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Abstract

A dominating set Dy C V(G) of vertices in a graph G is called a dom-forcing set if the set D must
form a zero forcing set. The minimum cardinality of such a set is known as the dom-forcing number
of the graph G, denoted by F;(G). This article embarks on an exploration of the dom-forcing
number of a graph G. Additionally, it delves into the precise determination of F;;(G) for certain well-
known graphs like path, cycle, cocunut tree graph, dimond snake graph, triangualr snake graph,
hypercube graph, Petersen graph, pinapple graph, complete graph, complete bipartate graph,
wheel graph, helm graph etc. Also investigate dom-forcing number of splitting graph of a graph.
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1 Introduction

Zero forcing is a step-by-step coloring process where at every discrete time step, a black colored
vertex with a single white-colored neighbor forces that white-colored neighbor to become colored
black. A zero forcing set of a simple graph G is a set of initially colored black vertices that force the
entire graph G to become colored black. The zero forcing number is the cardinality of the least zero
forcing set. Zero Forcing on graphs was initiated in a workshop on linear algebra and graph theory
organized by AIM in 2006 [1] and the concept was used to bound the minimum rank of a graph.
The concept of zero-forcing was also used to study the quantum controllability of the system. Since
its introduction, zero forcing number has been a topic of interest in graph theory and a plethora of
research has been carried out in this regard [6], [10], [11], [12] and [20] . Zero forcing number of
graph and its complement is studied in [4], it is used to study the logic circuit as well in [13].




Aset D C V of vertices in a graph G = (V, E) is called a dominating set if every vertex v € V(G)
is an element of D or is adjacent to an element of D. A set Dy C V of vertices is called a dom-forcing
set if it satisfies the following two conditions.

i) Dy must form a dominating set.

ii) Dy must form a zero forcing set.

The minimum cardinality of such a set is called the dom-forcing number of the graph G and is denoted
by Fu(G). For instance, contemplate the graph Cs illustrated in Figure 1.

Figure 1: In this graph Cs, Dy = {u1,u2,u4} is @ dominating set as well as a zero
forcing set and no subset of the vertex set with cardinality less than three has this
property, so Fy(C5) = 3.

In this article, the concepts of domination and zero forcing are combined, and a new graph-
theoretic parameter, called the dom-forcing set, is studied in graphs.

Note 1.1. The letter Z is used to represent the zero forcing set. The zero forcing number of G is
denoted by Z(G) and the domination number of G is denoted by v(G).

2 Motivation

The investigation of dom-forcing sets in graphs comes as a request to bring into one framework and
generalize two fundamental notions in graph theory: domination and zero forcing. Both have been
found to be good tools for graph modeling of control and influence within networks, but both describe
different facets of the process. Domination is concerned with direct or local control—making every
vertex either chosen or a neighbor of a chosen vertex—whereas zero forcing represents a dynamic
process in which influence propagates according to certain rules. By blending these ideas, dom-
forcing sets offer a more complete picture of both static and dynamic control in networks.

This combination is especially driven by applications in the real world in which influence has to be
started and maintained over a system. For example, in power systems, starting sensors (domination)
have to blanket the grid as well as facilitate cascading monitoring (forcing). In social networks, it may
be the case that only a small group of influential actors needs to directly reach their neighbors, as
well as start a more general chain effect of influence. Likewise, in biological systems or distributed
computing, a connected and efficient spread of signals or information is crucial. dom-forcing sets
provide a mathematical model for such dual demands for instant coverage and sustained propagation.

Theoretically, exploring dom-forcing sets provides a wide range of challenging problems. It
provokes us to search for new bounds, connections to traditional parameters (like the domination



number and the zero forcing number), and characterizations in graphs. It also prompts algorithms to
find such sets in efficient time, something of direct relevance to areas of research such as network
optimization, control theory, and distributed systems.

In total, the impetus behind this work comes from both the beautiful theoretical unification it
embodies and the operational needs of contemporary networked systems. By filling the gap between
static and dynamic control, controlling zero forcing sets provide a subtle tool with which to study and
design systems that are influential yet robust.

3 Bounds for Dom-forcing Sets

In this section, some bounds for the dom-forcing set are discussed. From the definition, it can be
observed that the combination of a zero forcing set and a dominating set constitutes a dom-forcing
set. Therefore, the following relationship holds:

Proposition 3.1. For any connected graph G
) Z(G) < Fa(G) <
)v(G) < Fa(G) <
The following figure illustrates a graph where Z(G) = v(G) = F4(G) = 2.

