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	[bookmark: _Hlk221913369]ABSTRACT
This study explores the mechanical behaviour of a thermoelastic diffusive half-space subjected to non-local and dual-phase-lag (DPL) effects. Analytical investigation is carried out using Laplace and Fourier transforms in the temporal and spatial domains respectively. To model real-world scenarios, ramp-type tangential forces are considered. The physical field variable such as displacement, stress, temperature variation and chemical potential are obtained in the transformed domain. These results are then converted into the physical domain through numerical inversion techniques, and the corresponding behaviours are illustrated graphically. Several special cases are also explored to understand limiting behaviours under specific conditions. The problem discussed in this paper finds real-life application in microelectronic device design, geomechanical modelling and biomedical heat and mass transfer analysis.
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1. INTRODUCTION
[bookmark: _Hlk212309007]Non-local continuum theories have been proposed and refined by various researchers to account for microstructural effects that are not captured by classical theories. Pioneering contributions by Eringen & Edelen (1972), Eringen (1972,1981,1986,1990,1991) Edelen & Laws (1971), as well as McCay & Narsimhan (1972,1981) laid the foundation for these formulations. A comprehensive development of the non-local elasticity framework can be found in Eringen's monograph (2002).
Building on this, Tzou (1992) integrated non-local theory with phase-lag heat conduction models. His formulation aligned well with the models developed by Cao & Guo (2007) and Guo & Hou (2010). Later, Tzou & Guo (2010) extended this approach to encompass dual-phase-lag (DPL) effects. A more advanced model that accommodates both spatial and temporal memory effects was introduced by Tzou (1995).
[bookmark: _Hlk204551230]Diffusion, defined as the movement of particles from high to low concentration regions, is the centre of chemistry, medicine, and materials science. Classical models based on Fick's law overlook the interactions between diffusing species and substrates. To address this limitation, Nowacki introduced a coupled thermoelastic diffusion model in 1974, although it still predicted infinite wave speeds. This drawback was later resolved by Sherief et al. (2004) who incorporated Lord-Shulman-type relaxation into the theory, resulting in finite propagation speeds. 
[bookmark: _Hlk204551137][bookmark: _Hlk204639730][bookmark: _Hlk204551173]Other recent works include thermal buckling in nanobeams under gradient temperature fields based on non-local models by Yu et al. (2016) and the impact of Hall current and rotation on  thermoelastic plates subjected to ramp-type heating by Kumar et al. (2017). The inclusion of dual-phase-lag effects in porous and nano-scale systems has been explored by researchers Kumar et al. (2010,2016) and Abouelregal (2018) while the combined influence of phase lags and spatial non-locality was emphasized by Yu et al. (2016) and Manushi & Mukhopadhyay (2019). Thermoelastic diffusion models with multiple phase lags and chemical potential effects have also been developed by Borjalilou et al. (2020) and Zenkour (2020). Additionally, Sharma and Khator (2021,2022) applied these theories in the context of power generation and renewable energy systems under uncertain conditions. Makkad et al.(2025) analysed thermoviscoelastic diffusion of a cylindrical cavity using three-phase-lag and nonlocality effect. Patil et al. (2025) studied the nonlocal thermoelastic diffusion analysis in a semi-infinite body subjected to thermal loading with memory effects. Marin et al. (2025) have contributed to the theory of Green’s functions and fundamental solutions under the Moore-Gibson-Thompson framework for photo thermoelastic media.
The present work investigates the influence of non-locality and dual-phase-lag effects induced by mechanical sources in a thermoelastic diffusive medium. Employing integral transform techniques, the study provides analytical solutions for field variables subjected to ramp-type tangential and potential inputs. These solutions are analysed numerically and displayed graphically to illustrate the significant impact of the model parameters.                                                                                                                
2. BASIC EQUATIONS
[bookmark: _Hlk204377471]In this study, we consider a homogeneous and isotropic thermoelastic material that exhibits both diffusion and non-local effects, along with dual-phase-lag behaviour. The primary physical variables under investigation are the temperature field, chemical potential and the components of elastic displacement. The governing equations describing the system dynamics are formulated based on established models presented in prior works of Sherief et al. (2004), Tzou & Guo (2010) and Yu et al. (2016) which integrate the effects of non-locality and time delays in both thermal and diffusive responses.
