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ABSTRACT

	
Background: The Narayana sequence is a mathematical sequence based on a delayed reproduction model, extending concepts similar to the Fibonacci sequence and studied through its recurrence relations and related properties.
Aims: This study aims to define the complex Narayana number sequence and to investigate its fundamental properties.
Study design: This research is theoretical and analytical in nature. Based on a comprehensive review of the literature on Narayana and related number sequences, a complex extension of the Narayana sequence is introduced. Its recurrence relation and initial conditions are determined, and the characteristic equation is obtained. By analyzing the roots, the Binet formula is derived. In addition, the generating function and matrix representation of the sequence are established. Positive and negative indexed terms are examined, and the validity of Catalan, Cassini, and D’Ocagne-type identities is investigated through analytical proof techniques. 
Place and Duration of Study: This thesis study was conducted at the Faculty of Science and Letters, Bitlis Eren University. The study did not involve any experimental or applied processes; it was carried out within a theoretical framework based on literature review and analytical methods. The research was completed between November 2025 and February 2026.
Methodology:  The tudy was conducted using theoretical and analytical research methods.
The relevant literature has been thoroughly reviewed; existing studies on the Narayana number sequence and related number sequences have been examined. The complex Narayana number sequence has been defined, and its recurrence relation and initial conditions have been determined. The characteristic equation was obtained, and Binet's formula was derived by analyzing its roots. The sequence generator function and matrix representation were created using analytical methods. Terms with positive and negative indices have been calculated and presented in a table. The adaptability of Catalan, Cassini, and D'Ocagne type identities to the complex Narayana number sequence has been investigated, and the necessary proofs have been provided. All results obtained have been verified using algebraic transformations, mathematical inferences, and analytical proof techniques.
Results: The study successfully defines the complex Narayana number sequence and establishes its main structural properties. Explicit forms such as the Binet formula, generating function, and matrix representation are obtained. Furthermore, it is shown that classical identities, including Catalan, Cassini, and D’Ocagne-type identities, can be extended to the complex Narayana number sequence. These results are rigorously verified using algebraic and analytical methods.
Conclusion: The findings contribute to the generalization of classical number sequences into the complex domain and provide a comprehensive framework for the analysis of the complex Narayana number sequence. This study is expected to support further research on generalized recursive sequences and their algebraic properties.
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1. INTRODUCTION
The Narayana sequence is named after the famous Indian mathematician Narayana Panditha. Similar to the rabbit problem in the Fibonacci sequence, the Narayana sequence has a calf problem. This problem is as follows: " A cow produces one calf every year. Beginning in its fourth year, each calf produces one calf at the beginning of each year. How many calves are there altogether after 20 years?"( Allouche &Johnson 1996).  While each new rabbit pair in the Fibonacci sequence requires one month to mature and reproduce, the calf in the Narayana sequence only matures and reproduces in the fourth year. The Narayana sequence is based on the assumption that all cows on which reproduction is based have given birth to all possible offspring. The Narayana number sequence constitutes a broad area of ​​research and has formed the basis of many theories. With the studies conducted, the importance of the Narayana number sequence and its applications have expanded.
This article defines the complex Narayana number sequence. We will first present the definition of the Narayana number sequence, its recurrence relation, its characteristic equation and its roots, Binet's formula, its generating function, and its matrix representation. Then, we will review some studies on the Narayana number sequence. We will introduce the complex Fibonacci and complex Leonardo number sequences. The recurrence relation, characteristic equation, roots of the characteristic equation, the first ten positive and negative terms of the complex Narayana number sequence in tabular form, Binet's formula, generating function, and matrix representation are presented. Information on some sum formulas for the complex Narayana number sequence is reviewed. Finally, the equivalents of some identities, such as Catalan's, Cassini's, and D'Ocagne's, related to the complex Narayana number sequence are given.
2. material and methods
Narayana Number Sequence
Definition 1. The recurrence relation of the Narayana number sequence is given below for  ( Özkan and Kuloğlu, 2021).

where, if we express n in years, is the nth order Narayana number sequence. The initial conditions for the sequence are as follows; ,  ve .
Table 1: First Few Positive and Negative Terms of the Narayana Number Series
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The characteristic equation of the Narayana number sequence and the roots of the characteristic equation of the Narayana number sequence are given below.





 where  is the primitive cube root of unity (Ramirez, (2015)).The Binet formula for the Narayana number sequence is given below (Soykan, Göcen and Çevikel, 2021),


The generating function of the Narayana number sequence is,

The matrix representation of the Narayana number sequence is given below based on the powers of the matrix Q. (Soykan, Göcen and Çevikel, (2021)).


For , Narayana numbers have the properties (Soykan, 2020).



Gaussian Narayana Number Sequences 
Definition 2. The Gaussian Narayana number sequence is denoted by .The recurrence relation of the Gaussian Narayana number sequence is given below (Vieira et al., 2024).

Initial conditions of the Gaussian Narayana number sequence and Some of the Gaussian Naraya numbers are as follows;

i, 1, 1, 1+i, 2+i, 3+i, …
If we express the connection between the Narayana number sequence and the Gaussian Narayana number sequence with the recurrence relation given below;
,
the relation we obtain will be as follows (Kuloğlu, 2023).

	Binet formula for Gaussian Narayana number sequence (Kuloğlu, 2023),
 
	Generator function of Gaussian Narayana number sequence;

The matrix representation of the Gaussian Narayana number sequence is given below. (Vieira et al., 2024).