Example 3.1. The dom-forcing set and the dom-forcing number of the graph in the Figure 2 is Dy =
{Ul, 1}2} and Fd(G) = 2.

Figure 2: G(V, E)

Proposition 3.2. Let G = (V, E) be a graph and S be its minimum zero forcing set. Then Fy(G) <
Z(G) +~(G = N[S]).

Proof. Let G = (V, E) be a graph and S be its minimum zero forcing set. There exists a dominating
set with cardinality v(G — N[S]), say D, of G— N[S]. Then SU D is a dom-forcing set of G. Therefore
Fy(G) < Z(G) +v(G — NI[S)). O

It can be seen that this bound is sharp for Paths, Cycles etc. This is illustrated in the Figure 3. In
the next section, the exact values of the dom-forcing number for certain graphs are discussed.



Figure 3: In the cycle Ci6, S = {v1,v2} will be a minimum zero forcing set and
G — N|[S] is a path with vertex set {vg,vs, -+ ,v15}. T = {vs,vs,v11,v14} Will be a
minimum dominating set of G — N|[S], therefore v(G — N[S]) = 4. Hence SUT is a
dom-forcing set of C'i¢, which is minimum. Hence F;(C16) = 6.

4 Exact Values of F,;(G)

In this section, precise values of the dom-forcing number for several renowned graphs are investigated.
Start with a path P,.

Theorem 4.1. [2, 3] For a path P, v(P,) = [n/3] and Z(P,) = 1.

Example 4.2. Consider the graphs given in Figure 4. For Ps, Dy = {vi,vs} and Fy = 2. For Py,
Dy = {ui,us} and Fy = 2.
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Figure 4: Dom-forcing set for P; and P,

A natural generalization of this result can be obtained.
Theorem 4.3. For a path P,, F4(P,) = |n/3] + 1.

Proof. Consider a path P,, with V/(P,,) = {v1,v2, -+ ,vn}. Fori =2,3,--- ;n — 1 each vertex v; is
adjacent with v;_; and v;1. It can be easily observed that F;(P1) = F4(P:) = 1. Forn > 3, consider
the following cases and the following subset of V(P,,).

Case 1: Assume n = 0 mod 3, the set S = {vsr42}, where 0 < k < % is a minimum dominating
set of P, which is unique upto isomorphism. The set S cannot zeroforce the entire graph. Hence
Fy(P,) > [n/3] + 1. But the set Dy = {v3k+1,vn} Where 0 < k < |n/3] dominates and zero forces



the entire graph P,. Therefore, Fy(P,) = [n/3] +1

Case 2: Assume n =1 mod 3, Dy = {vsk41,vn} Where 0 < k < [n/3].

Case 3: Assume n =2 mod 3, Dy = {vsk+1,vn—1} Where 0 < k < |n/3].

In both cases Dy contains one of the end vertices, hence it forces P,. Also, it dominates P,.
Therefore, the set Dy is a dom-forcing set for P,. Any pendant vertex or two adjacent vertices
forces P,, and no set with cardinality less than | Dy | have this property, since |Dy| = v(Pn).
Therefore, in all cases, Fy(P,) = [n/3] + 1. O

The following observation can be found in [17].
Observations 4.4. [17] For any connected graph G = (V; E), Z(G) = 1 ifand only if G = P,.
Theorem 4.5. For any graph G, F4;(G) = 1 ifand only if G = P, or P».

Proof. For G = P; or P», by the Theorem 4.3, F;(G) = 1. Conversely suppose that F;(G) = 1. Then
Z(G) = ~(G) = 1. But by Observation 4.4, Z(G) = 1 implies that G is a path, also from the Theorem
4.3,G:P1 or PQ. O

Now let us examine the dom-forcing number of cycle graph C,,.
Theorem 4.6. [2, 3] For a cycle Cy,, of ordern > 3, Z(Cy) = 2 and v(Cr) = [n/3].
Theorem 4.7. Forcycle C,,,n >3

_f In/3]+1 if n=0,1 mod3
Fd(c”)*{ n/3] +2 if n=2 mod3

Proof. Let C,, be a cycle with vertices vy, v, - - - , v,. Consider the following cases and the following
subset of V' (C,,).

Case 1: Assume n = 0 mod 3, the set S = {vsr42}, where 0 < k < % is a minimum dominating
set of C,, which is unique upto isomorphism. The set S cannot zeroforce the entire graph. Hence
Fy4(Crn) > [n/3] + 1. But the set Dy = {vsi41,vn}, Where 0 < k < |n/3| dominates and zero forces
the entire graph C,,. Therefore, F4(C,) = [n/3] + 1.

