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Abstract

This paper investigates the spectral characteristics and energy parameters of compressed zero-
divisor graphs corresponding to product rings of the form [];_, Z,, for 2 < n < 5, where each p;
is a prime. The eigenvalue spectrum,determinant,trace,spectral radius,and energy indices of the
Adjacency, Laplacian, and Seidel matrices are computed and compared.

For Z,, X Z,,, all three Adjacency, Laplacian, and Seidel energies were equal to 2, reflecting
spectral symmetry in the simplest case. As the product expanded, a notable escalation in the
energies was observed.

The spectral radius p showed a parallel growth, indicating increasing graph complexity with higher
product. Across all product rings, the Laplacian and Seidel energies consistently exceeded
the adjacency energy, showing that larger ring structures lead to greater spectral variation and
stronger graph connectivity. These findings provide a unified perspective on structural connectivity,
regularity, and algebraic symmetry within compressive graphs of product rings and serve as a
foundation for further research involving larger annihilator classes and other ring classes.

Keywords: Compressed Zero-Divisor Graph; Product Rings; Adjacency Matrix; Laplacian Matrix;
Seidel Matrix; Spectral Properties.
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1 Introduction

The study of algebraic structures through graph-theoretic methods has become an important area of
modern mathematical research. One of the most significant constructions connecting ring theory and
graph theory is the zero-divisor graph, which provides a graphical representation of the relationships
among zero-divisors in a commutative ring with unity. The concept was first introduced by Beck (8),
and later refined by Anderson and Livingston (5), who defined the standard version of the zero-divisor
graph used today.

To obtain a more compact representation, Spiroff and Wickham (25) introduced the compressed
zero-divisor graph I'.(R), in which zero-divisors having the same annihilator ideal are merged into
a single equivalence class. Earlier structural properties of zero-divisor graphs were examined by
Mulay (20), and further developments on compressed zero-divisor graphs appear in (4; 12). This
construction preserves essential algebraic information while simplifying the graphical structure.
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The compressed zero-divisor graphs associated with product rings exhibit intricate interactions
among annihilator classes. In particular, for direct product rings, the connectivity pattern strongly
depends on the number of factors involved. As the number of components increases, the graph
structure becomes significantly more complex, leading naturally to questions concerning their spectral
behavior. Matrix representations provide an effective tool for understanding both algebraic and
combinatorial properties of these graphs.

In this paper, we investigate the adjacency, Laplacian, and Seidel matrices of the compressed
zero-divisor graphs of

H pr
k=1

where each py, is prime and 2 < n < 5. By determining their eigenvalue spectra, we compute and
compare the corresponding graph energies for each matrix type. This analysis helps explain how the
algebraic structure of the ring influences the spectral characteristics of the associated graph.

The spectral properties of zero-divisor graphs have been studied by several authors. Young (26)
examined adjacency matrices of zero-divisor graphs of Z,,, while further investigations on adjacency
spectra were carried out in (7; 19). Studies concerning Laplacian and Seidel spectra appear in
(9; 11; 16; 17; 22). These works demonstrate that spectral invariants capture important structural
features of algebraically defined graphs.

The concept of graph energy was introduced by Gutman (10), who defined it as the sum of the
absolute values of the adjacency eigenvalues. Although initially motivated by chemical graph theory,
the concept has since developed into an active area of research in spectral graph theory. Later,
Gutman and Zhou (11) introduced Laplacian energy, defined as the sum of the absolute deviations
of Laplacian eigenvalues from their average value. These notions provide quantitative measures that
reflect the internal structure of a graph.

A comparative study of adjacency, Laplacian, and Seidel matrices offers a unified understanding
of connectivity, regularity, and symmetry within compressed zero-divisor graphs. The results obtained
in this work contribute to the broader development of spectral graph theory in algebraic settings and
may serve as a foundation for future investigations involving larger direct product rings and other
classes of finite commutative rings.

2 Preliminaries

Let T'. be the compressed zero-divisor graph associated with a commutative ring. In this section, we
present the definitions of various matrices and related spectral indices that will be used throughout
the paper.

2.1 Adjacency Matrix

The adjacency matrix of I, denoted by A(T'.) = [ai;], is defined as

1, ifw, is adjacent to v;
i =
0, otherwise

This matrix encodes the edge connections between the vertices of T'..

