


Some Fixed Points Results on Parametric Spaces


Abstract: This paper explores fixed point theorems within the framework of Parametric metric spaces and parametric b-metric spaces. By introducing parameters into these spaces, we investigate the conditions under which fixed points and common fixed points exist. The study encompasses various fixed point theorems tailored to parametric settings between parameters and the properties of fixed points. Key focus areas include the characterization of fixed points, the influence of parameters on their existence and uniqueness, and the extension of fixed point theorems to Parametric contexts. 
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Introduction:  Fixed point theory has fascinated many researchers since 1922 with the celebration of Banach Fixed Point theorem [2]. Theorems concerning the existence and properties of fixed points are known as fixed point theorems. Fixed Point Theory plays a basic role in applications of many branches of mathematics improves and generalized some fixed point result in metric spaces and b metric spaces using cone metric space [7]. 
[bookmark: _GoBack]In 2014, the study of expansive mappings became a very important research area in fixed point theory. The new notion Parametric metric spaces introduced by Hussain et al. [5] which is a generalization of both metric space and b-metric space. In 2015, Hussain et. al.[5] and Krishnakumar et. al. [6] introduced complete parametric metric spaces. In 2016, Daheria et.al.[3] proved some fixed point theorem for continuous and surjective expansion type mapping. These days, fixed point theorems is used various branches of mathematics, engineering, computer sciences, economics, medical sciences and solve the problem of existence and uniqueness of various types of problems for partial differential equations, integral equations, game theory etc [10-12].
In this paper, we prove some fixed point results of Parametric metric spaces and Parametric b-metric spaces. In this paper, we used new rational expression for finding fixed point results of Parametric metric spaces.
Preliminaries: Throughout this paper R and R+ will represent the set of real numbers and non- negative real numbers respectively. In 2014, Hussain et. al. [5] defined and studied the concept of parametric metric space as follows.
The following definitions 2.1 and 2.2 are required in sequel which can be found in [5].
Definition 2.1:  Let X be a non-empty set and  be a function. Then  is a Parametric metric space on  if 
(i) for all  if and only if 
(ii) for all  
(iii) for all and all 
      The pair  is a Parametric metric space.
Definition 2.2:   let   be a sequence in Parametric metric space 
(i)  is said to be convergent to  for all  if 

(ii) is said to be a Cauchy sequence in  if for all  if

(iii)  is said to be complete if every Cauchy sequence is a convergent sequence   
Definition 2.3:   Let  be a parametric metric space and  be a mapping then T is a continuous mapping at the point x in X if for any sequence  in X such that 
  
For explaining parametric metric space, we give an example – 
Example 2.4: Let  be a function and X be a set of all function . Now define   by  and all  then P is a parametric metric on X and the pair (X,P) is parametric metric space.
Lemma 2.5: Let  be a sequence in a Parametric metric space  such that  where  and  then sequence  is a Cauchy sequence in 
Section 3: Main Result
The following theorem is our main result
Theorem 3.1: Let be a complete Parametric metric space and T is a continuous mapping satisfying the condition


For all  for all  and  and 
Then T has a unique Fixed Point in X.
Proof: For this we choose be an arbitrary point. 
Let    be a sequence define as follows  for all 
Taking and  in (1) we obtain 










For all , where   
Hence by induction method, we obtain 

By using lemma 2.5, sequence is a Cauchy sequence in X. but X is a complete parametric metric space. Hence  is converges at z be a point of X then  as .
Now by continuity of T we have 



i.e.   Thus T has a fixed point in.
Uniqueness: Let w be another fixed point of T in X then  and 
Now 





This is true only when  so . Hence T has a unique fixed point in X.
Theorem 3.2: Let  be a complete Parametric metric space and T be a surjective mapping satisfying the inequality (i) for all  and all , where  and constants . Then T has a fixed point in X.
Proof:  choose   be an arbitrary and sequence   defined by   for  Then by using (i) we obtain, sequence  is a Cauchy sequence in X. But X is a complete parametric metric space. Hence   is converges then  as .
Existence of Fixed Point: Since T is a surjective mapping then there exists a point  such that 
Now consider –



Taking  we have 





Hence  and so  .
Hence  is a fixed point
Uniqueness: Let w be another point of T in X. then  and 
Now





This is true only when  thus  .
Hence T has a unique fixed point in X.
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