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Abstract

Let G(V,E) be a simple connected graph of order n and size m. The Hyperbolic Sombor

index HSO(G) =
∑

uv∈E(G)

√
d2u+d2v

min{du,dv} , where du and dv denote the degrees of vertices u and v,

respectively, is a recently introduced degree-based topological index with growing significance in
chemical graph theory. In this work, we derive sharpened and improved lower bounds for HSO(G),
thereby refining the classical estimate HSO(G) ≥ m

√
2. Furthermore, we establish several new

bounds for HSO(G) expressed in terms of important graph parameters such as the chromatic
number, independence number, domination number and the mean and standard deviation of vertex
degrees.
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1 Introduction

In chemical graph theory, topological indices play a fundamental role in establishing quantitative
structure-property relationships (QSPR) and quantitative structure-activity relationships (QSAR). Over
the years, several degree-based, distance-based and edge-based indices have been introduced,
many of which exhibit strong correlations with molecular descriptors.

Among them, degree-based indices have received particular attention due to their computational
simplicity and broad applicability in modelling diverse chemical and physical properties. Classical
examples include the Zagreb indices(1), the Randić index(2), the Sombor index(3). The Sombor
index of graph G(V,E) is introduced by Gutman(3) as

SO(G) =
∑

uv∈E(G)

√
d2u + d2v,
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where du and dv denote the degrees of the vertices u and v respectively. This index has been
extensively studied for its mathematical properties as well as for its chemical applications.

Motivated by the success of the Sombor index, several new variants have been proposed to
refine its applicability and capture additional structural features of graphs. One such extension is the
Hyperbolic Sombor index (HSO) recently introduced by Barman and Das (4) as

HSO(G) =
∑

uv∈E(G)

√
d2u + d2v

min{du, dv}
.

They give the classical lower bound HSO(G) ≥
√
2m. They also discovered some bounds and

applications of HSO(G) in the same paper. This index incorporates both degree magnitudes and
degree imbalance of adjacent vertices, making it a more sensitive descriptor of molecular branching
and connectivity patterns. Some bounds and structural results on the hyperbolic Sombor index were
recently established in (5). The main motivation of this work is to derive bounds that are stronger than
the existing classical bound.

Let G(V,E) be a simple connected graph without isolated vertices. For any vertex v ∈ V (G), the
degree of a vertex v is denoted by dv which is the number of vertices adjacent to v. The maximum
and minimum degrees of G are denoted by ∆ and δ respectively. For all other standard terms and
notations in graph theory we adhere to the conventions used in (6).

2 Bounds of Hyperbolic Sombor index

This section is devoted to derive new inequalities and improved bounds for HSO(G) by utilizing
classical inequalities, graph parameters such as the independence number, chromatic number, domination
number. We also used statistical measures including the mean and standard deviation to derive
bounds of HSO(G).

Lemma 2.1. (7) Let a, b ≥ 1 be any two real numbers. Then

a+ b√
2

≤
√

a2 + b2.

Theorem 2.2. Let G(V,E) be a simple connected graph of size m. Then

HSO(G) ≥ 1√
2

[
m+

∑
uv∈E(G)

ruv
]
, where ruv =

max{du, dv}
min{du, dv}

≥ 1.

Proof. Let uv ∈ E(G) be any edge and assume without loss of generality that du ≤ dv,
so min{du, dv} = du. Then

√
d2u + d2v

min{du, dv}
=

√
d2u + d2v
du

=
√

1 + r2uv, where ruv =
dv
du

.

By Lemma 2.1, it follows that
√
1 + r2uv ≥ 1 + ruv√

2
. Summing over all edges of G gives

HSO(G) =
∑

uv∈E(G)

√
d2u + d2v

min{du, dv}
≥ 1√

2

m+
∑

uv∈E(G)

ruv

 .
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Remark 2.1. If G is not regular, then 1√
2

[
m+

∑
uv∈E(G)

ruv

]
provides a strictly stronger lower bound

for HSO(G) than the classical bound m
√
2. However, if G is k-regular, then ruv = 1 for every edge

uv ∈ E(G). Hence,

1√
2

m+
∑

uv∈E(G)

ruv

 =
1√
2
(m+m) = m

√
2.

Below table 1 presents a comparison between the classical and the new bounds for several standard
graphs with n = 10 vertices.

Table 1: Comparison of the classical bound m
√
2 and the new bound

m+
∑

ruv√
2

for some standard graphs with n = 10 vertices.

