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Wang-Type Fixed Point Theorems for Expansive Maps in
Hemi-Metric Spaces

Abstract

This paper develops new fixed point results for expansive mappings within the framework of hemi-
metric spaces. We show that every surjective expansive mapping defined on an h-complete hemi-metric
space possesses a unique fixed point. A corresponding local version is also established on invariant h-
complete subsets. The proposed results extend classical expansion-type fixed point theory from pairwise
distance settings to multi-point (m + 1)-dimensional structures. The approach is based on an inverse
contraction technique, which converts an expansive mapping into a contractive inverse mapping. Several
examples are included to demonstrate the effectiveness of the theory. In addition, an application to a
Fredholm integral equation is presented, illustrating the usefulness of the obtained results in functional
analysis. These findings provide a natural generalization of existing results in generalized metric spaces.
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1 Introduction

Fixed point theory is a core area of nonlinear analysis with wide-ranging applications in differential equa-
tions, optimization, economics, and dynamical systems [7, 33]. A fixed point of a mapping is an element
that remains unchanged under the mapping, and the existence of such points often plays a crucial role in
ensuring the solvability and stability of mathematical models.

A fundamental result in this area is the Banach contraction principle, which establishes the existence
and uniqueness of fixed points in complete metric spaces.

Theorem 1.1 (Banach Contraction Principle [7]). Let (X, ) be a complete metric space and let T : X — X
be a mapping satisfying
6(T& Tn) <k6(&m), forall§,ne X,

where 0 < k < 1. Then T admits a unique fized point £ € X.




Over the years, this principle has been generalized in various directions, including partially ordered
metric spaces, nonlinear contractive conditions, and hybrid mappings [11, 15, 16, 24|. More recently,
approaches involving simulation functions, control functions, and a-admissible mappings have attracted
considerable attention [18, 23, 28, 32, 36].

In contrast, expansive mappings act by enlarging distances rather than contracting them. Although
such mappings do not directly fit into the classical framework, fixed point results can still be derived under
suitable conditions. The systematic study of expansive mappings was initiated by Wang et al. [6], and
further developments were carried out by Daffer and Kaneko [5], Rhoades [8], and Ciri¢ [12].

A representative result in this setting is the following.

Theorem 1.2 (Wang-type Expansive Mapping Principle [6]). Let (X,d) be a complete metric space and
let T : X = X be a surjective mapping such that

o(TE Tn) = ad(&,mn),
for some constant a > 1. Then T has a unique fized point.

Alongside these developments, various generalizations of metric spaces have been introduced to extend
the applicability of fixed point theory. Early examples include generalized metric structures due to Dhage
[3, 4] and Gaéhler |1, 2|. Subsequently, Mustafa and Sims [10]| proposed G-metric spaces, while other
frameworks such as dislocated and parametric metric spaces were investigated in [14, 17, 25].

More recently, attention has shifted toward generalized metric-type spaces including partial metric
spaces and b-metric spaces, where both expansive and nonlinear fixed point results have been established
[13, 21, 30, 29|. In addition, unified approaches based on control functions and generalized contractions
have been developed in [20, 22, 27, 26, 31, 35].

Despite these advances, most existing theories are formulated in terms of pairwise distances. However,
many practical problems involve interactions among several elements simultaneously, which cannot be
adequately captured by two-point distance functions. This observation motivates the introduction of
hemi-metric spaces, where distance is defined on (m + 1)-tuples.

Hemi-metric spaces have recently been introduced as a natural extension of classical metric structures.
In particular, Ozturk and Radenovic [34] established foundational results in this setting, demonstrating
their suitability for fixed point analysis involving multi-point interactions.

Nevertheless, the theory of expansive mappings in hemi-metric spaces remains largely undeveloped. In
particular, extending Wang-type expansive principles to this multi-point framework presents a nontrivial
challenge.

The purpose of this paper is to address this issue. By employing an inverse contraction approach—where
the inverse of an expansive mapping behaves as a contractive mapping—we establish both global and local
fixed point results in hemi-metric spaces. In addition, we develop a nonlinear extension based on control
functions, thereby significantly expanding the scope of the theory.

2 Preliminaries

In this section, we recall the essential notions required for our study. Hemi-metric spaces extend the
classical concept of metric spaces by introducing distance functions depending on multiple points rather
than pairs. The following definitions are based on recent developments in the literature (see, e.g., [34, 31,
35]).