(i) Constitutive Relations
 = 2µ  [ - T - P]				                                                    (1) 
(ii) Equation of motion
 (+ µ  () + µ - T - P = (1- )  			                                       (2)
(iii) Equation of heat conduction
ζ2 +  + ) ( +  +  d) = K(1+  ) T	            (3)
(iv) Equation of mass diffusion
 (1 - ς2 +  +) ( +  +  ) = D(1+ )P	            (4)
where:
=  -  /b,     = + ,       = ,      =  / + a2/b,     d = , 
n = 	            (5)
[bookmark: _Hlk204378242][bookmark: _Hlk204378283][bookmark: _Hlk204378351][bookmark: _Hlk204378370][bookmark: _Hlk204378174]In the governing equations (1)-(4), the symbols ξ, ζ, ς represent the non-local parameters that introduce spatial memory effects into the material behaviour. The thermal phase-lag parameters are denoted by  (associated with heat flux) and ​ (associated with temperature gradient), both satisfying ≥0 and  ​≥0. Similarly,  and  are the phase-lag parameters corresponding to mass flux and chemical potential gradient, respectively.
The thermoelastic coupling parameters are given by:
· [bookmark: _Hlk204378853] = (3λ+2µ)  relating mechanical deformation to thermal effects and
·  = (3λ+2µ) capturing the influence of mass diffusion on stress fields.
Here,  and ​ denote the linear coefficients of thermal and diffusive expansion, respectively. The operator ∇ refers to the gradient (nabla), and Δ represents the Laplacian operator. All other symbols are used in their standard form as commonly adopted in continuum mechanics and thermoelastic diffusion theories.
3. STATEMENT OF THE PROBLEM
[bookmark: _Hlk204379099][bookmark: _Hlk204379386][bookmark: _Hlk204379318]The problem under investigation involves a homogeneous, isotropic, thermoelastic diffusive half-space influenced by both non-local interactions and dual-phase-lag effects. The material occupies the region ​≥0 in a rectangular Cartesian coordinate system (,) where the plane =0 serves as the boundary surface.
On this boundary surface (=0) the medium is subjected to ramp-type mechanical (tangential) loading and chemical potential sources. These sources introduce coupled thermomechanical and diffusive effects into the system.
For simplification and practical relevance, the problem is reduced to a two-dimensional setting, where variations are considered only in the  and directions. Consequently, all field variables are assumed to be independent of  ​ facilitating a tractable analytical solution while still capturing the essential physical behaviour.
[bookmark: _Hlk204379635]u = (()),  T (),  P ()		                                                (6)
Eqns. (2)-(4) along with (6), recast the following equations
(+ µ) + µ -   -  = (1- )     	                 (7)                                     (+ µ) + µ -   -  = (1- )  ,	                 (8)                         (1- ζ2 +  + ) ( +  +  d) = K(1+  ) T,  	                 (9)      (1- ς2 +  + ) ( +  +  ) = D (1+)P   	               (10)
For further simplification following dimensionless quantities are used:
ξˈ= ξ,      ζˈ= ζ,      ςˈ= ς,  ˈ=  ,    ˈ=   ,      tˈ= ω*t, 
 ˈ= ω*, ˈ=ω*,      = ω*,   = ω*,      ˈ = ,
  ˈ = , Tˈ=T,         Pˈ=P      	                (11)         
where: 
 ω* = ,    2  = 
 ω* is the characteristic frequency and  is the longitudinal wave velocity in the media.
