139
	0.7118
	0.6936
	0.7164

	
	MSE
	       0.0068
	 0.0072
	 0.0065
	 0.0075
	 0.0068
	 0.0064
	 0.0070
	 0.0067
	 0.0063
	 0.0069

	137
	Estimate
	 0.7043
	0.7095
	0.6992
	0.7120
	0.7043
	0.6941
	0.7069
	0.7058
	0.6956
	0.7084

	
	MSE
	       0.0036
	 0.0037
	 0.0035
	 0.0038
	 0.0036
	 0.0035
	 0.0037
	 0.0036
	 0.0035
	 0.0037

	217
	Estimate
	 0.7033
	0.7066
	0.7001
	0.7082
	0.7033
	0.6968
	0.7049
	0.7043
	0.6978
	0.7059

	
	MSE
	       0.0023
	 0.0023
	 0.0023
	 0.0024
	 0.0023
	 0.0022
	 0.0023
	 0.0023
	 0.0022
	 0.0023



Table 1 reveals that the estimator using QLF is better than the other estimators under all the priors with smaller values of MSE irrespective of the variation in the samples. Hence, using this metric, the Bayesian estimation (using QLF under Uniform, Jeffrey and gamma priors) for the shape parameter is better than the other priors and the method ofMLEfor the chosen parameter values irrespective of small, medium or large sample sizes. 



Table 2: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the estimated shape parameter () for  and under three different priors and loss functions with varying sample sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	 0.8134
	 0.9297
	 0.6972
	 0.9860
	 0.8134
	 0.5810
	 0.8696
	 0.8189
	 0.6142
	 0.8686

	
	MSE
	       0.1412
	 0.2204
	 0.0943
	 0.2704
	 0.1412
	 0.0796
	 0.1755
	 0.1075
	 0.0599
	 0.1334

	27
	Estimate
	 0.7276
	 0.7545
	 0.7006
	 0.7679
	 0.7276
	 0.6737
	 0.7409
	 0.7340
	 0.6816
	 0.7470

	
	MSE
	      0.0219
	 0.0257
	 0.0196
	 0.0281
	 0.0219
	 0.0188
	 0.0236
	 0.0214
	 0.0178
	 0.0232

	77
	Estimate
	 0.7093
	 0.7185
	 0.7001
	 0.7231
	 0.7093
	 0.6908
	 0.7139
	 0.7118
	 0.6936
	 0.7164

	
	MSE
	      0.0068
	 0.0072
	 0.0065
	 0.0075
	 0.0068
	 0.0064
	 0.0070
	 0.0067
	 0.0063
	 0.0069

	137
	Estimate
	 0.7043
	 0.7095
	 0.6992
	 0.7120
	 0.7043
	 0.6941
	 0.7069
	 0.7058 
	0.6956 
	0.7084

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037
	 0.0036
	 0.0035
	 0.0037

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.7043 
	0.6978 
	0.7059

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0023 
	0.0022 
	0.0023





The results in Table 2 are also similar to those in Table 1 with the lower values of MSE for the estimators using QLF even though the value of  is changed from 0.7 to 3.7. This proves that changing the value of in the model does not affect the estimator of the shape parameter, α



Table 3: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under Three Different Priors and Loss Functions with Varying Sample Sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	0.8189 
	0.6142 
	0.8686

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.1075 
	0.0599 
	0.1334

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.7340 
	0.6816 
	0.7470

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0214 
	0.0178 
	0.0232

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.7118 
	0.6936 
	0.7164

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0067 
	0.0063 
	0.0069

	137
	Estimate
	 0.7043
	0.7095
	0.6992
	0.7120
	0.7043
	0.6941
	0.7069
	0.7058
	0.6956
	0.7084

	
	MSE
	0.0036
	0.0037
	0.0035
	0.0038
	0.0036
	0.0035
	0.0037
	0.0036
	0.0035
	0.0037

	217
	Estimate
	0.7030 
	0.7062 
	0.6997 
	0.7078 
	0.7030 
	0.6965 
	0.7046 
	0.7039 
	0.6975 
	0.7055

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0023 
	0.0022 
	0.0023





Table 3 presents the estimates of the shape parameter after increasing the value of  from 0.7 to 3.7. The bias and MSE in Table 3 show that the QLF gives the most efficient estimators for the shape parameter despite the increment in the value of  from 0.7 to 3.7. 