2.2 Degree Matrix
The degree matrix of I'c, denoted by D(T'.), is a diagonal matrix whose entries are given by
dii = deg(vi),
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where deg(v;) denotes the degree of the vertex v;.

2.3 Laplacian Matrix

For the compressed zero-divisor graph, the Laplacian matrix is given by

The Laplacian matrix captures both the adjacency and degree information of the graph and plays a
significant role in various spectral characterizations.

2.4 Seidel Matrix

The Seidel matrix of T'. is defined as
STe)=J—-1-2A(T.),

where J is the all-ones matrix and I is the identity matrix. The Seidel matrix provides an alternative
representation of the graph structure, emphasizing both adjacency and non-adjacency relations.

These matrices, adjacency, Laplacian, and Seidel, capture distinct struc- tural properties of the
graph and are fundamental in spectral graph theory.

2.5 Adjacency Energy

Let A1, A\2,..., As be the eigenvalues of the adjacency matrix A(I.). The adjacency energy of the
compressed zero-divisor graph is defined as

Ea(Te) = |
i=1

2.6 Laplacian Energy

If 1, po, . . ., um are the eigenvalues of the Laplacian matrix L(T'.), then the Laplacian energy is given
by

m

EL(Te) =)

i=1

2|E|
m

Hi —

k]

where |E| denotes the number of edges in ..

2.7 seidel Energy

For the Seidel matrix S(T'.) with eigenvalues o1, 02, ..., om, the Seidel energy is defined as
Es(Te) =Y _|oil.
i=1

These energy indices measure the overall dispersion of eigenvalues and serve as important
spectral invariants. They establish connections between the algebraic structure of the underlying ring
and the spectral characteristics of its compressed zero-divisor graph.
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3 Main results and observations

In the main results, the primary findings are obtained from the study of the adjacency, Laplacian, and
Seidel energies of compressed zero-divisor graphs associated with product rings.

The results highlight the spectral characteristics of the corresponding compressed zero-divisor
graphs. The following figures illustrate the compressed zero-divisor graphs of the considered product
rings

R= Zp,, Where2 <n <5.

1

n
k=

3.1 Theorem

Let R = Z,, x Zp, with p1,p2 primes. For the compressed zero-divisor graph I'.(R) (the graph
consisting of two vertices joined by a single edge) the adjacency, Laplacian and Seidel energies are
equal and satisfy

Ea(Te(R)) = EL(e(R)) = Es(Ie(R)) = 2.
Proof:
For case n = 2,

(0,p2-1)

(p1=1,0)

Figure 1: T'o(Zy, x Zp,)

The adjacency matrix is

Its characteristic polynomial is det(A — AI) = A? — 1, so the eigenvalues of A are 1 and —1. Hence
the adjacency energy, the sum of absolute eigenvalues, equals

Ea=1+]-1=2

The degree matrix is D = diag(1, 1), therefore the Laplacian matrix equals

1 -1
L=D—-A= .
-1 1
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Computing det(L — 1) yields u(n—2), so the Laplacian eigenvalues are 0 and 2. With m = 2 vertices
and |E| = 1 edge, we have 2Zl = 1, and by the Laplacian energy formula.

Er=0-1]+]2-1=1+1=2.

Finally, the Seidel matrix (with J the all-one matrix and I the identity) is

0 -1
S=J-1-2A= ,
-1 0

whose eigenvalues are o1 = 1 and o2 = —1. Thus, the Seidel energy is equal to
Es=1l4+|—-1]=2.

Since all three energies evaluate to 2, the claim follows.

3.2 Remark

From the spectral study of the compressed zero-divisor graph I'.(Z,, x Z,,), the following properties
of its associated matrices adjacency (A), Laplacian (L), and Seidel (S) are obtained:

1. Adjacency matrix: The spectral radius of A is p(A) = 1 the trace of A is tr(A) = 0, and the
determinant of A is det(A) = —1.

2. Laplacian matrix: The spectral radius of L is p(L) = 2 the trace of L is tr(L) = 2, and the
determinant of L is det(L) = 0.

3. Seidel matrix: The Seidel spectral radius of S is p(S) = 1, the trace of S is tr(S) = 0, and the
determinant of S is det(S) = —1.