,

t- Narayana Number Sequences
The recursive relation of the t-Narayana sequence is ,

The initial conditions are; , , . The first few terms of the t-Narayana sequence are as follows,

The generating function of the t-Narayana sequence, the characteristic equation, the Binet formula, and the roots of the characteristic equation are given below, respectively (Ramirez & Sirvent, 2015).






where,  is the primitive cube root of unity (Ramirez, (2015)).
The matrix representation of the t-Narayana array is as follows;

Complex Fibonacci Number Sequences
The complex Fibonacci number sequence is expressed as;

where  and  is the nth Fibonacci number (Solak and Bahşi, 2016).
Recurrence relation of complex Fibonacci number and Initial conditions for the complex Fibonacci sequence of numbers;


	Characteristic equation of the complex Fibonacci sequence of numbers and roots of characteristic equation;


	Binet's formula for the complex Fibonacci sequence;




If we write the expressions  and  here, we obtain the complex Fibonacci number sequence as given below;

	The generator function of the complex Fibonacci number is given below (Halıcı, 2012),

	Matrix representation of the complex Fibonacci sequence of numbers

by continuing this process for the nth time, by induction;

The matrix representation of the complex Fibonacci number sequence is obtained (Altınışık, 2015).
Complex Leonardo Number Sequences
Definition: For , n-th complex Leonardo numbers are defined by 

	It is important to note that, we denote the n-th complex Leonardo number with  . Using the recurrence relation and definition of complex Leonardo numbers we get,

where  and  (Karataş, 2022).
	Binet formula for the complex Leonardo numbers;

where  and  are golden and silver rations,  and .
	The generating function for the complex Leonardo numbers is

	Cassini identity for complex Leonardo numbers is

where  is n-th Leonardo number (Karataş, 2022).
	D’Ocagne’s identity for complex Leonardo numbers is


where  and .
	For positive integer n, we have following summation formulas for complex Leonardo numbers,



	For , we have following summation equations,



3. results and discussion
[COMPLEX NARAYANA NUMBER SERIES 
In this section, we will present the recurrence relation, initial conditions, characteristic equation, roots of the characteristic equation, the first ten positive and negative terms of the complex Narayana number sequence in tabular form, Binet's formula, generating function, and matrix representation. We will also examine some properties of the complex Narayana number sequence and the equivalence of some identities, such as Catalan's, Cassini's, and D'Ocagne's.
Definition 3. The recurrence relation of the complex Narayana number sequence is given below for , 

Here, if we express n in years, is the nth order complex Narayana number sequence. The initial conditions for the sequence are as follows; ,  ve .
Table 2. First Few Positive and Negative Terms of complex Narayana Number Series
	Positive Terms of Complex Narayana             Negative Terms of Complex Narayana       
Numbers                                                                                                 Numbers
	
	

	
	
	

	                                                                                                    
                                                                                              
                                                                                            
                                                                                            
                                                                                            
                                                                                            
                                                                                            
                                                                                          
                                                                                          
                                                                                        
                                                                                       
	
	

	
	
	

	
	
	


If we express the connection between the Narayana number sequence and the complex Narayana number sequence with the recurrence relation given below,

Using the recurrence relation and definition of complex Narayana numbers we get,



The characteristic equation of the complex Narayana number sequence and the roots of the characteristic equation are as follows;





where , is the primitive cube root of unity.
Theorem 4. The Binet formula of the complex Narayana number sequence is given below,

Proof: By using the Binet formula of the Narayana number sequence, the Binet formula of the complex Narayana number sequence is obtained.
Theorem 5. The generating function of the complex Narayana number sequence is given below,

Proof: We take a general sum as a basis and obtain a coefficient with an element of the complex Narayana numbers in each part of the sum.

When we continue the series;






When we rearrange the equation

Then, if we put the expressions   and  to the other side of the equation and rearrange the equation by taking the parentheses , we obtain the generating function of the complex Narayana number sequence as given below. 



Theorem 6. The matrix representation of the complex Narayana number sequence is obtained by multiplying the powers of the  matrix with the   matrix.


let it be. For  

is obtained.
proof: For ,




 It satisfies the equation, for,





We see that the equation is satisfied for  and equality is also achieved for other numbers written in place of n. Let's assume the theorem is true for ,

Let the equality be true. Now let's show that the theorem is true for .






is obtained. This provides the proof.
 In this case, the matrix representation of the complex Narayana number sequence will be as given below.


Theorem 7. The sum of the terms of the complex Narayana series,

Proof: For 






If the equation is summed up

and ,

it is obtained.
Theorem 8. The following equality holds for the complex Narayana number,

Proof: From the definition of complex Narayana numbers,




If the equation is summed up


and , 

it is obtained.
Theorem 9. The Catalan identity for the sequence of complex Narayana numbers is

We will explain using the recurrence relation of the complex Narayana number sequence.

After stating the equation explicitly


and  


thus obtaining the equality of the Catalan identity.
Theorem 10. The Cassini identity for the sequence of complex Narayana numbers is

We will explain using the recurrence relation of the complex Narayana number sequence.

After stating the equation explicitly


and  


	thus obtaining the equality of the Cassini identity.
	


Theorem 11. D’Ocagne’s identity for the sequence of complex Narayana numbers is

We will explain using the recurrence relation of the complex Narayana number sequence,

After stating the equation explicitly

By performing multiplication operations and using the properties of the complex Narayana number sequence, we obtain the following equation,






thus obtaining the equality of D’Ocagne’s identity.




4. Conclusion

[In this article, we present the definition of the complex Narayana number sequence, its recurrence relation, its characteristic equation and its roots, Binet's formula, its generating function, and its matrix representation. We also explain some interesting additive properties of the complex Narayana number sequence. Finally, we examine the identities of Catalan, Cassini, and D’Ocagne’s for the complex Narayana number sequence.
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