Case 2: Assume n =1 mod 3, Dy = {vsk+1,vn}, Where 0 < k < |n/3]. In this case, Dy contains
two adjacent vertices, hence it forces C,,. Also for: = 2,3,--- ,n — 1, each vertex v; is adjacent with
v;—1 and v;4+1, Dy dominates C,,. Therefore, Dy is a dom-forcing set. Any pair of adjacent vertices
can force the cycle graph C,. Moreover, no set with cardinality smaller than |Dy| possesses this
forcing property, since |Dy| = v(Cyr). Hence, F4(Cy) = [n/3] + 1.

Case 3: Assume n = 2 mod 3, the set S = {vari1,vn-1}, Where 0 < k < % is @ minimum
dominating set of C,, which is unique upto isomorphism. The set S cannot zeroforce the entire graph.
Hence Fy(Cy) > [n/3] + 1. But the set Dy = {vsk+1,Vn—1,vn}, Where 0 < k < |n/3] dominates
and zero forces the entire graph P,.. Therefore, F4(C) = [n/3] +1=|n/3] +2

From these cases, we have

_ [ /B4 if n=0,1 mod3
Fd(cn)_{ [n/3]+2 if n=2 mod3

The ladder graph L,, is the graph obtained by taking the Cartesian product of P,, with Ps.
Theorem 4.8. [3] For a ladder graph L, n > 2, Z(L,) = 2.

Theorem 4.9. [15] For a ladder graph L,,, n > 2, v(Ln) = | % +1].



Theorem 4.10. Forn > 2, let L,, denote the Ladder graph, then Fy(L,) = [5] + 1.

Proof. Let {u1,u2, - ,un,v1,v2,- - ,v,} be the vertices of the ladder graph L,.. For the ladder
graphs L1, Lo, L3 and L, the subset of vertices {u1}, {u1,uz2},

{u1,u2,v3} and {u1, us,v4} respectively constitute a dom forcing set. And for n > 4, consider the
following cases and the following subsets of vertex sets.

Case 1: Assume that [ %] is odd, consider

Df = {u17U4k,2,v4k,un} for1 <k< [n/éﬂ
Case 2: Assume [ 3] is even, consider
Df = {u1,u2,v4k,u4k+2,vn} for 1 <k< (n/4]

Now Dy forms a dom-forcing set. It can be easily verified that no set with less than |Dy| vertices
cannot form a dom-forcing set, hence Fy(Ln) = [5] + 1. O

The above theorem illustrated in the case of Ls.
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Figure 5: The ladder graph Ls, dom-forcing set Dy = {1, u2,v4,us} and Fy(Ls) =
4.

A coconut tree graph CT'(m,n) is the graph obtained from the path P, by appending ‘n’ new
pendant edges at an end vertex of P,,.

Theorem 4.11 ([8]). For any coconut tree graph CT(m,n), the domination number is 1 + [™:2],
wherem > 1,n > 1.

Theorem 4.12. For any coconut tree graph CT(m,n), the zero forcing number is n, where m >

1,n>1.

Proof. Letvi,va,: -+, Um,u1,us2,- - ,u, be the vertices of CT'(m,n), then

{u1,uq, - ,un} forms a zero forcing set. Which is minimum since CT'(m, n) contains a star graph of
n + 2 vertices. O

Theorem 4.13. For any coconut tree CT(m, n), the dom-forcing number is n + [ ™27, where m >
1,n> 1.

Proof. Letvi,va,: " Um,u1,uz, - u, be the vertices of CT'(m,n). Then

{u1,us2, - ,un} forms a minimum zero forcing set.

Case 1: Assume n = 0,1 mod 3, Dy = {u1,uz, - u, v3r}, Where 0 < k < |m/3].

Case 2: Assume n =2 mod 3, Dy = {u1, u2, - - un vk, vn}, Where 0 < k < [m/3].

In both cases Dy is a dom-forcing set. No set with cardinality less than |Dy| have this property.
Therefore, Fy(CT(m,n)) =n+ [751]. O



There are graphs having Z(G) = ~(G), but its dom-forcing number is larger than Z(G). For
example, a diamond snake graph D,, is a connected graph obtained from a path P of length n with
each edge e = (u,v) in P replaced by a cycle of length 4 with « and v as nonadjacent vertices of the
cycle. For any diamond snake graph, Z(D,) = v(D») =n+ 1[13, 8].

Theorem 4.14. For diamond snake graph

3n jfniseven
— 2
Fa(Dn) = { 811t js odd,

Proof. Let w1, ,un,v1, *+ ,Uny1, w1, -, w, be the vertices of diamond snake graph D, (see
Figure 6). Consider the following cases and the following subset of the vertex set of D,,.