Thus, from the above data, we conclude that for the ring Z,,, x Z,,, the compressed zero-divisor graph
is K2, consisting of two connected vertices. Hence, it represents the simplest non-trivial connected
graph structure, which is regular, symmetric, and minimally complex. Because of this simple and
perfectly balanced structure, the adjacency energy, the Laplacian Energy, and the Seidel energy are
all equal.

3.3 Theorem
Let

3
R= HZpk = ZLipy X Lpy X Lipg,
k=1

where p1, p2, and ps are prime numbers. Then, for the compressed zero-divisor graph I'.(R), the
adjacency energy is
EA(T:(R)) = 7.30054.

Proof: For case n = 3,
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Figure 2: T'o(Zy, X Zp, X Zy,)

The adjacency matrix of the compressed zero—divisor graph I'.(R) is given by

— OO, R~k O
O = O = O
SO = O =
[N ool ool
OO OO ~=O
O O O O O

6x6

Since A(T'.(R)) is a real symmetric matrix, all of its eigenvalues are real. The characteristic
polynomial of A is obtained as

xa(A) =det(A — AT) = A% —6X" —20® + 677 — 1.

Factoring gives
xaA) =M =22 = DA+ 1 - 1)

the eigenvalues of the matrix are computed by using Python Programming

-1-6 _—1+V6

M=14+vV2, X=1-V2, Azu= 5 , 5

Numerically, these are
A = 241421, Ay = —0.41421, A34 = —1.61803, Xs6 = 0.61803.

Hence, the adjacency energy is

Ba(Te(R)) = 3 IM

= [2.41421| + | — 0.41421| + 2| — 1.61803| 4 2|0.61803]
= 7.30054.

Therefore, the adjacency energy of the compressed zero—divisor graph I'.(R) is 7.30054.
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3.4 Theorem
Let
3
R= HZPk = Lpy X Lpy X Lps,
k=1
where p1, p2, and ps are prime numbers. Then, for the compressed zero—divisor graph I'.(R), the

Laplacian energy is
Er(T:(R)) = 9.21112.

Proof: Let A(T'.(R)) denote the adjacency matrix of I'.(R) and let D be the diagonal matrix of
vertex degrees. Then the Laplacian matrix is given by

L=D—A.
For the graph I'.(R), the Laplacian matrix is

3 -1 -1 0 0 -1

1 3 -1 0 -1 0
-1 -1 3 -1 0 o0
LTBN)=10o o _1 1 o o
0 -1 0 0 1 0
-1 0 0 0 0 1

6Xx6

The Laplacian matrix is also symmetric, hence all its eigenvalues are real. The eigenvalues of
L(T':.(R)) are computed by using python programming

wi = {0, 2,4.30278, 4.30278, 0.69722, 0.69722 }.

The average degree of the graph is
21E| _
m
where |E| and m denote the number of edges and vertices respectively. By definition, the Laplacian
energy is

2,

6

Br(Te(R) = |n: — 22,

=1

Substituting the values, we obtain
Er(Te(R)) = |0 — 2| + |2 — 2| 4 2|4.30278 — 2| + 2/|0.69722 — 2| = 9.21112.

Hence, the Laplacian energy of the compressed zero—divisor graph I'.(R) is 9.21112.

3.5 Theorem
Let

3
R= HZZDk = Zpy X Lpy X Lps,
k=1

where p1, p2, and ps are prime numbers. Then, for the compressed zero—divisor graph I'.(R), the
Seidel energy is
Es(T.(R)) = 13.41642.

Proof: By definition, the Seidel matrix is given by

S=J-1-24,
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where J is the all-ones matrix, I is the identity matrix, and A is the adjacency matrix of I'.(R). Thus,
the Seidel matrix of I'.(R) is

o -1 -1 1 1 -1

1 0 -1 1 -1 1
-1 -1 0 -1 1 1
STe() =11 1 1 o 1 1
1 -1 1 1 0 1
-1 1 1 1 1 o0

6X6
The characteristic polynomial of S is computed as

xs(o) =det(S —ol) = (0° — 5)*® = 0° — 150" + 750> — 125.
Hence, the eigenvalues of S are computed by using python programming
o1 =02 =03 = —Vb=—-223607, 04=05=06=+b=2.23607.

Therefore, the Seidel energy of I'.(R) is
6
Es(Te(R)) =Y o] = 6v5 = 13.41642.
i=1

This completes the proof.