Definition 2.1 ([34]). Let H be a nonempty set and let m € N. A function

Sp s H™ = [0, 00)



is called an m-hemi-metric on H if, for any 1,8, ..., Ems1 € H, the following conditions hold:
(1) On(&1,- - &ma1) = 0;
(ii) 6p(&, ..., &) =0 for every £ € H, and 5p(&1, - -+, €mr1) = 0 implies & =& = -+ = Eny1;
(iii) Oy, remains unchanged under any permutation of its arguments;

(ZU) fO?" all 517 cee 7§m+1777 €EH,

m—+1

On(€Lr e Et) € D (€ Gt T i ).
=1

The pair (H,dp) is referred to as a hemi-metric space.

Remark 2.2. Unlike standard metric spaces, where distance is defined between two points, a hemi-metric
captures the joint dispersion of (m + 1) elements. This multi-point perspective is useful in modeling situa-
tions tnvolving collective interactions, such as multi-agent systems or higher-dimensional dependencies.

Definition 2.3 (|34]). A sequence (&,) C H is said to converge to a point & € H if
0n(€n,&,&,...,6) >0 asn — oo.

Definition 2.4 (|34]). A sequence (§,) C H is called hemi-Cauchy if for every e > 0, there exists N € N
such that
5h(§n17§n2a e 7€nm+1) <e

whenever ny,no, ..., Mpy1 > IN.

Definition 2.5 ([34]). A hemi-metric space (H, dp) is said to be h-complete if every hemi-Cauchy sequence
converges to an element of H.

Definition 2.6. Let (H,dy) be a hemi-metric space. A point & € H is called a fixed point of a mapping
F:H—=Hf
F(&) =¢.

Definition 2.7. A mapping F : H — H is said to be sequentially continuous if &, — & implies F(&,) —
F(&)-

Definition 2.8. A mapping F : H — H is called surjective if for every n € H there exists & € H such
that F(€) = n.

3 Examples of Hemi-Metric Spaces

In this section, we provide several illustrative examples of hemi-metric spaces in order to demonstrate the
flexibility and general applicability of the concept.

Example 3.1. Let H =R and define

s Emp) = D> G =gl

1<i<j<m+1

Then (H, ) is a hemi-metric space.



Proof. The function dy is nonnegative since it is a finite sum of absolute values. If & = -+ = &1 =&,
then each term vanishes and hence 65 (¢, ...,&) = 0. Conversely, if 0,(&1, ..., &m+1) = 0, then all pairwise
differences are zero, which implies £} = -+ = & 1.

The symmetry of §;, follows immediately from the fact that it depends only on pairwise differences,
which are invariant under permutations.

Let n € H. By the triangle inequality,

& — &l <& —nl+1[n—&| foralli<j.
Summing over all pairs yields
&y &mer) < Z (1& = nl+ |n = &1)-
1<i<j<m+1
Each term |{; — n| appears exactly m times in the sum, and therefore

m+1

5h(§1; e 7€m+1) S m Z ‘gk - 77|

k=1

Now, for each index i, consider replacing & by 7. The corresponding value of §;, contains all terms
|n — &| for k # i, hence

5h(€17 cee 7§i—17777§’i+17 o 7§m+1) Z Z ‘gk - 77’

Summing over ¢ = 1,...,m + 1, each |{; — n| again appears exactly m times, so that

m+1

m+1
> (&Gt ity 1) Zm Y & — ).
i=1 k=1

Combining the above inequalities gives

m—+1

5h(‘£17 R 7£m+1) < Z 5h(§1a v 7§i—17777§73+17 R 7§m+1);
=1

which verifies the required condition. Hence (H, dp,) is a hemi-metric space. O

Example 3.2. Let H = R" and define

6h(£17 ce angrl) = 1<2'1’§131}7<1+1 ||£’L - 5]“7

where || - || denotes the Euclidean norm. Then (H,dp) is a hemi-metric space.

Proof. The mapping 6§, is clearly nonnegative. If all points coincide, then d; = 0, and conversely, if
0p = 0, then ||§ — &;|| = 0 for all 4, j, which implies that all points are equal. Permutation invariance
follows directly from the definition.