Table 4: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under three different priors and loss functions with varying sample sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	0.6385 
	0.4789 
	0.6772

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.0360 
	0.0670 
	0.0368

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.6874 
	0.6383 
	0.6995

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0156 
	0.0171 
	0.0160

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.6958 
	0.6779 
	0.7002

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0060 
	0.0062 
	0.0061

	137
	Estimate
	0.7043 
	0.7095 
	0.6992 
	0.7120 
	0.7043 
	0.6941 
	0.7069 
	0.6969 
	0.6868 
	0.6994

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037 
	0.0034 
	0.0035 
	0.0034

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.6986 
	0.6922 
	0.7002

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0022 
	0.0022 
	0.0022






Table 5: Average Estimates (Estimates) and Mean Squared Errors (MSEs) of the Estimated Shape Parameter () for  and  under Three Different Priors and Loss Functions with Varying Sample Sizes.
	N
	Measures
	MLE
	Uniform Prior
	Jeffrey’s Prior
	Gamma Prior

	
	
	
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF
	SELF
	QLF
	PLF

	7
	Estimate
	0.8134 
	0.9297 
	0.6972 
	0.9860 
	0.8134 
	0.5810 
	0.8696 
	1.0748 
	0.8701 
	1.1248

	
	MSE
	0.1412 
	0.2204 
	0.0943 
	0.2704 
	0.1412 
	0.0796 
	0.1755 
	0.3013 
	0.1343 
	0.3566

	27
	Estimate
	0.7276 
	0.7545 
	0.7006 
	0.7679 
	0.7276 
	0.6737 
	0.7409 
	0.7995 
	0.7471 
	0.8125

	
	MSE
	0.0219 
	0.0257 
	0.0196 
	0.0281 
	0.0219 
	0.0188 
	0.0236 
	0.0339 
	0.0232 
	0.0375

	77
	Estimate
	0.7093 
	0.7185 
	0.7001 
	0.7231 
	0.7093 
	0.6908 
	0.7139 
	0.7347 
	0.7164 
	0.7392

	
	MSE
	0.0068 
	0.0072 
	0.0065 
	0.0075 
	0.0068 
	0.0064 
	0.0070 
	0.0082 
	0.0069 
	0.0086

	137
	Estimate
	0.7043 
	0.7095 
	0.6992 
	0.7120 
	0.7043 
	0.6941 
	0.7069 
	0.7186 
	0.7084 
	0.7212

	
	MSE
	0.0036 
	0.0037 
	0.0035 
	0.0038 
	0.0036 
	0.0035 
	0.0037 
	0.0040 
	0.0037 
	0.0042

	217
	Estimate
	0.7033 
	0.7066 
	0.7001 
	0.7082 
	0.7033 
	0.6968 
	0.7049 
	0.7123 
	0.7059 
	0.7140

	
	MSE
	0.0023 
	0.0023 
	0.0023 
	0.0024 
	0.0023 
	0.0022 
	0.0023 
	0.0025 
	0.0023 
	0.0025



From Tables 4 and 5 where a and b are increased respectively, the QLF gives the most efficient estimators for the shape parameter and the Bayesian estimators using quadratic loss function (QLF) under uniform, Jeffrey and gamma priors are better compared to estimators using MLE, SELF and PLF under Jeffrey prior, uniform prior and gamma priors irrespective of the changes in the parametric values as well as the allocated sample sizes of n=7, 27, 77, 137 and 217.
4 Summary and Conclusion
This study derived Bayesian estimators of the shape parameter of the Exponential-Poisson Lindley distribution (ExPLinD). The Posterior distributions of this parameter were derived by using Uniform, Jeffrey and gamma priors. Bayes estimators and their associated mean squared errors were also derived using three loss functions, the quadratic Loss Function (QLF), Squared Error Loss Function (SELF) and Precautionary Loss Function (PLF) under the three prior distributions mentioned earlier. The results showed that Bayesian Method using quadratic Loss Function (QLF) under all priors produced the best estimators of the shape parameter compared to estimators using Maximum Likelihood method, Squared Error Loss Function (SELF) and Precautionary Loss Function (PLF) under all the considered priors irrespective of the values of the parameters and the different sample sizes. It was also discovered that the values of the other parameters have no effect on the estimators of the shape parameter because changing the values of the other parameters alone does not change the direction of the result or the mean squared errors (MSEs). This makes the QLF the best loss function to use with any of the priors in order to obtain the Bayesian estimates of the ExPLinD.
REFERENCES