3.6 Remark

For the compressed zero-divisor graph I'c(Z,, X Zp, X Zp,), Where p1,p2,ps are distinct prime
numbers, the following spectral properties of the associated matrices are obtained:

1. Adjacency matrix: The spectral radius of A is p(A) = 2.41421, the trace of A is tr(A) = 0,
and the determinant of A is det(A) = —1.

2. Laplacian matrix: The spectral radius of L is p(L) = 4.30278, the trace of L is tr(L) = 12,
and the determinant of L is det(L) = 0.

3. Seidel matrix: The Seidel spectral radius of S is p(S) = 5, the trace of S is tr(S) = 0, and the
determinant of S is det(S) = —125.

Thus, for the ring Z,,, x Z,, x Z,,, the compressed zero-divisor graph contains 6 vertices and 6
edges. The graph is connected, moderately symmetric, and partially regular, making it more complex
than the two-vertex case K. It has exactly one connected component, with moderate irregularity in
vertex degrees. Overall, this structure reflects increased complexity and stronger interconnectedness
among vertices compared to the simpler case. These higher energy values indicate stronger global
connectivity and greater structural complexity compared to the simpler case.

3.7 Theorem
Let
4
R= HZPk = Zpy X Lpy X Lps X Lp,,
k=1
where p1, p2, p3, and p,4 are prime numbers. Then, for the compressed zero—divisor graph I'.(R), the

adjacency energy is given by
EA(T:(R)) = 20.
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Proof: For case n = 4,

Figure 3: I'c(Zy, X Zp, X Lpy X ZLy,)

The adjacency matrix of the compressed zero—divisor graph I'.(R) is

01 1100O01 110001
1011011001 O0O0T1O0
1101 1 01 01 001 O0O0
1110 01 01 0 01 0 O0O
0 611000 O0O01O0O0O0°O0
0101 00 0OO1O0O0O0O0TO0
01100001 O0O0O0O0OO0OTO0
A(le(R)) = 1001 0 0 1 0 0 O0O0O0OO0OO
101 0 01 0 0 O O0OOOO0OO
110 0 1 0 0 0 0 0 O O OO
0 0061 00 0 O0OO0OO0OO0OTO0OTGO0OTO
0 01000 0O OOOTO0OTUO0OTGO0OTO
0 1.0 000 0O O0OOOTOTGOT OO
100 0 0 0 0O O OOOOOO

14x14

Clearly, A(T'.(R)) is a real symmetric matrix, hence all its eigenvalues are real.
The characteristic polynomial of A is obtained as

xa\) =det(A—A) = A+ 1)A—1°(A% =X+ 1)(A\% + 31+ 1)°.
From this factorization, the spectrum of A (with multiplicities) was computed using Python programming.

{1 —1, 4.79129, 0.20871, (—2.61803)®, (—0.38197)) }.

Therefore, the adjacency energy of I'.(R) is
Ea(Te(R) = Y |\

= 51| + | — 1] + |4.79129] + |0.20871] + 3|—2.61803| + 3|—0.38197|
= 20.

Hence, E4(T:(R)) = 20, which completes the proof.
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3.8 Theorem
Let
4
R= HZpk = Lpy X Lpy X Lipg X L,
k=1
where p1, p2, p3, and p4 are prime numbers. Then, for the compressed zero—divisor graph I'.(R), the

Laplacian energy is given by
Er(T.(R)) = 34.50292.

Proof: By definition, the Laplacian matrix is given by
L=D-A,

where A is the adjacency matrix and D is the degree matrix.
The degree matrix is

D = diag{7,7,7,7,3,3,3,3,3,3,1,1,1, 1}..

Thus, the Laplacian matrix L of order 14 x 14 is given by

T-p -1 -1 -1 0 0 0o -1 -1 -1 0 0 0o -1
-1 7-p -1 -1 0 -1 -1 0 0o -1 0 o -1 0
-1 -1 7-p -1 -1 0 -1 0 -1 0 I L 0
-1 -1 -1 7-p 0 -1 0 -1 0 o -1 0 0 0
0 0 -1 -1 3-up 0 0 0 o -1 0 0 0 0
o -1 0 -1 0 3-p 0 o -1 0 0 0 0 0
|l o -1 -1 0 0 0 3-p -1 0 0 0 0 0 0
Lepl=1" o -1 0 0 -1 3-u 0 0 0 0 0 0
-1 0 -1 0 o -1 0 0 3-p 0 0 0 0 0
-1 -1 0 o -1 0 0 0 0 3-p 0 0 0 0
0 0 o -1 0 0 0 0 0 0 1-u 0 0 0
0 I 0 0 0 0 0 0 0 1-u 0 0
o -1 0 0 0 0 0 0 0 0 0 0 1-u 0
-1 0 0 0 0 0 0 0 0 0 0 0 0 1-u/ .,