Let n € H. Using the triangle inequality,

16 = &ll < Mg —nll + lln — &l

Taking the maximum over all indices %, j, we obtain

6’1(517 s 7£m+1) < 2H1]?.X Hék’ - 77”
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For each i, the quantity 0y(&1,-..,7, ..., &m+1) 1S at least maxy, ||£x—n||. Summing overi =1,...,m+1,

we get
m+1

S Gu(Err i) > (m+ 1) max g — ]|
i=1
Since m + 1 > 2, it follows that

m+1

6h(§17 e 7£m+1) < Z 5h(£17 ceey My 7§m+1)>
=1

which establishes the required inequality. Therefore, (H,dp,) is a hemi-metric space. O

Example 3.3. Let H =R and define

m—+1

On(€1se ey émt1) = Z & —¢€
i=1

)

where
B 1 m—+1
§= i ; &k

denotes the arithmetic mean of the (m + 1)-tuple. Then (H,dy) is a hemi-metric space.

Proof. The mapping ¢}, is clearly nonnegative since it is a finite sum of absolute values. If all components
coincide, say &1 = -+ - = &ny1 = &, then the mean satisfies € = £, and hence each term |&; — €| = 0, which
implies 85 (&, ...,&) = 0. Conversely, if 6,(&1,...,&ne1) = 0, then each term |& — £ = 0, so & = £ for all
1, and therefore & = -+ = &41.

The function dj, is invariant under permutations, since the mean ¢ is symmetric in its arguments and
the sum of absolute deviations does not depend on the order of the elements.

Let n € H and consider replacing one component & by 7. Denote by €% the mean of the modified
tuple. By properties of averages, we have

n—=&

) _ 7
¢ €+m+1'

Using the triangle inequality, each term satisfies

& — €] < 1&g — ED |+ €0 — ).

In—&il
m—+1

Summing over all indices and using the fact that |€?) — £| we obtain

6h(€17 cee 7€m+1) S 5h(§17 o 7£i—17 n7§i+17 cee 7§m+1) + ‘77 - é.z’
Summing this inequality over all : = 1,...,m + 1 yields

m—+1

5h(£13 cee 7£m+1) < Z 6h(£1a cee 7£i71a77>£i+17 v 7£m+1)7
=1

which verifies the generalized triangle inequality. Hence (#,dy,) is a hemi-metric space. O



4 Main Results

In this section, we introduce the notion of expansive mappings in hemi-metric spaces and establish global
and local fixed point results.

Definition 4.1. Let (H,dy) be a hemi-metric space. A mapping F : H — H is said to be expansive if
there exists a constant a > 1 such that

5h(]:(€1), . ,f(§m+1)) > aéh(gl, e ,fm_H)
for all (&1,. .., &my1) € H™HL.

Theorem 4.2. Let (H,6y) be an h-complete hemi-metric space of order m, and let F : H — H be a
surjective expansive mapping. Then F has a unique fixed point in H.

Proof. We begin by proving that F is injective. Suppose that F(§) = F(n) for some &, € H. Consider
the (m + 1)-tuple (&,...,&,n). Then

By the expansivity condition, we obtain

OZ a5h(f,~-7fa77)'

Since a > 1 and 4y, > 0, it follows that §(&,...,&,n) = 0, and hence { = 1. Therefore, F is injective.
Combined with surjectivity, this shows that F is bijective.
Let G = F~ 1. For any ((1,...,Cme1) € H™HL, define & = G((;). Then

On(Ciy -y Cme1) = On(F(&1)s -, F&mu1)) = aon(&rs- - &mt1)s
which implies

(GG, GG 1)) = 2 B1(Ghs s Gt

Thus G is a contraction with constant k& = % € (0,1).
Choose an arbitrary & € H and define an iterative sequence by &,+1 = G(&,). Repeated application
of the above inequality yields

5h(€n7§n+17 cee 7£n+p) < k" 6h(£07£17 s ’gp)v

for all p > 1. Hence (&,) is a hemi-Cauchy sequence.

Since (H, dp,) is h-complete, there exists £* € H such that &, — £*. Passing to the limit in &,41 = G(&,),
we obtain G(£*) = £*, which implies F(£*) = &*. Thus £* is a fixed point of F.

To prove uniqueness, let n* € H be another fixed point. Then

(&5 ™, ...) =0n(F(E), F(n"),...) = adp(&*,n*,...).
Since a > 1, this is possible only if §,(£*,n*,...) = 0, which implies * = n*. O

Remark 4.3. The preceding theorem generalizes the classical Wang-type expansive mapping principle to
the setting of hemi-metric spaces, where distance is defined on (m + 1)-tuples. The key idea is the use of
an inverse contraction approach, which transforms an expansive mapping into a contractive one, allowing
the application of iterative techniques in a multi-point framework.