Employing eqn. (11) on (7)-(10), reduce to the following equations after suppressing the primes
  +   -   -  = (1- ) ,  	              (12)
  +   -   -  = (1- ) ,	              (13)
(1- ζ2 +  + ) ( +  +  d) = (1+ ) T, 	              (14)
(1- ς2 +  + ) ( +  +  ) = (1+ )P                                            (15)
where: 
  +   ,   e =  + 
4. SOLUTION PROCEDURE IN TRANSFORMED DOMAIN
To analyze the problem effectively, we consider a potential function formulation for the displacement field. The displacement components  are expressed in terms of two scalar potentials  and  (  in their non-dimensional forms, as follows:
 - ,     +                                                                                                        (16)
To proceed analytically, we apply:
· The Laplace transform with respect to time t denoted by:
            () =)dt,
· The Fourier transform with respect to the spatial variable denoted by:
 () =) d
Applying these transforms reduces the system of partial differential equations to a set of ordinary differential equations in the spatial variable  which can be solved subject to the given boundary conditions in the transformed domain.
[bookmark: _Hlk204380008] From (12)-(16) we have:
( +) φ – T – P - (1- ) = 0,	(17)       
ψ - (1- ) = 0,	(18)                              
(1- ζ2 +  +) ( +  +  ) = (1+ ) T,	                   (19)
(1- ς2 +  +)(+  + ) = (1+)P   	 (20)
Where: 
 = ,     =       =  ,     = ,     =,
  =,     =   =,     =       	                                                               (21)
We define Laplace and Fourier transforms as:
() =)dt, 
 () =) d   			                                                               (22)
Applying the Laplace and Fourier transforms defined by (22) on (17)-(20), after simplification, we obtain equations
=0                                                                                                    (23)
]                                                                                            (24)      
	
]  [=0               (25)
 ς2 )]+ς2=0               (26) 
where 
[bookmark: _Hlk204686144]   ,    ,   1+s      =        ,   = ,  ,  , , 
   
 For non-trivial solution (  equations (23), (25) and (26) reduce to
( +  +  +)(  = 0  				                                                  (27)
and equation (24) becomes
( - ) = 0                                                                                                                                  (28) 			                                                                        where:  
 -  
,                                                                                                                    
,                                                                                                     
 ,
          

and
=,   
,  
 , 
The solution of equations (27) & (28) with the condition that  and  tend to zero as  tend to infinity can be written as:
(     			                                                  (29)                                                                           
 =  							                        (30)
Here mᵢ (i =1,2,3,4) are the solutions of the characteristic equations given by (27) & (28) and the coupling constants are given by:


                                                                                                                                               i=1,2,3 
5. BOUNDARY CONDITIONS: TANGENTIAL AND CHEMICAL POTENTIAL SOURCES
In this problem, we consider a ramp-type loading on the boundary surface = 0 in the form of both mechanical (tangential) and diffusive (chemical potential) sources. The boundary is also assumed to be traction-free in the normal direction and maintained under isothermal conditions. Accordingly, the boundary conditions can be expressed as:
   	                                                             (31)        
The time-dependent ramp-type loading functions are defined piecewise, where: 
 [          	                                                             (32)
()=  H(t)
where is the magnitude of the force and is the constant temperature applied on the boundary and  is dirac delta function and  is ramp-type parameter.
The ramp functions ensure a smooth application of boundary disturbances, ensuring smooth boundary excitation and avoiding singularities associated with instantaneous loading 
Non dimensional stress components are given by: 
( + (  P   			                                               (33)
(   				                                                            (34)
Applying Laplace and Fourier transforms defined by (22) on (27) & (28) yield
= 0,    T̂ = 0,    P̂ = (s),                                                        
(s) =  ,    (s) =    			                                                            (35)                                                             
The physical quantities like displacement components, stress components, temperature change and chemical potential are derived with the use of (16), (22), (25), (26), (29) & (31) as:
 +     				                                               (36)
 = ᵢ       				                                               (37)
=  +      				                                               (38)
 =  +   				                                                            (39)
T̂ = 							                     (40)
P̂ = 							                     (41)
In above,  
 +,   
 = 
 =  
 =  
and 
= (2,    = ,  
 = ,    = ,  
= ,   = ,   = ,  =     i=1, 2, 3                                                                      
(i= 1, 2,3,4) are obtained by replacing 1st, 2nd, 3rd, 4th column by [0, (s), 0,(s)]Tr in . 