Graph m
∑

ruv m
√
2

m+
∑

ruv√
2

Difference Ratio

4-regular graph 20 20.0 28.28 28.28 0.00 1.000
Complete Binary tree 9 13.89 12.73 13.89 1.16 1.089
Path P10 9 11.0 12.73 14.14 1.41 1.111
K4,6 24 36.0 33.94 42.43 8.49 1.250
Kragujevac tree Kg(0, 1, 2) 9 16.5 12.73 18.04 5.30 1.417
Binary tree with maximum height 9 18.0 12.73 19.09 6.36 1.500
Dendrimer tree T2,3 9 21 12.73 21.21 4.49 1.667
K3,7 21 49.0 29.70 49.50 19.80 1.667
K2,8 16 64.0 22.63 56.57 33.94 2.500
K1,9 (Star) 9 81.0 12.73 63.64 50.91 5.000

Definition 2.1. (6) The chromatic number χ(G) of a graph G(V,E) is the smallest integer k such
that the vertices of G can be colored with k colors in a way that no two adjacent vertices receive the
same color.

Theorem 2.3. Turán’s Theorem (8) : Let G(V,E) be a simple graph of order n, size m and chromatic
number χ. Then

m ≤
(
1− 1

χ

)
n2

2
,

with equality if and only if G is the complete χ-partite Turán graph T (n, χ).

Theorem 2.4. Let G(V,E) be a simple connected graph of order n, size m and chromatic number χ.
Then

(1− 1

χ
)
n2

2

√
2 ≤ HSO(G) ≤ (n− χ+ 1)

√
(χ− 1)2 + (n− 1)2 +

(χ− 1)(χ− 2)
√
2

2
.

Proof. Let G(V,E) be a simple connected graph with chromatic number χ. Let

V (G) = V1 ∪ V2 ∪ . . . ∪ Vχ

be a proper χ-coloring of G, where |Vi| = ni ≥ 1 for 1 ≤ i ≤ χ and
χ∑

i=1

ni = n. Since each Vi is an

independant set, no two vertices within the same part Vi are adjacent. Consequently, every edge of

3
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G must connect a vertex in Vi with a vertex in Vj for some i ̸= j. On the other hand, the complete
χ-partite graph Kn1,n2,...,nχ contains all possible edges between distinct parts Vi and Vj . Therefore,
every edge of G is also an edge of Kn1,n2,...,nχ , which shows that G is a subgraph of Kn1,n2,...,nχ .
So,

HSO(G) ≤ HSO(Kn1,n2,...,nχ).

In the complete χ-partite graph Kn1,n2,...,nχ , each vertex in the part Vi has degree di = n − ni.
Moreover, every unordered pair of distinct parts Vi and Vj (i < j) contributes exactly ninj edges. For
each such edge, say the degree of its endpoints are di and dj respectively. Hence,

HSO(Kn1,n2,...,nχ) =
∑

1≤i<j≤χ

ninj

√
d2i + d2j

min{di, dj}

=
∑

1≤i<j≤χ

ninj

√
1 +

(max{di, dj}
min{di, dj}

)2
Consider the highly skewed partition (n1, n2, . . . , nχ) = (n−χ+1, 1, 1, . . . , 1), which is admissible for
any χ ≥ 2. In this case, the vertices in the large part have degree dl = n− (n−χ+1) = χ− 1, while
the vertices in the singleton parts have degree ds = n − 1. The edges of graph can be classified as
follows.

1. The total number of edges between the large part and the singleton parts is (χ−1)(n−χ+1).
For each such edge, the endpoint degrees are χ − 1 and n − 1. Hence, their contribution to
HSO(Kn1,n2,...,nχ) is

(χ− 1)(n− χ+ 1)

√
(χ− 1)2 + (n− 1)2

χ− 1
.

2. The total number of edges among the singleton parts is
(
χ−1
2

)
, where each edge has both

endpoints of degree n− 1. Hence, their contribution to HSO(Kn1,n2,...,nχ) is(
χ− 1

2

)√
(n− 1)2 + (n− 1)2

n− 1
=

(
χ− 1

2

)
√
2 =

(χ− 1)(χ− 2)√
2

.

Thus, the Hyperbolic Sombor index of the complete χ-partite graph with skewed partition can be
expressed as

HSO(Kn1,n2,...,nχ) = (n− χ+ 1)
√

(χ− 1)2 + (n− 1)2 +
(χ− 1)(χ− 2)√

2
.