Case 1: Assume nis even, Dy = {uy,--- ,un,v2r}, Where 1 <k < 3.

Case 2: Assume nis odd, Dy = {u1, -+ ,un,vox }, Wwhere 1 < k < ”T“

Now D; forms a dom-forcing set. It can be easily verified that no set with less than |Dy| vertices
forms a dom-forcing set. Therefore,

{ 3n ifnis even

sntl jifnjs odd.

Figure 6: The Diamond Snake Graph Ds. Dom-forcing set D; =
{u1,ug, -+, up, v2,v4,v6} and Fy(Dg) =9

5 Exact Values of Dom-forcing Number of Graphs Where
Z(G) = Fy(G)

There are graphs having the same dom-forcing number and the zero-forcing number. For example,

consider the triangular snake graph, denoted by, 7'S,,, obtained from a path P,+1 by replacing each

edge of the path by a triangle Cs [14].

Theorem 5.1. [14] For a triangular snake graph T'S,., Z(T'S») = n + 1.

Theorem 5.2. For a triangular snake graph T'S,,, F4(T'S,) = Z(T'S,) = n + 1.

Proof. Let vi,v2, - ,Unt1,u1,us2, - ,u, be the vertices of the triangular snake graph T'S,, (see

Figure 7). Dy = {v1,u1,uq, - ,un} forms a dom-forcing set, which is minimum since Z(7'S,) =
n + 1. Therefore, Fy(TS,) = Z(T'S,) =n + 1.



Figure 7: The triangular snake graph 7'Sg, dom-forcing set Dy = {v1,u1,u2,--- ,ue}
and Fy(T'Sg) =7

O

A hypercube of dimension k, represented by Qx, has vertex set {0, 1}*, with vertices adjacent
when they differ in exactly one coordinate. Or, the constructive definition:
Let Qo be a single vertex. For k > 1, Qi is formed by taking two copies of Qr—1 and adding
a matching joining the corresponding vertices in the two copies. This is equivalent to taking the
lelrtesian product of Qr_1 and K to form Q; [19]. Zero forcing number of hypercube graph Qy, is
2k=11].

Theorem 5.3. For a hypercube graph Qu., Fa(Qr) = Z(Qx) = 2871

Proof. The set of all vertices having first coordinate zero (all vertices of Qx_1) forms a zero forcing
set with cardinality 2°~*. Clearly, it dominates Q. (see figure 8). Hence Fy(Qx) = Z(Qx) = 2.

R

o

Qs

Figure 8: Dom-forcing (and zero forcing) in hypercube graphs @3 and Q4

O
Theorem 5.4. Let G be a graph with n vertices and A(G) = n—1. Then Z(G) < F4(G) < Z(G) +1.

Proof. Let v be the vertex of G having degree n — 1. If the minimum zero forcing set S contains v,
then Z(G) = F4(G). Otherwise, S U {v} forms a dom-forcing set. O

Using Theorem 5.4, the following results can be easily verified.
Theorem 5.5. For a complete graph K, Z(K,) = Fq(K,) =n — 1.

The wheel graph, W,, is a graph obtained by connecting a single vertex to all vertices of a cycle
graph C,,_1.



Theorem 5.6. For wheel graph W,,, Z(W,,) = Fq(W,) = 3.

The dove tail graph, DT,, is the graph P, + K1,n > 2. The dove tail graph has n + 1 vertices
and 2n — 1 edges [18].

Theorem 5.7. Let DT,, denote the dove tail graph. Then, Z(DT,) = Fy4(DT,) = 2.

In the case of complete bipartite graph every zero forcing set dominates the entire graph and
hence the following result has obtained.

Theorem 5.8. Let K, denote the complete bipartite wheren,m > 2. Then Z(Km.n) = Fa(Kmn) =
m+n— 2.

From Theorems 4.1, 4.3, 4.6 and 4.7 the following observations were made.

Observations 5.9. For a path P,, and a cycle C,,,
« Z(P,) = F4(Py) ifand only ifn =1 or 2.
* Z(Cyn) = Fa(Cy) ifand only ifn = 3 or 4.

Theorem 5.10. [3] For the star graph K1, v(K1,,) =1and Z(K1,,) =n—1,forn > 2.
Theorem 5.11. For the star graph K1, F4(K1,n) = n, forn > 2.

Proof. 1t can be seen that the star graph K, has n vertices of degree 1 and one vertex of degree
n. Any minimum zero forcing set does not contain the vertex of degree n, and Z(K1,,) = n — 1.
Therefore, by Theorem 5.4, Fy(K1,n) = n.