Ahmad, A. and Tripathi, R. (2022). Bayesian Estimation of Weighted Inverse Maxwell Distribution Under Different Loss Function. Earthline Journal of Mathematical Science, 8(1) 189-203. http://doi.org/10.34198/ejms.8122.189203
Aisha, O., Oguntade, E. S. and Adams, S. O. (2025). Study on Extended Poisson Lindley Distribution, Properties, Simulations and its Application in Engineering. Asian Journal of Probability and Statistics, 27(3): 152-175. https://doi.org/10.9734/ajpas/2025/v27i3732.
Azam, S.A. and Ahmad, Z. (2014). Bayesian Approach in Estimation of Scale Parameter of Nakagami Distribution. Pakistan Journal of Statistics and Operation Research. 10(2): 217-228, DOI10.18187/pjsor.v10i2.657.
Berger, J. and Bernando, J. M. (1992). On the Development of the Reference Prior Method, Fourth Valencia International Meeting on Bayesian Statistics, Spain.
Djemoui, N. E.houda, Chadli, A. and Merah, I. (2024). Bayesian Estimation of the Odd Lindley Exponentiated Exponential Distribution: Applications in Reliability. Statistical Optimization and Information Computing, 12(2), 418-431. DOI:10.19139/SOIC-2310-5070-1880
Eraikhuemen, I. B., Asongo, A. I., Umar, A. A. and Ibrahim, A. I. (2023). Bayesian Estimation of a Shape Parameter of a Gompertz-Lindley Distribution. Journal of Scientific Research and Reports, 29(10) 85-98. DOI:10.9734/jsrr/2023/v29i101800
Eraikhuemen, I. B., Bamigbala, O. A., Magaji, U. A., Yakura, B. S. and Manju, K. A. (2020). Bayesian Analysis of Weibull-Lindley Distribution Using Different Loss Functions. Asian Journal of Advanced Research and Reports, 8(4): 28-41.
Ijaz, M. (2021). Bayesian Estimation of the Shape Parameter of Lomax Distribution Under Uniform and Jeffery Prior Engineering Applications. Journal of Science, 34(2) 562-577. DOI. 10.35378/gujs.766419.
Jeffery, S. H. (1967). Theory of Probability. 3rd Edition Oxford University Press, London.
Kumari, P., Kumar, V. and Aditi (2022). Bayesian Analysis for Two Parameter Lomax Distribution Under Different Loss Functions. Communication in Mathematics and Applications,13(1) 163-170. http://doi.org.10.26713/cmav13i1.1679
Moala, F. A., Ramos, P. L. and Achcar J. A. (2013). Bayesian Inference for Two Parameter Gamma Distribution Assuming Different Noninformative Priors. RevistaColombiana de Estadisca, 36(2) 321-338.
Onwuka, G. I., Asongo A. I., Bako I. A., Ortese C. A. and Allahde H. (2021). Modeling Neonatal Mortality Rate in Nigeria using a Continuous Poisson-Lindley Distribution. International Journal of Tropical Diseases And Health, 42(19): 6-16
Pandey, H. and Rao A. K. (2009). Bayesian Estimation of the Shape Parameter of a Generalized Parameter Distribution Under Asymmetric Loss Function. Hacettepe Journal of Mathematics and Statistics, 38(1)69-83.
R Core Team (2019). R: A language and environment for statistical computing. R Foundation for Statistical Computing, Vienna, Austria. URL https://www.R-project.org/. 
Saridha, D., Radha, R. K., (2024). Bayesian Analysis of Topp-Leonne Exponential Distribution with Identical Priors. Journal of Mechanics of Continua and Mathematical Science, 19(12), 56-72.
Srivastava, A. K. (2019). Bayesian Approach in Estimation of Shape and Scale Parameter of Log-Weibull Model. International Journal of innovative Science, Engineering and Technology, 6(12)
Sultana, T., Aslam, M. and Shabbir, J. (2017). Bayesian Analysis of the Mixture of Frechet Distribution Under Different Loss Function.Pakistan Journal of Statistics and Operations Research, volXIII(3) 501-528.
Tibishirani, R. (1989). Non informative Priors for One Parameter of Many. Biometrica, 76, 604-608.
Trivedi, P. K. and Zimmer, D. M. (2005a). copula modelling, New Publishers, New York.
Trivedi, P. K. and Zimmer, D. M. (2005b). copula modelling: An Introduction to Practitioners, Foundations and Trends in Econometrics
Wheed, N., Nassar, M. M., Mahmoud, M. and Yusuf, M. (2022). Robust Bayesian Analysis for Shape Parameter with Progressive Type-II Censoring. Journal of Statistical Applications and Probability, 11(2) 483-498. http://dx.doi.org/10.18576/jsap/110210