Theorem 4.4. Let (H,0p) be a hemi-metric space and let KK C H be a nonempty subset satisfying F(K) C
K. Assume that:

(i) there exists a > 1 such that

on(F(&1), .-, Fllme1)) = adn(&rs. .. Eman)
for all (&1,...,&myr) € KL,
(ii)) F : K — K is surjective;
(i1i) (KC,dy) is h-complete.
Then F admits a unique fixed point in K.

Proof. We first show that F is injective on K. Suppose F(§) = F(n) for some &, n € K. Consider the
(m+ 1)-tuple (&,...,&,n). Then

Using condition (i), we obtain
0= adn(&,....&m).

Since a > 1 and §;, > 0, it follows that d,(&,...,&,n) =0, and hence £ = . Thus F is injective. Together
with surjectivity, this shows that F is bijective on K.
Let G=F':K — K. For any ((1,...,Cne1) € K™ set & = G(¢;). Then

6h<C17 RS C’m-‘rl) - 5h(F(€1)7 s 7‘F(§m+1)) > G(Sh(gl, R 7§m+1)7
which implies

()G Gns)) £ 4 00l G

Hence G is a contraction with constant k = % € (0,1).
Choose &y € K and define §,+1 = G(&,). Then for any p > 1,

5h<£n7§n+17 s 7£Tl+p) S k" 5h(€07§17 s 7§p)7

which shows that (&) is a hemi-Cauchy sequence.

By h-completeness of (IC,d,), there exists £&* € K such that &, — &*. Passing to the limit in &,41 =
G (&) yields G(&F) = £, and hence F(£*) = £*. Therefore, £* is a fixed point of F.

To prove uniqueness, let n* € I be another fixed point. Then

(&, n*...) =0n(F(E), F(n™),...) = aon(&,n",...).
Since a > 1, this is possible only if §,(£*,n*,...) = 0, which implies * = n*. O

Remark 4.5. The above result provides a local version of the expansive mapping principle. It guarantees
existence and uniqueness of fized points within invariant subsets that are h-complete, thereby extending the
applicability of the theory to restricted domains.

Theorem 4.6. Let (H,dy,) be an h-complete hemi-metric space and let F : H — H be a surjective mapping.
Assume that there exists a function ¢ : [0,00) — [0,00) satisfying:

(1) o(t) >t for allt >0,



(ii) ¢ is continuous and non-decreasing,

(iii) ¢(0) =0,
and

Sn(F (&), s Fllmy1)) = 0(0n (&, &mtr))
for all (&1,...,&my1) € H™HL. Then F admits a unique fized point in H.

Proof. We first verify that F is injective. Suppose that F(§) = F(n) for some &,n € H. Consider the
tuple (&,...,&,n). Then
on(F(E),---, F(£), F(n) =0.

By the given condition,
0 Z SO((Sh(Sv s 757 77))

Since ¢(t) > 0 for all ¢ > 0 and ¢(0) = 0, it follows that §(&,...,&,n) = 0, hence £ = n. Thus F is
injective. Together with surjectivity, this implies that F is bijective.
Let G = F~ 1. For any ((1,...,Cmy1) € H™L set & = G(¢;). Then

0n(C1y -y Cmr1) = On(F (&), -, Fléme1)) = @(0n(&rs - Eme1)).

Since ¢ is continuous and non-decreasing with ¢(¢) > ¢ for ¢ > 0, it admits a well-defined generalized
inverse 9 : [0,00) — [0, 00) such that ¢(t) < ¢ for all £ > 0 and ¢ (0) = 0. Consequently,

6n(&ry- oy &me1) S V(On(Crs- - Gmgn))s

and hence
6r(G(C1)s -2 G(Gmr1)) S Y (On(Cs- - Gmrr))-
Fix & € H and define &,11 = G(&,). Set

ap = 5h(§n7 £7L+17 v ,§n+m)-

Then
ant1 < Y(ay).

Since ¥(t) < t for ¢t > 0, the sequence (a,) is non-increasing and bounded below by 0, hence convergent
to some L > 0. Passing to the limit yields
L <(L).

If L > 0, then ¢(L) < L, which is a contradiction. Therefore L = 0, and thus a,, — 0. This shows that
(&r) is hemi-Cauchy.

By h-completeness, there exists £ € H such that &, — &*. Passing to the limit in &,11 = G(&,) gives
G(&*) = &*, and hence F(&*) = £*. Thus £* is a fixed point.