The characteristic polynomial of L is computed as
xr(p) = det(L — pI) = p(p'® — 50p'? +1098p™" — 13980u'% + 1148434° — 641394°
+ 250119457 — 688618445 + 13372929,° — 18087270,*
+16569816° — 97512481% + 33124004 — 492128).
The eigenvalues of L obtained using Python programming are:
o™, 2@ 120871, 579129
0.84661®  8.56976'%), 3.58363().
The Laplacian energy of the graph I'.(R) is given by

14

2|E|
Ep = i
For the given graph,
- 2 % 25
EL(Te(R) =Y |pi — " ’:34.50292.

i=1
Hence, the result follows.

10
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3.9 Theorem

Let R = [[i_y Zp, = Zpy X Zpy X Ly X Zp,, Where pi, po, ps, and ps are prime numbers. Then, for
the compressed zero—divisor graph I'.(R), the Seidel energy is given by

Es(T.(R)) = 41.58194.
Proof: By definition, the Seidel matrix of a graph is given by
S=J-1-2A,

where J is the all-ones matrix, I is the identity matrix, and A is the adjacency matrix of I'.(R).
The Seidel matrix S(I'.(R)) is given by

o -1 -1 -1 1 1 1 -1 -1 -1 1 1 1 -1

-1 00 -1 -1 1 -1 -1 1 1 -1 1 1 -1 1

-1 -1 0 -1 -1 1 -1 1 -1 1 1 -1 1 1

-1 -1 -1 O 1 -1 1 -1 1 1 -1 1 1 1

1 1 -1 -1 0 1 1 1 1 -1 1 1 1 1

1 -1 1 -1 1 0 1 1 -1 1 1 1 1 1

g — 1 -1 -1 1 1 1 0O -1 1 1 1 1 1 1
-1 01 1 -1 1 1 -1 0 1 1 1 1 1 1
-1 1 -1 1 1 -1 1 1 0 1 1 1 1 1

-1 -1 1 1 -1 1 1 1 1 0 1 1 1 1

1 1 1 -1 1 1 1 1 1 1 0 1 1 1

1 1 -1 1 1 1 1 1 1 1 1 0 1 1

1 -1 1 1 1 1 1 1 1 1 1 1 0 1

-1 1 1 1 1 1 1 1 1 1 1 1 1 0

14x14
The characteristic polynomial of S is computed as
xs(o) =det(S — oI) = o'* — 916"% — 1840"" + 26610 4 94960° — 247750°

— 1582560" — 931490° + 7534560° — 180872705
+ 18128795 + 16362000° + 6537510 + 1185840 + 8019.

Hence, the eigenvalues of S, computed using Python programming, are:

8.08276 (1), —1 (1), —4.08276 (1), 4.23607 (3),
—3(4), —0.23607 (3), 3(1).

The Seidel energy of the graph I'.(R) is defined as

Bs(De(R) = 3o,

where o; are the eigenvalues of the Seidel matrix S.

Thus,
14

Es(Te(R)) =Y _|oi| = 41.58194.

i=1

Hence, the result follows directly from computation.

11
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3.10 Remark

Let
R="2Zp, X ZLpy X Lpy X Lp,,
where p1,p2, ps,psa are primes, and let I'.(R) denote the corresponding compressed zero-divisor

graph. Then the following spectral properties hold for the adjacency, Laplacian, and Seidel matrices
of '(R).

(a) Adjacency matrix A: The spectral radius is p(A) = 4.79129. The trace and determinant are

tr(A) =0, det(A) = —1.

(b) Laplacian matrix L: Let D = diag{7,7,7,7,3,3,3,3,3,3,1,1,1, 1} be the degree matrix so
that L= D — A. Then

tr(L) = 50, det(L) =0,
and the spectral radius is p(L) = 8.56976.

(c) Seidel matrix S: The Seidel matrixis S = J — I — 2A. We have
tr(S) =0, det(S) = 8019,

and the Seidel spectral radius is p(S) = 8.08276.