Therefore, for any simple connected graph G with n vertices and chromatic number χ, the Hyperbolic
Sombor index satisfies the upper bound

HSO(G) ≤ (n− χ+ 1)
√

(χ− 1)2 + (n− 1)2 +
(χ− 1)(χ− 2)√

2
.

As noted in (4), the classical bound is given by HSO(G) ≥ m
√
2. From Turán’s Theorem, for the

complete χ-partite graph Kn1,n2,...,nχ , the number of edges is

m =

(
1− 1

χ

)
n2

2
.

Consequently, the Hyperbolic Sombor index of any n-vertex graph G with chromatic number χ satisfies
the lower bound

HSO(G) ≥ m
√
2 =

(
1− 1

χ

)
n2

2

√
2.

4
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Combining the upper and lower bounds, we have(
1− 1

χ

)
n2

2

√
2 ≤ HSO(G) ≤ (n− χ+ 1)

√
(χ− 1)2 + (n− 1)2 +

(χ− 1)(χ− 2)
√
2

2
.

Remark 2.2.

1. If χ = 2 then
HSO(G) ≤ HSO(Kn1,n2,...,nχ) = (n− 1)

√
(n− 1)2 + 1.

The bound is sharp maximum for a simple connected n-vertex graphs with chromatic number
χ = 2, making it especially relevant for bipartite graphs.

2. If χ = 3 then,
HSO(Kn1,n2,...,nχ) ≤ (n− 2)

√
22 + (n− 1)2 +

√
2.

It is particularly useful for graphs with chromatic number χ = 3.

3. If χ = n that is for a complete graph Kn

HSO(Kn) =

(
n

2

)
√
2.

Consequently, the Hyperbolic Sombor index satisfies the following hierarchy of bounds:(
n

2

)
√
2 < . . . < (n− 2)

√
22 + (n− 1)2 +

√
2 < (n− 1)

√
(n− 1)2 + 1.

In particular, if the sizes of the color classes (n1, n2, . . . , nχ) are known, the exact upper bound can
be determined.

Table 2 presents the upper and lower bounds of the Hyperbolic Sombor index HSO(G) corresponding
to different values of the chromatic number χ.

Table 2: Upper and lower bounds of HSO(G) for different values of the chromatic
number χ.

chromatic number χ Upper bound of HSO(G) Lower bound of HSO(G)

2 (n− 1)
√
(n− 1)2 + 1

n2
√
2

4

3 (n− 2)
√
(n− 1)2 + 4 +

√
2

n2
√
2

3

4 (n− 3)
√
(n− 1)2 + 9 + 3

√
2

3n2
√
2

8
...

...
...

n
(
n
2

)√
2

(
n
2

)√
2

Definition 2.2. (9) Let G(V,E) be a simple connected graph of order n and size m. The mean
degree of vertex set of G is defined as

µ =
1

n

∑
v∈V (G)

dv =
2m

n
.
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And the standard deviation of the vertex degrees of G is defined as

σ =

√
1

n

∑
v∈V (G)

(dv − µ)2.

Lemma 2.5. Let G(V,E) be a simple connected graph of order n, mean degree µ and standard
deviation of vertex degrees σ. Then ∑

v∈V (G)

d2v = n(σ2 + µ2).

Proof. By definition 2.8, the variance of the degree of vertices is

σ2 =
1

n

∑
v∈V (G)

(dv − µ)2.

Expanding the square, we obtain

σ2 =
1

n

∑
v∈V (G)

(d2v − 2µdv + µ2)

=
1

n

∑
v∈V (G)

d2v − 2µ2 + µ2 (since
∑

v∈V (G)

dv = nµ)

=
1

n

∑
v∈V (G)

d2v − µ2.

Hence,

σ2 + µ2 =
1

n

∑
v∈V (G)

d2v ⇒
∑

v∈V (G)

d2v = n(σ2 + µ2).

Lemma 2.6. Cauchy Schwarz inequality (7): Let a1, a2, . . . , an and b1, b2, . . . , bn be real numbers.
Then (

n∑
i=1

aibi

)2

≤

(
n∑

i=1

a2
i

)(
n∑

i=1

b2i

)
.

Lemma 2.7. (10) Let G(V,E) be simple connected graph of order n and size m. Then∑
uv∈E(G)

(d2u + d2v) =
∑

v∈V (G)

d3v.

