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Further Study of Topological Integer Additive Set-Labeling of Graphs


	Abstract
Topological integer additive set-labeling (TIASL), introduced by Sudev and Germina, integrates integer additive set-labeling with topological constraints on the ground set. While basic characterization results are known, deeper structural and operational aspects remain less explored. In this paper, we establish a universality theorem by proving that every finite connected graph can be embedded into a connected TIASL graph via the addition of a single suitably labeled vertex. We then analyze the behavior of TIASL under classical graph operations including disjoint union, join, Cartesian product, corona, subdivision, and vertex identification, determining precise closure and non-closure conditions. Finally, we derive an explicit formula for the topological set-indexing number in terms of the order of the graph and its pendant vertex structure. These results extend the TIASL theory beyond existence and characterization, providing new structural and quantitative insights.
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1. [bookmark: introduction]Introduction
Graph labeling is a well-established area of graph theory in which labels are assigned to vertices, edges, or both, subject to prescribed conditions. Since the introduction of -valuations in (Rosa,1967), numerous labeling schemes have been proposed and studied; see Gallian’s dynamic survey (Gallian, 2025) for a comprehensive account.
A significant generalization of classical numerical labeling was introduced by (Acharya, 1983) through set-labeling of graphs, where vertices are assigned subsets of a ground set. Incorporating additive structure into this framework, (Germina and Anandavally, 2012) defined integer additive set-labeling (IASL), in which edge labels are obtained as sumsets of vertex labels.
Topological constraints were later introduced into set-labeling through the notion of topological set-labeling, requiring the collection of vertex labels to form a topology on the ground set. Combining these ideas, (Sudev and Germina, 2015) introduced topological integer additive set-labeling (TIASL) and established necessary and sufficient conditions for a graph to admit a TIASL. Their work clarified the basic structure of TIASL graphs, including the existence of a unique vertex labeled by  and the necessity of pendant vertices adjacent to it. A comprehensive survey of early developments appears in (Sudev, Chithra, Germina, 2015).
Since the characterization of TIASL graphs is now well understood, the natural next step is to investigate deeper structural and operational properties of this class. In particular, questions concerning universality, stability under graph operations, and the behavior of graph invariants have remained largely open.
The present paper addresses these questions. We begin by establishing an embedding theorem showing that every finite connected graph can be realized as a subgraph of a connected TIASL graph. This result demonstrates that, despite strong local structural constraints, the class of TIASL graphs is globally universal. We then examine the behavior of TIASL under standard graph operations, identifying both closure and non-closure phenomena and revealing the fundamentally single-centered nature of TIASL graphs.
Finally, we study the topological set-indexing number, an invariant introduced by Sudev and Germina, and derive new results expressing it in terms of the order of the graph and its pendant vertex structure. These results extend the known theory of TIASL and provide new tools for analyzing this class of graphs.
The paper is organized as follows. Section 2 presents preliminaries and recalls key results from the literature. In Section 3, we prove an embedding theorem for TIASL graphs. Section 4 studies TIASL under various graph operations. In Section 5, we investigate the topological set-indexing number and derive further consequences. The paper concludes with remarks and future directions.
[bookmark: preliminaries-and-known-results]2. Preliminaries and Known Results
In this section, we recall the definitions and known results required in the sequel. All graphs considered are finite, simple, undirected, and connected unless stated otherwise. Standard graph-theoretic, set-theoretic, and topology related terminology follow (West, 2001) and (Nathanson, 1996), and (Munkres, 2000), respectively. 
Let  be a graph with vertex set  and edge set . The order of  is . A vertex of degree one is called a pendant vertex. The set of all non-negative integers is denoted by .
Throughout this paper,  denotes a finite non-empty subset of .
[bookmark: Xbe012241d95a31cfad64ba0b19f629637708ebe]2.1 Set-Labeling and Integer Additive Set-Labeling
Let  denote the power set of .
Definition 2.1.1.  A set-labeling of a graph  is an injective function

Definition 2.1.2.  For two subsets , the sumset of  and  is defined by

If , then  and  are called summands of . The sets  and  are referred to as trivial summands.
Definition 2.1.3.  An integer additive set-labeling (IASL) of a graph  is a set-labeling  such that the induced mapping

is well defined for all .
[bookmark: finite-topologies-and-tiasl]2.2 Finite Topologies and TIASL
Definition 2.2.1.  A collection  is called a topology on  if:
1. ;
1. the union of any subcollection of  belongs to ;
1. the intersection of any finite subcollection of  belongs to .
The pair  is called a finite topological space.
Definition 2.2.2.  A topological integer additive set-labeling (TIASL) of a graph  is an integer additive set-labeling