O

The pineapple graph, denoted by K7, is the graph formed by coalescing any vertex of the
complete graph K,, with the star graph K., (m > 3,n > 2). The number of vertices in K, is
m +n and the number of edges in K7, is m2=m+2n [16].

Theorem 5.12. Let G be the pineapple graph K, withn > 2,m > 3. Then F4(G) = m +n — 2.

Proof. 1t can be seen that the pineapple graph comprises m + n vertices. In [13], the zero forcing
number of the pineapple graph is m +n — 3, whenn > 2, m > 3. Pineapple graph has a vertex v with
degree m + n — 1, and the vertex v does not belong to any minimum zero forcing set. Therefore, by
Theorem 5.4, Fy(G)=m+n—-3+1=m+n—2. O

Definition 5.1. [21] Let G = (V, E) be a graph and B a zero forcing set of G. Define B®) = B, and
fort > 0, BV js the set of vertices w for which there exists a vertex b € |J'_, B'®) such that w
is the only neighbor of b not in | J!_, B'*). The propagation time of B in G, denoted pt(G, B), is the
smallest integer to such that V. = U’;‘): o B®) Two minimum zero forcing sets of the same graph may
have different propagation times. The minimum propagation time of G is

pt(G) = min{pt(G, B)|B is a minimum zero forcing set of G}.

Example 5.13. Let G be the graph in Figure 9. Let B, = {v1,v2} and B, = {vs,vs}. Then B}l) =
{vs,v6}, B? = {w}, B® = {v5}, B® = {v7}, and B® = {ug}, so pt(G,B:) = 5. However
B = {vr}, B = {ws}, BSY) = {v1,v4}, and BSY = {vs,v3}, 50 pt(G, Bs) = 4.



Figure 9: Graph for Example 5.13.

Theorem 5.14. Let G = (V, E) be a graph with minimum propagation time one. Then, F4(G) =
Z(Q).

Proof. From the definition of minimum propagation time, there exist a minimum zero forcing set B
such that V = B U B™. Every vertex of B(") is adjacent to some vertex in B, so B dominates G.
Hence B is a dom-forcing set which is minimum. O

The converse of the above theorem is false. For example, let G be the wheel graph with six
vertices. Then Fy(G) = Z(G), but minimum propagation time 2.

Theorem 5.15. Let P denote the Petersen graph shown in Figure 10. Then, Fy(P) =5 = Z(P).

Proof. The minimum propagation time of the Petersen graph is one and minimum zero forcing
number is five [1]. Hence, the desired result is obtained as a consequence of Theorem 5.14.

Figure 10: Dom-forcing set and zero forcing set for the Petersen graph.

6 Graphs Where 7(G) = Fy(G)
There are some graphs with v(G) = F4(G). For example, a helm graph is a graph that is created by
attaching a pendant edge to each vertex of an n-wheel graph’s cycle, and is denoted by H,,,, where

m > 4[9].

Theorem 6.1. [9] Let H,, denote the helm graph. Then the domination number of graph H,, is m.

10



Theorem 6.2. The dom-forcing number of helm graph H,, is m. ie Fq(Hm) = m = v(Hm).

Proof. Let vy denote the vertex in helm graph such that its degree is equal to m, and let vy, v2, - -+ , Vi,
represent the vertices in the helm graph, each with a degree of 3. Also ui,us,- - ,u, represent
the pendant vertices of the helm graph H,, (See Figure 11). It can be easily verified that Dy =
{v1,u2,us, -+ ,um} is a dom-forcing set of H,,, which is minimum since v(H..) = m. Therefore,
Fy(Hy) =m=~(Hp).

Figure 11: The Helm graph Hg, dom-forcing set Dy = {vi,ug,us,--- ,us} and
Fy(Hg) = 8.

From Theorem 4.1, 4.3, 4.6 and 4.7 the following results can be easily derived.
Theorem 6.3. For any path P,,, F4(P,) = ~(P,) ifand only if n is not a multiple of three.

Theorem 6.4. For any cycle C.,, F4(Cy) = ~v(Cy) if and only if n = 3k + 1, where k is any positive
integer.

7 Dom-forcing Number of Splitting Graph of a Graph &

The splitting graph of a graph G is the graph S(G) obtained by taking a vertex v’ corresponding to
each vertex v € G and join v’ to all vertices of G adjacent to v [22].

Theorem 7.1. Let G be a connected graph of order n > 1 and S(G) be its splitting graph. Then,
F4S(@)] < 2F4(@G).