Theorem 2.8. Let G(V,E) be a simple connected graph of order n, size m, minimum degree δ and
maximum degree ∆. Let µ and σ denote the mean and standard deviation of the vertex degrees of
G respectively. Then

HSO(G) ≤ 1

δ

√
nm∆(σ2 + µ2).

Proof. Let d1, d2, . . . , dn be the degree sequence of G. Then the mean and standard deviation of
degree of vertices in G are

µ =
2m

n
and σ =

√√√√ 1

n

n∑
i=1

(di − µ)2.

6
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By the definition of the Hyperbolic Sombor index,

HSO(G) =
∑

uv∈E(G)

√
d2u + d2v

min{du, dv}
≤ 1

δ

∑
uv∈E(G)

√
d2u + d2v.

Applying the Cauchy Schwarz inequality, we obtain

∑
uv∈E(G)

√
d2u + d2v ≤

√ ∑
uv∈E(G)

12
√ ∑

uv∈E(G)

(d2u + d2v)

=
√
m

√ ∑
v∈V (G)

d3v (by Lemma 2.11).

Hence,

HSO(G) ≤
√
m

δ

√ ∑
v∈V (G)

d3v.

Since dv ≤ ∆ for all v ∈ V (G), it follows that d3v ≤ ∆d2v. Therefore∑
v∈V (G)

d3v ≤ ∆
∑

v∈V (G)

d2v = ∆n(σ2 + µ2) (by Lemma 2.9).

Substituting this into the previous inequality yields

HSO(G) ≤
√
m

δ

√
∆n(σ2 + µ2) =

1

δ

√
nm∆(σ2 + µ2).

Hence, the stated result follows immediately.

Definition 2.3. (6) The independence number α(G) of graph G(V,E) is the cardinality of a largest
subset of vertices I ⊆ V (G) in which no two vertices are adjacent.

Theorem 2.9. Let G(V,E) be a simple connected graph and let α(G) be its independence number.
Let I ⊆ V (G) be any independence set with cardinality α(G). Then

HSO(G) ≥
√
2α(G) δI ,

where δI = min
v∈I

dv is the minimum degree among the vertices in I.

Proof. Let I be an independence set and define

E(I) = {uv ∈ E : u ∈ I or v ∈ I},

the set of all edges incident to vertices in I. Since no two vertices of I are adjacent, it follows that

|E(I)| =
∑
v∈I

dv.

For any edge e = uv ∈ E(I),

√
d2u + d2v

min{du, dv}
≥
√

(min{du, dv})2 + (min{du, dv})2
min{du, dv}

=
√
2.

7
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Summing over all such edges gives

HSO(G) =
∑

uv∈E(G)

√
d2u + d2v

min{du, dv}

≥
∑

uv∈E(I)

√
d2u + d2v

min{du, dv}

=
√
2 |E(I)| =

√
2
∑
v∈I

dv.

Finally, since
∑
v∈I

dv ≥ α(G) δI , the desired inequality follows:

HSO(G) ≥
√
2α(G) δI .

Hence, the theorem stands proved.

Definition 2.4. (11) The domination number γ(G) of a graph G(V,E) is the minimum cardinality of
a set D ⊆ V such that every vertex in V \D is adjacent to at least one vertex of D.

Theorem 2.10. Let G(V,E) be a simple graph of order n and domination number γ(G). Then

HSO(G) ≥ (n− γ(G))
√
2.

Proof. Let S ⊆ V be a dominating set of minimum cardinality, that is, |S| = γ(G). For each vertex
w ∈ V \ S, choose a neighbor n(w) ∈ S. Define the set of edges

E = {n(w)w : w ∈ V \ S },

which contains exactly n− γ(G) distinct edges. For any edge e = uv ∈ E , we have
√
d2u + d2v

min{du, dv}
≥
√

(min{du, dv})2 + (min{du, dv})2
min{du, dv}

=
√
2.

Summing over all edges in E , we obtain

HSO(G) =
∑
uv∈E

√
d2u + d2v

min{du, dv}
≥
∑
uv∈E

√
d2u + d2v

min{du, dv}
≥ (n− γ(G))

√
2.

This completes the proof.

3 CONCLUSIONS
In this paper, we established a sharper lower bound for the Hyperbolic Sombor index HSO(G),
improving upon the classical general bound m

√
2. Moreover, we derived new lower and upper bounds

expressed in terms of the chromatic number, independence number, domination number and the
mean and standard deviation of vertex degrees.
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