2

oleObject2.bin

image45.wmf
(

)

{

}

(

)

{

}

(

)

11

22

222

||

PLF

EExEx

aaaa

===


oleObject50.bin

image46.wmf
(

)

(

)

22

0

||

Expxd

aaaa

¥

=

ò


oleObject51.bin

image47.wmf
(

)

(

)

1

2

1

1

1

exp111

1

12

eexp11

1

i

i

x

i

n

PLF

i

x

i

x

nn

x

e

e

l

q

l

q

q

q

a

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

éù

=++

êú

êú

ëû

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject52.bin

oleObject53.bin

oleObject54.bin

image48.wmf
(

)

1

exp111

1

1

eexp11

1

1

1

exp111

1

eexp11

1

|

i

x

i

i

i

i

n

x

i

x

n

n

x

i

x

i

x

e

x

Px

e

e

l

q

l

q

q

q

a

q

l

q

q

q

q

a

q

q

a

-

-

-

ìü

éù

ïéùï

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

-

-

é

---+

=

-

+

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

êú

êú

ìü

êú

éù

ïï

êú

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

îþ

ëû

ëû

=

å

(

)

1

e

n

x

i

i

e

n

l

q

-

=

éù

êú

êú

êú

êìüú

éù

ïùï

êú

íý

êú

êú

êú

ëû

ëû

ïï

îþ

ëû

å

G


oleObject55.bin

image3.wmf
()(|)

(|)

()

pLx

px

gx

aa

a

=


oleObject56.bin

image49.wmf
(

)

1

1

1

exp111

1

|

eexp11

1

i

i

x

i

n

SELF

i

x

i

x

Exn

x

e

e

l

q

l

q

q

q

aa

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

==

êú

êú

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject57.bin

oleObject58.bin

oleObject59.bin

image50.wmf
(

)

1

1

2

exp111

1

eexp11

1

i

i

QLF

x

i

n

i

x

i

n

x

x

e

e

l

q

l

q

a

q

q

q

q

-

=

-

-

-

=

éù

ìü

éù

ïï

éù

êú

--+-

íý

êú

êú

+

ëû

êú

ëû

ïï

îþ

êú

ìü

éù

ïï

êú

éù

---+

íý

êú

êú

êú

+

ëû

ëû

ïï

îþ

ëû

å


oleObject60.bin

oleObject61.bin

oleObject62.bin

image51.wmf
(

)

1

2

1

1

1

exp111

1

1

eexp11

1

i

i

x

i

n

PLF

i

x

i

x

nn

x

e

e

l

q

l

q

q

q

a

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

éù

=+

êú

êú

ëû

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject3.bin

oleObject63.bin

oleObject64.bin

oleObject65.bin

image52.wmf
(

)

1

exp111

1

eexp1

1

1

1

exp111

1

e

eexp11

1

|

x

i

i

i

i

x

nb

x

a

i

n

nb

i

x

i

e

x

a

x

px

e

e

l

q

q

l

q

q

a

l

q

q

q

a

q

q

a

-

-

ìü

éù

ïéùï

+

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

-

-+

---

+-

=

-

-

æö

éù

ìü

éù

ïï

éù

ç÷

êú

--+-

íý

êú

êú

+

ç÷

ëû

êú

ëû

ïï

îþ

+

ç÷

êú

ìü

ç÷

éù

ïï

êú

éù

---+

íý

ç÷

êú

êú

êú

+

ç÷

ëû

ëû

ïï

îþ

ëû

èø

=

å

(

)

1

1

1

n

x

i

i

i

x

e

nb

l

q

q

q

-

=

æö

éù

ç÷

êú

ç÷

êú

ç÷

êú

ç÷

êìüú

éù

ïéùï

ç÷

êú

+

íý

êú

êú

ç÷

+

êú

ëû

ëû

ïï

îþ

ëû

èø

å

G+


oleObject66.bin

oleObject67.bin

image53.wmf
(

)

(

)

1

1

1

exp111

1

|

eexp11

1

i

i

x

i

n

SELF

i

x

i

x

Exnba

x

e

e

l

q

l

q

q

q

aa

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

==++

êú

êú

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject68.bin

oleObject69.bin

oleObject70.bin

image4.wmf
.