For the ring Z,, X Zp, X Zp, X Zp,, the compressed zero-divisor graph contains 14 vertices and
25 edges. The graph is connected, moderately symmetric, and partially regular, making it structurally
more complex than the three-factor case. It has exactly one connected component, with moderate to
high irregularity in vertex degrees. Overall, the graph exhibits increased complexity, partial symmetry,
and stronger global interconnectedness among vertices. The larger number of vertices and edges
amplifies the structural intricacy compared to lower-factor cases.

3.11 Theorem
Let

5
R= HZM = Lpy X Lpy X Lpg X Lpy X Lpg,
k=1

where p1, p2, p3, p4, and ps are prime numbers. Then, for the compressed zero—divisor graph I'.(R),
the adjacency energy is given by
Ea(T.(R)) = 49.44144.

Proof: For case n = 5,

12
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Figure 4: T'o(Zy, X Zpy X Lpy X Lp, X L)

The adjacency matrix of the compressed zero—divisor graph I'.(R) is denoted by A(T'.(R)) and
has the form

O R R~ RF~O
O === O =
— = O =
— R O~
—_ O = = =
O =~ OO
[EER e Y o Rl Y S Y
o oo oo
OO, O OO
[N eNoll ool
[N eNoNoll =]
oo oo o

N I R B N S
O OO O K -
cCoO—H OO0 O -
coorRroO -
cCoocoOo R~ O -
CoOO0 OO -
coo0co0o0 O -
cooco0o0 O -
cCooco0o0 O -
coo0co0o0 O -
coocoococo

cCoo0co00 O -

30x30

Clearly, A is a real symmetric matrix, hence all its eigenvalues are real. The characteristic
polynomial of A is

xa) = (A2 =A=1)" (A2 4+ —1)" M =723 =163 + TA + 1)

The eigenvalues of A(I':(R)) were calculated by using Python programming and are listed below
together with their multiplicities.

—4.23607 (4), —2.09973 (1), —0.61803 (9), —0.11444 (1),
0.23607 (4), 0.47625 (1), 1.61801 (9), 8.73792 (1).
Hence, the adjacency energy is

30
Ea(Te(R)) = |As| = 49.44144.

i=1

13
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3.12 Theorem

Let R = H2:1 Ly, = Lp, X Lpy X Lpy X Lp, X Lps, Where p1,pa, p3, ps, and ps are prime numbers.
Then, for the compressed zero—divisor graph I'.(R), the Laplacian energy is given by

EL(T.(R)) = 125.18464.

Proof: By definition, the Laplacian matrix is L = D — A, where A is the adjacency matrix and D is
the degree matrix.

D = diag{15,15,15,15,15,7,7,7,7,7,7,7,7,7,7,3,3,3,3,3,3,3,3,3,3,1,1,1,1, 1}.

Then the Laplacian matrix is

%5 -1 -1 -1 -1 0 0 0 0 0 -1
-1 15 -1 -1 -1 0 0 0 0 -1 0
-1 -1 15 -1 -1 -1 0 0 -1 0 0
-1 -1 -1 1% -1 -1 - -~ 0 =1 0 0 0
-1 -1 -1 -1 15 -1 - - =1 0 0 0 0
0 o -1 -1 -1 7 - - 0 0 0 0 0
L=
-1 -1 0 0 0 -1 0 0 0 0 0
0 0 0 0 -1 0 1 0 0 0 0
0 0 0 -1 0 0 0 1 0 0 0
0 0 -1 0 0 0 0 0 1 0 0
0 -1 0 0 0 0 0 0 0 1 0
-1 0 0 0 0 0 0 0 1

30x30

The characteristic polynomial x () = det(L — pI) expands to
2 5/ 3 2 4 3 2 4
pw(p® — 9+ 17)% (1 — 194 4+ 794 — 66) (1" — 29> + 2394 — 586 + 360)
The eigenvalues of L are computed using Python programming.

0(1), 0.92604(4), 1.11872(1), 2.6835(4), 2.69722(5),
4.3647(1), 6.30278(5), 8.65768(4), 13.51658(1), 16.73278(4).

The Laplacian energy is given by

30

EL(Te(R) =

i=1

__2><90
‘ 30

30
2|E|
== ‘—; n

Hence, the result follows directly from computation.