The non-dimensional forms of the stress components will be derived using the transformed displacement potentials and the constitutive relations defined earlier.
6. VALIDATION AND DEDUCED CASES
By setting the chemical potential source amplitude to zero, i.e._=0 the expressions (36)-(41) reduce to a case where only a ramp-type tangential force is applied. The resulting solutions yield the response of the system namely, the displacement and stress components, temperature variation, and chemical potential due to purely mechanical loading.
Deduced Special Cases
(a) Dual-Phase-Lag Thermoelastic Diffusion (Without Non-Local Effects)
By setting the non-local parameters to zero, i.e.,  the model simplifies to the classical dual-phase-lag (DPL) thermoelastic diffusion theory. The resulting expressions from equations (36)-(41) then describe a local (classical) medium where finite speed thermal and diffusive waves are still accounted for via phase-lag parameters.
(b) Non-Local Thermoelastic Diffusion (Without Phase Lags)
If the phase-lag parameters vanish, i.e., , = 0, the system reduces to a non-local thermoelastic diffusion model without any time delays in thermal or mass transport. In this limiting case, equations (36)-(41) represent the system response purely under spatial non-locality, assuming instantaneous propagation of thermal and diffusive effects.
7. INVERSION OF THE TRANSFORMS
We invert the transforms in (36)-(41), with the help of Kumar et al. (2017).
8. NUMERICAL COMPUTATIONS
For numerical evaluation, material properties of copper representing a typical thermoelastic diffusive solid are adopted in accordance with the data used in Sherief & Saleh (2005). The computations are performed using MATLAB R2016a, and the goal is to examine the variations in normal stress, tangential stress, temperature change, and chemical potential under different physical scenarios.
λ = 7.76Kg,  Kg, = 0.293,  = 0.3891 J, = 1.78, = 1.98 , , Kgs,  K= 0.386,   = 0.2s, = 0.7s,  =0.9s, m,  , m 
The following five cases are analysed to understand the impact of non-locality and phase lags:
1. TNP – Thermoelastic diffusion with both non-local effects and dual-phase-lag (thermal and diffusive).
2. WNTP – Without non-local effects, i.e., local thermoelastic diffusion with dual-phase-lag.
3. TNWDP – Thermoelastic diffusion with non-locality and without diffusion phase lag.
4. TNWTP – Thermoelastic diffusion with non-locality and without thermal phase lag.
5. TN – Thermoelastic diffusion with non-local effects without any phase lag.

To distinguish between the various cases, the following styles are adopted in the graphical plots:
· Solid line (──): Case 1 - TNP (with non-local and dual-phase-lag effects)
· Small dash line (- - -): Case 2 - WNTP (without non-local, with dual-phase-lag)
· Large dash line (─ ─): Case 3 - TNWDP (non-local, no diffusion phase lag)
· Solid line with centre asterisk (─*─): Case 4 - TNWTP (non-local, no thermal phase lag)
· Large dash line with central symbol (─ ₀ ─): Case 5 - TN (non-local only)
This comparative analysis helps to isolate and highlight the distinct influences of non-locality, thermal lag and diffusion lag on the behaviour of thermoelastic diffusive media under transient loading conditions.
The graphical results shown in Figures 2-5 are plotted using the inverted expressions of displacement, stress, temperature, and chemical potential obtained from equations (38) -(41).
Figure 2 (Normal stress  ) is plotted using equation (38).