()(|)

()(|)

pLx

pLxd

aa

aaa

¥

¥

-¥

ì

ï

í

ï

î

å

ò


image54.wmf
(

)

1

1

2

exp111

1

eexp11

1

i

i

QLF

x

i

n

i

x

i

nb

x

a

x

e

e

l

q

l

q

a

q

q

q

q

-

=

-

-

+-

=

éù

ìü

éù

ïï

éù

êú

--+-

íý

êú

êú

+

ëû

êú

ëû

ïï

îþ

+

êú

ìü

éù

ïï

êú

éù

---+

íý

êú

êú

êú

+

ëû

ëû

ïï

îþ

ëû

å


oleObject71.bin

oleObject72.bin

oleObject73.bin

image55.wmf
(

)

(

)

1

2

1

1

1

exp111

1

1

eexp11

1

i

i

x

i

n

PLF

i

x

i

x

nbnba

x

e

e

l

q

l

q

q

q

a

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

éù

=++++

êú

êú

ëû

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject74.bin

image56.wmf
ˆ

a


oleObject75.bin

oleObject76.bin

image57.wmf
3.7,0.7,0.7,1.0

a

qla

====


oleObject4.bin

oleObject77.bin

image58.wmf
1.0

b

=


oleObject78.bin

image59.wmf
q


oleObject79.bin

oleObject80.bin

oleObject81.bin

image60.wmf
0.7,3.7,0.7,1.0

a

qla

====


oleObject82.bin

oleObject83.bin

image5.wmf
.

()(|)

pLx

aa

¥

å


image61.wmf
l


oleObject84.bin

image62.wmf
l


oleObject85.bin

oleObject86.bin

image63.wmf
0.7,0.7,0.7,3.5

a

qla

====


oleObject87.bin

oleObject88.bin

oleObject89.bin

image64.wmf
0.7,0.7,0.7,1.0

a

qla

====


oleObject5.bin

oleObject90.bin

image65.wmf
3.5

b

=


oleObject91.bin

image6.wmf
a


oleObject6.bin

image7.wmf
()(|)

pLxd

aaa

¥

-¥

ò


oleObject7.bin

oleObject8.bin

image8.wmf
(

)

p

a


oleObject9.bin

image9.wmf
(|)

Lx

a


oleObject10.bin

image10.wmf
a


oleObject11.bin

image11.wmf
(

)

1;0

p

aa

µ<<¥


oleObject12.bin

image12.wmf
a


oleObject13.bin

image13.wmf
(

)

(

)

(

)

(

)

(

)

0

|

|

|

pLx

px

pLxd

aa

a

aaa

¥

=

ò


oleObject14.bin

image14.wmf
(

)

(

)

(

)

(

)

(

)

1

2

2

2

111exp111exp11

111

e-1

|,,exp

1

1exp111

1

iii

ii

xxx

iii

n

i

xx

i

xxx

x

LX

x

eee

ee

ll

qqq

l

qq

qqq

qqq

alq

aqla

q

q

q

-

---

-

ìü

éùéùéù

ïï

éùéùéù

+-+--+---+

íý

êúêúê

êúêúêú

+++

æö

ëûëûëû

ëûëûëû

ïï

îþ

ç÷

µ

ç÷

+

éù

ìü

èø

éù

ïï

éù

êú

---++

íý

êú

êú

+

ëû

êú

ëû

ïï

îþ

ëû

1

1

eexp11

1

i

n

i

x

i

x

e

l

l

q

q

q

=

-

-

æö

ìü

éù

ìü

ïï

ç÷

ïï

êú

íý

ú

ç÷

ïï

êú

ïï

ïï

îþ

ç÷

êú

íý

ç÷

ìü

éù

êú

ïï

ïï

éù

ç÷

---+

íý

êú

êú

ïï

êú

+

ëû

ç÷

ëû

ïï

êú

îþ

ïï

ëû

îþ

èø

Õ


oleObject15.bin

image15.wmf
(

)