Proof. Consider any minimum dom-forcing set Dy of G. Let Dy = {v1,v2,--- ,ux}forl <k <nbea
minimum zero forcing set of G. Now consider the set D; = {v1,v2,- -+ ,vr} U{u1,u2,--- ,us}, where
u1,uz2,- - ,ug are vertices corresponding to v1, v2, - - - , v, Which are added to obtain S(G). As in [3],

11



D’ forces S(G). From the definition of splitting graph N (u1,u2,--- ,ux) = N(Dy), where N(Dy)
denotes the vertices which are adjacent to {vi, vz, - ,vx}, and Nlvi,ve, - ,v] = V(S(Q)) —
{u1,uz,--- ,ur}. Hence D’ dominates S(G), it is a dom-forcing set. Therefore, F4[S(G)] < 2Fu(G).

O

Definition 7.1. [11] Given a graph G = (V, E), a path cover is a set of disjoint induced paths in
G such that every vertex v € V belongs to exactly one path. The path cover number P(G) is the
minimum number of paths in a path cover.

Theorem 7.2. [11] Let G be a graph. If X C V(G) is a zero forcing set for G, then X induces a path
cover for G and P(G) < Z(G).

Theorem 7.3. [5, 3] Le

—

S(P,) denote the splitting graph of the path P,.. Then, Z[S(P,)] = 2Z(P,) =
if n=0 mod4
2and[S(P,)]={ 2 if n=1,3 mod4 .
n if n=2 mod4

w‘+w‘+w\s
[ V)

Theorem 7.4. Let S(P,) denote the splitting graph of the path P,,. Then for2 < n < 4, F4[(S(P,)] =

n.
Proof. Letwvi,ve,--- , v, bethe vertices of the graph P, and w1, uz, - - - , uy, be the vertices corresponding
to v1,v2,- -, v, Which are added to obtain S(P,). Depending upon the number of vertices of P,,

consider the following subsets of the vertex set of S(P,).

For S(P:), Dy = {ui,un}, for S(Ps), Dy = {u1,v1,v2}, Dy forms a dom-forcing set which is
minimum. For S(Ps), Dy = {u1,v1,vs,us} forms a dom-forcing set, therefore F;[S(Fs)] < 4. The
domination number of S(P,) is 2. Hence 2 < Fy[S(P4)]. Let A = {v2,v3} be a minimum dominating
set of S(P4). Then S(Ps1) — A has four components (two components contains only single vertex and
two of them is a path of length one), hence the set A cannot induces a path cover for S(Ps). Hence
F4[S(Py)] cannot be 2. We claim the following

Claim 7.5. Any dominating set of cardinality 3 must contain A.

Proof of the Claim: If possible assume that there exists a dominating set D of S(P,) which does not
contain A and the cardinality of D is 3. In S(Ps), deg(u1) = deg(us) = 1, and vq, v3 be the vertices
having degree 4. All other vertices are of degree 2. Then consider the following cases.

Case 1: D contains a vertex of degree 4.

Then D must contain any one of the pendant vertices and the remaining non-dominating vertices are
of degree two and which are non-adjacent. Hence, there does not exist a dominating set of cardinality
3.

Case 2: D cannot contain a vertex of degree 4

Then D must contain the pendant vertices u1, u4, and all other vertices are of degree two. Hence,
there does not exist a dominating set of cardinality 3.

In both cases we get a contradiction, hence our assumption is wrong, and the claim is proved.

By the above claim Fy[S(Ps)] cannot be 3. Therefore, F;[S(Ps)] = 4. Thatis
Fi[(S(P,)] =n,for2 <n < 4.

O

Let us now consider the case where the number of vertices in the splitting graph of the path is
> 5.

12



Theorem 7.6. Forn > 5, let S(P,.) be the splitting graph of the path P,,. Then
22 < F[(S(P)] <2 if mn=0 mod4

Fy[(S(Py)] = 2 if n=1,3 mod4

Fa[(S(Py)] = 242 if m=2 mod 4.
Proof. Letwvi,vs,--- , v, bethe vertices of the graph P, and w1, us, - - - , u, be the vertices corresponding
to vi,v2,--- ,v, wWhich are added to obtain S(P,). At least one vertex from each pair ui,v2 and

un,vn—1 belong to any dominating set, since N(u1) = {v2} and N(un) = {vn—1}. Also at least
one vertex from v;_1,v;+1 belongs to the dominating set, since N(u;) = {vi—1,vi+1} and N(v;) =
{vi—1,vit1,ui—1,uiy1}. Thus any dominating set contains at least & number of vertices. The set
{v1,u.} forces S(P,). Now depending upon the number of vertices of P,, consider the following
subsets of the vertex set of S(P,).