To prove uniqueness, let n* be another fixed point. Then

(€5 ") = On(F(E), F(n7),...) = (dn(€"m",-.)).

If 6 (€%, m*,...) > 0, then the right-hand side is strictly greater than the left-hand side, which is impossible.
Hence 6,(¢*,n*,...) = 0, and therefore £* = n*. 0

Remark 4.7. This theorem extends expansive-type fixed point results by replacing the linear expansion
condition with a nonlinear growth function. It provides a more flexible framework for studying fixed points
in hemi-metric spaces under generalized expansion conditions.



5 Examples

In this section, we present several illustrative examples that demonstrate the applicability of the established
fixed point results in various settings.

Example 5.1. Let H =R and define

On(&1s-- s &me1) = _max [§ =&,

1<i,j<m+1
Define F: H — H by F(&) = 2¢.

Proof. Consider any (m + 1)-tuple (£1,...,&m41) € H™TL. By direct computation, we obtain

On(F(&2), s F(Emia)) = max [26; — 26| = 2max |§ — & = 20n(E1, -, Emt1)-
This shows that the mapping F enlarges the hemi-metric distance by a constant factor equal to 2, and
therefore it satisfies the expansivity condition with constant a =2 > 1.

Next, we observe that for any n € R, the equation F(§) = n admits a unique solution given by & = 7/2.
This confirms that F is both surjective and injective, hence bijective.

To determine the fixed point, we solve the equation F(§) = &, which reduces to 26 = . This
immediately implies £ = 0. Since the space (R, ) is h-complete and all hypotheses of Theorem 4.2
are satisfied, it follows that 0 is the unique fixed point of F. O

Example 5.2. Let H = R with the same hemi-metric and consider the subset K = [0,00). Define
F:K— Kby F(€) =2¢.

Proof. For any (&1,...,&my1) € K™T!, the same computation as in the previous example shows that the
hemi-metric is scaled by a factor of 2, so F remains expansive on K.

The invariance condition F(K) C K is clearly satisfied, since doubling a nonnegative number preserves
nonnegativity. Moreover, given any 7 € K, the element £ = 7/2 also belongs to K and satisfies F(£) = 7,
which shows that F is surjective on .

The subset K is closed in R, and since the ambient space (R, dp) is h-complete, it follows that (K, d5)
is also h-complete. Solving the fixed point equation again yields £ = 0, which belongs to K. Therefore, all
the assumptions of Theorem 4.4 are fulfilled, and 0 is the unique fixed point in K. O

Example 5.3. Let H = R with the same hemi-metric and define
F(&) =26+ 1.
Proof. For any (£1,...,6m41) € H™L we compute

5h(]:(§1>7 e 7‘F(£m+1)) - HzI%X ‘252 + 1- (2§j + 1)‘ = 26h(§17 e 7§m+1)7

which shows that F is again expansive with constant a =2 > 1.

To verify surjectivity, observe that for any n € R, the equation F(§) = n leads to £ = (n— 1)/2, which
belongs to R. Hence F is bijective.

The fixed point is obtained by solving £ = 2£ + 1, which gives £ = —1. Since all the required conditions
are satisfied, Theorem 4.2 ensures that this fixed point is unique. O

Example 5.4. Let H = R with the same hemi-metric and define F (&) = 2£. Consider the control function

3

o(t) = §t'



Proof. The function ¢ is continuous, non-decreasing, satisfies ¢(0) = 0, and strictly dominates the identity
function for all ¢ > 0. For any ({1,...,&n+1), we have

On(F(&1), s F(€m+1)) = 20n(&1s - -, Emt1) = g5h(§1,-~,§m+1) = p(0n(&1, -, Emr1))-

Thus the generalized expansivity condition is satisfied.
Since F is bijective and the space is h-complete, all assumptions of Theorem 4.6 hold. Solving the
equation F (&) = £ gives £ = 0, which is therefore the unique fixed point. O

Example 5.5. Let H = C([0,1],R) and define

on(f1,- s fnt1) = (e i = filloo-
Define F : H — H by
(FH)E) =2 ().

Proof. For any (f1,..., fm+1) € H™!, we have

On(F(f1), o, F(fms1)) = max 12fi = 2filloc = 200 (f1, -+ frms1),

which shows that F is expansive.

Given any g € H, the function f = g/2 satisfies F(f) = g, so F is bijective. The fixed point condition
F(f) = f implies 2f = f, which yields the zero function as the only solution.