(

)

11

1exp111exp11

11

||expexp

eexp11eexp11

1

xx

nn

x

xx

LXLX

xx

ee

e

ll

qq

l

q

qq

qq

aaaahaa

qq

qq

--

-

--

ìü

éù

ìüìü

éùéù

ïïïï

éùéù

ïï

êú

---+---+

íýíý

êúêú

êúêú

++

ïï

ëûëû

êú

ëûëû

ïïïï

ïï

îþîþ

µµ=

íý

êú

ìü

éù

ïï

ïï

êú

éù

---+---+

íý

êú

ïï

êú

êú

++

ëû

ëû

ïï

îþ

ïï

ëû

îþ

1

x

e

l

q

-

ìü

éù

ïï

êú

ïï

êú

ïï

íý

êú

ìü

éù

ïï

ïï

êú

éù

íý

êú

ïï

êú

êú

ëû

ëû

ïï

îþ

ïï

ëû

îþ


oleObject16.bin

image16.wmf
(

)

(

)

|

KLxPd

aaa

=

ò


oleObject17.bin

image17.wmf
(

)

P

a


oleObject18.bin

image18.wmf
(

)

|

Lx

a


oleObject19.bin

image19.wmf
0

1

exp111

1

exp

eexp11

1

i

i

x

i

n

x

i

x

Kd

x

e

e

l

q

l

q

q

q

haaa

q

q

-

¥

-

-

ìü

éù

ìü

éù

ïï

éù

ïï

êú

--+-

íý

êú

êú

+

ïï

ëû

êú

ëû

ïï

ïï

îþ

=-

êú

íý

ìü

éù

êú

ïï

ïï

éù

---+

íý

êú

êú

ïï

êú

+

ëû

ëû

ïï

êú

îþ

ïï

ëû

îþ

ò


oleObject20.bin

image20.wmf
(

)

(

)

1

1

1

1

exp111

1

eexp11

exp111

1

eexp11

1

|

1

i

i

x

i

i

i

n

x

i

n

n

i

x

i

x

x

x

x

Px

e

n

e

e

l

q

l

q

l

q

q

q

a

q

q

q

q

a

q

q

a

-

-

+

-

=

-

-

ìü

éù

ïéùï

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

---+

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

êú

êú

ìü

êú

éù

ïï

êú

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

îþ

ëû

ëû

=

G+

å

1

1

e

n

x

i

i

e

l

q

-

=

éù

êú

êú

êú

êìüú

éù

ïéùï

êú

íý

êú

êú

+

êú

ëû

ëû

ïï

îþ

ëû

å


oleObject21.bin

oleObject22.bin

image21.wmf
(

)

1

;0

p

aa

a

µ<<¥


oleObject23.bin

image22.wmf
(

)

(

)

(

)

(

)

(

)

0

|

|

|

pLx

px

pLxd

aa

a

aaa

¥

=

ò


oleObject24.bin

oleObject25.bin

image23.wmf
(

)

1

exp111

1

1

eexp11

1

1

1

exp111

1

eexp11

1

|

i

x

i

i

i

i

n

x

i

x

n

n

x

i

x

i

x

e

x

Px

e

e

l

q

l

q

q

q

a

q

l

q

q

q

q

a

q

q

a

-

-

-

ìü

éù

ïéùï

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

-

-

é

---+

=

-

+

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

êú

êú

ìü

êú

éù

ïï

êú

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

îþ

ëû

ëû

=

å

(

)

1

e

n

x

i

i

e

n

l

q

-

=

éù

êú

êú

êú

êìüú

éù

ïùï

êú

íý

êú

êú

êú

ëû

ëû

ïï

îþ

ëû

å

G


oleObject26.bin

image24.wmf
a


oleObject27.bin

image25.wmf
(

)

(

)

1

;,,0

b

ba

a

peab

b

a

aaa

--

=>

G


oleObject28.bin

oleObject29.bin

oleObject30.bin

image26.wmf
(

)