For n > 5, consider the following cases.

Case 1: Assume n =0 mod 4, Dy = {u1,v1, Vag, Var+1Vn, un} Where 0 < k < [%] forms a dom-
forcing set, therefore F4[S(P,)] < “+*. The domination number of S(P,) is %. Hence 2 < F4[S(Py)].
Let A be a minimum dominating set of S(P,). Then S(P,)—A has 34+% components (two components
contain only a single vertex, two of them is the path of length one and % — 1 components having six
vertices which include four pendant vertices), the set A cannot induce a path cover for S(Py). Hence
F4[S(Py)] cannot be %. Therefore, 22 < Fy[S(P,)] < 242.

Case 2: Assume n = 1,2 mod 4, Dy = {u1,v1,var,vars1} Where 0 < k < [%], forms a dom-
forcing set, therefore

nt3 jf mn=1 mod 4
2
Fd[S(Pn)]S{ HTH if n=2 mod 4.

If n =2 mod 4, then the domination number of S(P,) is “2. Hence Fu[S(P,)] = 52 = |Dy|. If
n =1 mod 4, then the domination number of S(P,) is L. Hence Fu[S(P.)] > “t. Let Abe a
minimum dominating set of S(P,). Then S(P,) — A has 4 + 23 components (three components
contain only a single vertex, two of them are paths of length one and "T” — 1 components having six
vertices which include four pendant vertices), the set A cannot induce a path cover for S(P,). Hence

F4[S(P,)] cannot be 2&1. Therefore, Fy[S(P,)] = 2£2.

Case 3: Assume n = 3 mod 4, Dy = {u1,v1,Var,vVar41,0n—1} Where 0 < k < [Z] form a
dom-forcing set, therefore Fy[S(P,)] < “t3. The domination number of S(P,) is 2*. Hence
F4[S(P,)] > 4. Let A be a minimum dominating set of S(P,). Then S(P,) — A has at least
3+ 22 components, the set A cannot induce a path cover for S(P,). Hence F4[S(P,)] cannot be
24l Therefore, Fy[S(Pn)] = 252,

From all the cases, forn > 5,

nTH < Fa[(S(Pn)] < HTH if n=0 mod4
(P)] = 242 if m=1,3 mod4
] =32 if mn=2 mod 4.

Theorem 7.7. [5, 3] Let S(C,) denote the splitting graph of the cycle C,. Then Z(S(C,)) =
5 if n=0 mod4
ntl if npn=1,3 mod4 .

2Z(Cp) =4and y(S(Cn)) = 3
nt2  if n=2 mod4.

"TH if n=0 mod4
Theorem 7.8. Forn >4, F4[S(Cn)] < ¢ 22 if n=1,3 mod4 .
26 if n=2 mod 4.
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Proof. Forn > 4, let vy, ve,--- , v, be the vertices of the graph C,, and w1, us, - - - , u,, be the vertices
corresponding to vy, s, - - -, v, Which are added to obtain S(C»).It can be seen that {vi, v, u2, us}
forms a zero forcing set. Now depending upon the number of vertices of C,,, consider the following
cases and following subsets of the vertex set of S(C).

Case 1: Assume n = 0,2,3 mod 4, Dy = {ua,u3, Vakt1, vVart2}, Where 0 < k < [ ]

Case 2: Assume n =1 mod 4, Dy = {u2, us, Vag+1, Vak+2,Vn}, Where 0 < k < ”771.

In both cases Dy forms a dom-forcing set. Hence

”TH if n=0 mod4
FlS(Cr) < ¢ 222 if n=1,3 mod4
»8 if n=2 mod4.

Theorem 7.9. [3] Let S(K1,.) denote the splitting graph of a Star Graph Ki,. Then, for n > 2,
Y[S(K1,n)] =2and Z[S(K1,n)] =2n — 2.

Theorem 7.10. Let S(Ki,) denote the splitting graph of a Star Graph K1,. Then, forn > 2,
Fy[S(K1,n)]) =2n—1.

Proof. For n > 2, let ui,v1,v2,---,vn be the vertices of the star graph K, with deg(u1) = n
and u}, vy, v5, - - , v, be the vertices corresponding to ui,v1,ve, -+ ,v, Which are added to obtain

S(K1,,). From the above theorem, Z[S(K1,,)] = 2n —2and B = {va, -+ ,vp,vs, - , vy} forms a
zero forcing set which is minimum and any minimum zero forcing set does not contain u;. B is not a
dom-forcing set. So adding u; to B, got a dom-forcing set which is minimum. Hence F[S(K1,,)] =
2n — 1. O

Theorem 7.11. [3] Let S(L,) denote the splitting graph of ladder graph L,,. Then for n > 2,
Z[S(Ln)] = 4.