Since C([0,1],R) is complete with respect to the supremum norm and the hemi-metric is induced by
this norm, the space is h-complete. Therefore, all conditions of Theorem 4.2 are satisfied, and the zero
function is the unique fixed point. O

Remark 5.6. These examples illustrate that the established results are applicable across a variety of set-
tings, ranging from real-valued functions to function spaces. They demonstrate that hemi-metric structures
provide a flexible framework for analyzing fixed point problems involving multi-point interactions.

6 Application to Integral Equations

In this section, we illustrate how the established fixed point results can be applied to integral equations.
Such equations arise naturally in many areas of applied mathematics, including boundary value problems,
mathematical physics, engineering, and biological models. In many situations, differential equations can be
transformed into equivalent integral formulations, making fixed point methods a powerful tool for proving
existence and uniqueness of solutions.

We consider a class of linear Fredholm integral equations of the second kind.

Theorem 6.1. Let H = C([0,1],R) be the space of real-valued continuous functions on [0,1], equipped
with the hemi-metric

5h(f1a .- '7fm+1) = 1<ir?3§+1 Hfz - fj”<>07

where || fllooc = supyepoqy [f(#)|. Then (H,d) is an h-complete hemi-metric space.
Let K : [0,1] x [0,1] = R be a continuous function and define an operator F : H — H by

1
(FA)() = /O K(t,5)f(s) ds.
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Assume that there exists a constant X > 1 such that
|Ff = Fglloo 2 Alf —9gllec forall f,g€H,

and that F 1s surjective. Then the integral equation

1
f(t):/o K(t,5)f(s)ds, te0,1],

admits a unique solution in H.

Proof. The space C([0,1],R) is well known to be complete under the supremum norm. Since the hemi-
metric 0y, is defined in terms of the maximum of pairwise supremum distances, convergence with respect to
dp, is directly induced by convergence in the norm. Consequently, every hemi-Cauchy sequence in (#, d,)
converges, and thus the space is h-complete.

Let f1,..., fm+1 € H be arbitrary. By the definition of d;,, we have

on(F(f1) s Flfmr1)) = _max || F(fi) = F(fj)lloo-

1<i,j<m+1

Using the assumed inequality, each term in the maximum satisfies

IF(fi) = F(Fi)lloo = Ml fi = filloos

and therefore taking the maximum over all indices yields

5h(f(f1)a"'af(fm+1)) > Aéh(fla"'aferl)'

This shows that F expands the hemi-metric distance by a factor A > 1, and hence it is an expansive
mapping. By assumption, F is also surjective. Therefore, all the hypotheses of Theorem 4.2 are satisfied.

It follows that F possesses a unique fixed point f* € H. By the definition of a fixed point, this function
satisfies

1
) = /0 K(t,s)f*(s)ds forall t € [0,1],

which shows that f* is a solution of the given integral equation. The uniqueness of the fixed point ensures
that this solution is the only function in H satisfying the equation. O

Remark 6.2. This application demonstrates that hemi-metric fived point theory can be effectively used in
functional analysis. Although the expansivity condition A > 1 together with surjectivity is restrictive, such
situations arise in certain operator equations, inverse problems, and models involving amplification effects.
The result highlights that the developed framework is not purely theoretical but also applicable to concrete
problems involving integral operators.

7 Conclusion

In this paper, we have established new fixed point results for expansive mappings in the setting of hemi-
metric spaces. By extending the classical Wang-type expansive mapping principle, we proved that every
surjective expansive mapping defined on an h-complete hemi-metric space admits a unique fixed point.
In addition to this global result, a localized version was obtained for invariant subsets, and a nonlinear
extension involving control functions was introduced to widen the applicability of the theory. The use of the
inverse contraction approach played a central role, providing a systematic method for treating expansive
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conditions within multi-point distance frameworks. Several examples were included to demonstrate the
effectiveness of the results in both real-valued and functional settings.

Furthermore, the applicability of the developed theory was illustrated through an application to a
Fredholm integral equation of the second kind, showing its relevance in functional analysis and related
fields. The framework presented here opens several avenues for future research, including extensions to
hemi-b-metric spaces, fuzzy hemi-metric structures, and other generalized distance settings. It would also
be worthwhile to explore more general classes of nonlinear operators and investigate further applications
to differential and integral equations, as well as problems arising in high-dimensional and multi-agent
systems.
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