Figure 3 (Tangential stress ) is plotted using equation (39).
Figure 4 (Temperature T ) is plotted using equation (40).
Figure 5 (Chemical potential P ) is plotted using equation (41).
9. Response under Tangential Load
This section presents the numerical results for the system’s response to a ramp-type tangential load applied on the boundary. The variation of different physical quantities with respect to the spatial coordinate ​ is discussed for all five considered cases.
· [bookmark: _Hlk204381654]Figure 2 illustrates the variation of the normal stress component ​ versus .
For the WNTP case (without non-locality)   ​ initially increases over a limited region before decreasing. In contrast, for the TNP, TNWDP, TNWTP, and TN cases (all involving non-local effects)   exhibits an oscillatory behaviour, highlighting the dispersive nature of stress propagation under non-local interactions.
· Figure 3 presents the variation of the tangential stress component with ​.
In the WNTP, TNWTP, and TN configurations,  shows a decreasing trend near the load application point and transitions into oscillatory behaviour at greater distances. For the TNP and TNWDP cases, the variation in  follows a similar trend, indicating the influence of phase lags in these configurations.
· [bookmark: _Hlk204382202]Figure 4 shows the variation of the temperature field T against ​. In the TNP,
TNWTP and TN cases, the temperature initially increases and then decreases, reflecting the interplay of thermal lag and non-local effects. For WNTP and TNWDP, a similar rise-and-fall pattern is observed over a limited spatial region, after which the trend reverses, likely due to the absence of either non-local or diffusion phase-lag effects.
· Figure 5 depicts the variation of the chemical potential P with ​​.
For TNP, WNTP, and TNWDP, the chemical potential decreases near the loading point and exhibits oscillations further away. In contrast, the TNWTP and TN cases show a relatively uniform trend across the spatial domain, indicating reduced influence of sharp thermal gradients and enhanced damping due to the combined effects of weak thermal porous and diffusive mechanism. The oscillatory behaviour observed in non-local and phase-lag cases indicates dispersive diffusion waves caused by strain–diffusion coupling and memory effects. Thus, Figure 5 demonstrates how deformation significantly influences the diffusion field in a non-local dual-phase-lag thermoelastic medium.
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               Figure 1. Geometry of the problem (Ramp type)
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Figure 2. Oscillatory stress  under different diffusion models
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Figure 3. Decreasing stress  under different diffusion models

[image: ]
Figure 4. Variation of T  under different diffusion models
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Figure 5. Variation of P  under different diffusion models

10. CONCLUSION
In this study, the thermoelastic response of a diffusive half-space was examined under the influence of ramp-type tangential sources. The analytical solution was obtained using integral transform techniques, specifically the Laplace transform in time and the Fourier transform in space. The model incorporated both non-local effects and dual-phase-lag parameters, allowing for a comprehensive investigation of their influence on stress, temperature, and diffusion fields.
The analysis reveals that the non-locality and phase lags have a pronounced effect on the physical quantities. These parameters significantly influence the propagation characteristics and amplitude of field variables, confirming their sensitivity to microstructural and temporal memory effects.
Under a ramp-type tangential source, the stress components, temperature, and chemical potential generally show a decreasing trend near the point of application, followed by oscillatory behaviour at greater distances, particularly in non-local and phase-lag settings.
The present study has practical utility in modelling heat and mass transfer in advanced materials where classical theories fall short, particularly in micro/nano-scale devices, composite materials, and porous media. Real-world applications include thermal stress analysis in microelectronics, drug delivery in biomedical tissues, and seismic response prediction in geomechanics. The model’s ability to incorporate non-local effects and memory-dependent behaviour makes it valuable for accurate design and analysis in material science, earthquake engineering, and thermal management systems. Unlike classical thermoelastic diffusion, the present model simultaneously incorporates spatial non locality and temporal memory, yielding oscillatory stress and chemical potential fields.
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