Theorem 7.12. Let S(L.) denote the splitting graph of ladder graph L. Then, v[S(Ln)] = 2[§].

Proof. Let {u1,u2,- - ,un,v1,v2, - ,vn} be the vertices of the ladder graph L., and let
{ul,uh, - ,ul,vi,v5, -+, v, } be the vertices corresponding to
{u1,u2, + ,un,v1,v2,- -, v, } Which are added to obtain S(L,,). At least one vertex from {u}, u2,v1},

{v1,v2,u1}, {un,un—1,v.}, and {v,,vn_1,u,} belonging to any dominating set, since N(u}) =
{U27U1}, N(Ui) = {U27u1}! N(u;) = {un—lvvn}s and N(U;z) = {Un—lvun}- For0o < k < (%—‘ at
least one vertex from {usk, usk+2} and {vsk, vsk+2} belong to any dominating set, since

/ ’ /
N(U3k+1) = {u3k y U3k+25 U3k+1, U3k, U3k+25 U3k+1 }>

N (vskr1) = {V3k, V3kt2, Usk+1, Uk, Vskt2, Uskt1}s

N (u3gq1) = {usk, uskt2, vart1},

N (v3k11) = {V3k, Vskt2, Usk41}-
Thus any dominating set contains at least 2[ %] number of vertices. For S(L1), the set {u1,v2} be
a minimum dominating set. For n > 2, depending upon the number of vertices of L,,, consider the
following subset.
Forn = 0,2 mod 3, S = {usgy2,vskr2}, Wwhere 0 < k < [%] and for n = 1 mod 3, S
{uskt2, 3k42,Un, vn}, Where 0 < k < [251]. Now the set S forms a dominating set. So v[S(Lx)]
2[%].

Theorem 7.13. Forn > 2,

0ol

231 < FalS(La)] < 2+2[3].
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Proof. Let {u1,us2,--+ ,un,v1,v2, - ,vn} be the vertices of the ladder graph L,,, and let

{ul,uh, - ,ul,vi,v5, -+, v, } be the vertices corresponding to

{u1,u2, -+ ,un,v1,v2, -+, vy} Which are added to obtain S(L.). For S(L1), {u1,v2} be a minimum
dom-forcing set. For n > 2, depending upon the number of vertices of L,,, consider the following
cases and following subsets of the vertex set of S(L.,) .

Case 1: Forn = 0,2 mod 3, Dy = {uj, v}, ugkt2, Vsk+2}, Where 0 < k < [%] and

Case 2: Forn =1 mod 3, Dy = {u},v],usk+2, V3kt2, Un, Un }, Where 0 < k < f"T_l]

Now D; forms a dom-forcing set. Therefore, Fy[S(Ln)] < 2+ 2[%]. Domination number of S(L.,) is
2[%]. Hence

231 < FalS(La)] < 2+2[3].

8 Conclusion and Open Problems

In this paper, the problem of determining the dom-forcing number of graphs is addressed. In Section
3, certain bounds for the dom-forcing number are investigated. Precise values of the dom-forcing
number for several well-known graphs are obtained in Section 4. In Section 5, the dom-forcing number
is determined for graphs satisfying F4(G) = Z(G). In Section 6, the dom-forcing number is computed
for graphs in which F;(G) = v(G). Finally, in Section 7, several inequalities involving the dom-forcing
number of splitting graphs of certain graphs are established.

There are few questions that remains open, for example see the following.

1. Characterize the graph G for which F,;(G) = Z(G).
2. Characterize the graph G for which Fy4(G) = v(G).

3. Find the exact value of the dom-forcing number of splitting graphs of graphs like paths, cycles,
ladder graphs etc.

4. While we have determined F;(G) for certain well-known graphs, a comprehensive characterization
for a wider variety of graph classes remains an open challenge. Extending these results to
other families of graphs, such as bipartite graphs, or random graphs, could yield valuable
insights.

5. Developing efficient algorithms to compute the dom-forcing number for arbitrary graphs is an
important practical problem. Given the combinatorial complexity of both dominating sets and
zero forcing sets, creating polynomial-time algorithms or approximation schemes would be
highly beneficial.

6. Exploring the relationships between F;(G) and other graph parameters, such as, chromatic
number, independence number, and spectral properties, could uncover deeper connections
and lead to a more unified theory of graph invariants.
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