1

exp111

1

eexp1

1

1

1

exp111

1

e

eexp11

1

|

x

i

i

i

i

x

nb

x

a

i

n

nb

i

x

i

e

x

a

x

px

e

e

l

q

q

l

q

q

a

l

q

q

q

a

q

q

a

-

-

ìü

éù

ïéùï

+

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

-

-+

---

+-

=

-

-

æö

éù

ìü

éù

ïï

éù

ç÷

êú

--+-

íý

êú

êú

+

ç÷

ëû

êú

ëû

ïï

îþ

+

ç÷

êú

ìü

ç÷

éù

ïï

êú

éù

---+

íý

ç÷

êú

êú

êú

+

ç÷

ëû

ëû

ïï

îþ

ëû

èø

=

å

(

)

1

1

1

n

x

i

i

i

x

e

ab

l

q

q

q

-

=

æö

éù

ç÷

êú

ç÷

êú

ç÷

êú

ç÷

êìüú

éù

ïéùï

ç÷

êú

+

íý

êú

êú

ç÷

+

êú

ëû

ëû

ïï

îþ

ëû

èø

å

G+


oleObject31.bin

image27.wmf
a


oleObject32.bin

image28.wmf
(

)

(

)

2

,

SELFSELF

L

aaaa

=-


oleObject33.bin

image29.wmf
SELF

a


oleObject34.bin

image1.wmf
(

)

12

,,...,

n

xxxx

=


image30.wmf
a


oleObject35.bin

image31.wmf
(

)

(

)

|

SELF

EEx

aaa

==


oleObject36.bin

image32.wmf
(

)

(

)

0

||

Expxd

aaaa

¥

=

ò


oleObject37.bin

image33.wmf
(

)

(

)

1

1

1

1

exp111

1

eexp11

exp111

1

eexp11

1

|

1

i

i

x

i

i

i

n

x

i

n

n

i

x

i

x

x

x

x

Px

e

n

e

e

l

q

l

q

l

q

q

q

a

q

q

q

q

a

q

q

a

-

-

+

-

=

-

-

ìü

éù

ïéùï

--+-

íý

êú

êú

+

ëû

ëû

ïï

îþ

---+

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

êú

êú

ìü

êú

éù

ïï

êú

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

îþ

ëû

ëû

=

G+

å

1

1

e

n

x

i

i

e

l

q

-

=

éù

êú

êú

êú

êìüú

éù

ïéùï

êú

íý

êú

êú

+

êú

ëû

ëû

ïï

îþ

ëû

å


oleObject38.bin

image34.wmf
(

)

|

Px

a


oleObject39.bin

oleObject1.bin

image35.wmf
(

)

(

)

1

1

1

exp111

1

|1

eexp11

1

i

i

x

i

n

i

x

i

x

Exn

x

e

e

l

q

l

q

q

q

a

q

q

-

-

=

-

-

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

=+

êú

êú

ìü

êú

éù

êú

ïï

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

êú

îþ

ëû

ëû

å


oleObject40.bin

image36.wmf
(

)

2

,

QLF

QLF

L

aa

aa

a

-

æö

=

ç÷

èø


oleObject41.bin

image37.wmf
QLF

a


oleObject42.bin

image38.wmf
a


oleObject43.bin

image39.wmf
(

)

(

)

(

)

(

)

1

1

0

2

2

0

|

|

|

|

QLF

Pxd

Ex

Ex

Pxd

aaa

a

a

a

aaa

¥

-

-

¥

-

-

==

ò

ò


oleObject44.bin

image2.wmf
(

)

(

)

(

)

12

1

|,,,,...,|,,|,,

n

i

n

LxPxxxPx

alqalqalq

=

==

Õ


image40.wmf
(

)

(

)

11

0

||

ExPxd

aaaa

¥

--

=

ò


oleObject45.bin

image41.wmf
(

)

1

1

1

exp111

1

eexp11

1

i

i

QLF

x

i

n

i

x

i

n

x

x

e

e

l

q

l

q

a

q

q

q

q

-

=

-

-

-

=

éù

éù

ìü

éù

ïï

éù

êú

êú

--+-

íý

êú

êú

+

êú

ëû

êú

ëû

ïï

îþ

êú

êú

ìü

êú

éù

ïï

êú

éù

---+

íý

êú

êú

êú

êú

+

ëû

ëû

ïï

êú

îþ

ëû

ëû

å


oleObject46.bin

image42.wmf
(

)

(

)

2

,

PLF

PLF

L

aa

aa

a

-

=


oleObject47.bin

image43.wmf
PLF

a


oleObject48.bin

image44.wmf
a


oleObject49.bin