’ = 125.18464.

3.13 Theorem

Let R = HZ=1 Ly, = Lp, X Lpy X Lpy X Lp, % Lps, Where p1,pa, p3, ps, and ps are prime numbers.
Then, for the compressed zero—divisor graph I'.(R), the Seidel energy is given by

Es(T(R)) = 105.22954.
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Proof: By definition, the Seidel matrix is S = J — I — 2A, where J is the all-ones matrix and I is the
identity matrix. Thus,

0 -1 -1 -1 -1 1 1 1 1 1 -1
-1 0 -1 -1 -1 1 1 1 1 -1 1
-1 -1 0 -1 -1 -1 1 1 -1 1 1
-1 -1 -1 0 -1 =1 -+ -+ 1 -1 1 1 1
-1 -1 -1 -1 0 -1 -+ -+ -1 1 1 1 1
1 1 -1 -1 -1 0 - -~ 1 1 1 1 1

S(Te(R)) =
-1 -1 1 1 1 -1 1 1 1 1 1
1 1 1 1 -1 1 o 1 1 1 1
1 1 1 -1 1 1 1 0 1 1 1
1 1 -1 1 1 1 1 1 0 1 1
1 -1 1 1 1 1 1 1 1 o0 1
-1 1 1 1 1 1 1 1 1 1 0

30x30
The characteristic polynomial xs (o) = det(S — oI) simplifies to
(6% — 60 —11)* (0 + 40 — 1)°(6* — 120° — 1660> — 2280 — 59)
The eigenvalues are calculated using python programming
—7.07486(1), —4.23607(9), —1.47214(4), —1.18517(1),
—0.34155(1), 0.23607(9), 7.47214(4), 20.60158(1).
Hence, the Seidel energy of I'.(R) is

30
Es(Te(R)) =Y _|oi| = 105.22954.

i=1

3.14 Remark

Let
R="1Zp, X Zp, X Lpy X Lp,y X Ly,

where p1, p2, p3, pa, ps are primes, and let I'.(R) denote the compressed zero-divisor graph. Then the
following spectral properties hold for the adjacency matrix A, the Laplacian matrix L, and the Seidel
matrix S of T'.(R).

(a) Adjacency matrix A: The spectral radius is
p(A) = 8.73792,
and the trace and determinant satisfy
tr(A) =0, det(A) = —1.
(b) Laplacian matrix L: Let
D = diag{15,15,15,15,15,7,7,7,7,7,7,7,7,7,7,3,3,3,3,3,3,3,3,3,3,1,1,1, 1, 1},

sothat L =D — A. Then
tr(L) = 180, det(L) =0,
and the computed Laplacian spectral radius is

p(L) = 16.73278.
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(c) Seidel matrix S: The Seidel matrix S = J — I — 2A satisfies
tr(S) =0,  det(S) = 863819,
and the computed Seidel spectral radius is

p(S) = 20.60158.

For the ring Z,, X Zp, X Zpy X Zp, X Zps, the compressed zero-divisor graph contains 30
vertices and 90 edges. The graph is connected, moderately symmetric, and partially regular, making
it structurally much more complex than the four-factor case. It has exactly one connected component,
with moderate to high irregularity in vertex degrees. Overall, the graph demonstrates a significant
increase in structural complexity, while symmetry decreases as more prime factors are added. The
growing number of vertices and edges amplifies the graph’s connectivity and richness, showing how
the structure becomes increasingly intricate and less symmetric with each additional factor.

4 Conclusion

The study of compressed zero-divisor graphs of rings Zy, X Zy., x - - - X Zy,, reveals a clear progression
in structural complexity as the number of prime factors increases. For the simplest case of two
factors, the graph is K>, a perfectly balanced, regular, and symmetric structure. Adding a third factor
increases the number of vertices and edges, introduces moderate irregularity, and reduces symmetry,
while still maintaining a single connected component.

With four and five prime factors, the graphs grow significantly larger, with 14 and 30 vertices
respectively, exhibiting partial symmetry, higher irregularity, and stronger global interconnectedness.
These observations indicate that each additional prime factor amplifies the graph’s complexity and
connectivity, while gradually diminishing regularity and symmetry. Overall, the analysis demonstrates
a consistent pattern: as the ring becomes richer in prime components, its compressed zero-divisor
graph becomes increasingly intricate and interconnected.
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