such that

forms a topology  on .
A graph admitting a TIASL is called a TIASL graph. When a TIASL is defined with respect to a ground set  and a topology , we denote the labeling structure by .
[bookmark: known-characterization-results]2.3 Known Characterization Results
[bookmark: thm:SG-existence]The basic structural properties of TIASL graphs were established in (Sudev, Germina, 2015). We recall the following results, which will be used throughout the paper.
[bookmark: thm:SG-zero][bookmark: thm:SG-pendant]Theorem 2.3.1 (Sudev, Germina, 2015).  In any TIASL graph, there exists a unique vertex whose label is .
Theorem 2.3.2 (Sudev, Germina, 2015).  A finite connected graph  admits a TIASL if and only if it contains a pendant vertex.
Theorem 2.3.3 (Sudev, Germina, 2015).  Let  be a given topology of the ground set . Then,
(i) the minimum number of pendant edges incident on a particular vertex of a TIASL-graph
is equal to the number of f-open sets in  containing the maximal element of the
ground set .
(ii) the minimum number of pendant vertices of a TIASL-graph  is the number of -open sets in , each of which is the non-trivial summand of at most one -open set in  .
Additional structural consequences established in (Sudev, Germina, 2015), such as the role of non-trivial summands and restrictions on adjacency, will be used implicitly wherever required.
[bookmark: topological-set-indexing-number]2.4 Topological Set-Indexing Number
The following invariant was introduced in (Sudev, Germina, 2015).
Definition 2.4.1.  The topological set-indexing number of a TIASL graph , denoted by , is the minimum cardinality of a ground set  such that  admits a TIASL with respect to some topology on .
This invariant will be studied further in later sections, where we derive exact formula to calculate the index of any given TIASL graph.
[bookmark: embedding-of-graphs-into-tiasl-graphs]3 Embedding of Graphs into TIASL Graphs
In this section, we establish a fundamental universality property of the class of topological integer additive set-labeled graphs. Although TIASL graphs are known to satisfy strong structural constraints, we show that every finite connected graph can be realized as a subgraph of a connected TIASL graph.
Throughout this section, all graphs are finite, simple, undirected, and connected.
We begin with the principal result of this section.
[bookmark: thm:embedding]Theorem 3.1.  Every finite connected graph  can be embedded as a subgraph of a connected TIASL graph.
Proof. Let  be a finite connected graph with . We construct a graph  containing  as a subgraph such that  admits a TIASL.
Let  and define a collection

It is easy to verify that  is a topology on .
Add a new vertex  to  and join  to every vertex of . Denote the resulting graph by . Clearly,  is connected and contains  as an induced subgraph.
Define a vertex labeling  by assigning

and assigning to the vertices of  the distinct non-empty open sets

Since these labels are distinct,  is injective. Moreover,

so the vertex labels induce the topology  on .
Now consider any edge of . If the edge is incident with , say , then

If the edge belongs to , then both endpoints have labels containing , and their sumset is a subset of  by construction. Hence, every induced edge label is a valid sumset contained in .
Therefore,  defines a TIASL of , and  is embedded as a subgraph of a connected TIASL graph. ◻
The embedding theorem immediately yields the following corollary.
Corollary 3.1.  The class of TIASL graphs is universal with respect to finite connected graphs.
Remark 12.  Theorem 3.1 shows that, although TIASL graphs exhibit rigid local structure such as the presence of a unique vertex labeled by  and necessary pendant vertices the class is globally flexible. Any finite connected graph can be realized within a TIASL graph by adjoining a single suitably labeled vertex.
This embedding result plays a key role in the subsequent analysis of TIASL under graph operations and in the study of the topological set-indexing number.
[bookmark: tiasl-under-graph-operations]4 TIASL under Graph Operations
In this section, we investigate the behavior of topological integer additive set-labeling under standard graph operations. Since TIASL graphs are structurally constrained, it is natural to ask whether these constraints are preserved when graphs are combined or modified via classical operations. We show that TIASL is generally not closed under most graph operations, but can be preserved under carefully controlled conditions.
Throughout this section,  denotes a TIASL graph with labeling , and all graphs are assumed to be finite, simple, and connected unless stated otherwise.
We first consider the union of TIASL graphs.
Theorem 4.1.  The class of TIASL graphs is not closed under disjoint union.
Proof. Every TIASL graph contains a unique vertex labeled by . Hence, the disjoint union of two non-trivial TIASL graphs contains two distinct vertices with the same label, violating injectivity. ◻
[bookmark: thm:join]We now consider the join of two graphs.
Theorem 4.2.  Let  and  be two non-trivial TIASL graphs. Then the join  does not admit a TIASL.
Proof. In the join , every vertex of  is adjacent to every vertex of . In a TIASL graph, adjacency is highly restricted: except for the vertex labeled by , vertices can be adjacent only when their labels form valid summands whose sumset lies in .
Since both  and  contain vertices labeled by non-trivial open sets, there exist vertices  and  whose labels are not compatible summands. The edge  in the join forces  to lie in , which is impossible. Hence, the join does not admit a TIASL. ◻
We now consider the Cartesian product of graphs.
[bookmark: thm:cartesian]Theorem 4.3.  Let  be a non-trivial TIASL graph. Then the Cartesian product  does not admit a TIASL.
Proof. The Cartesian product  contains multiple vertices of degree greater than one whose neighborhoods are isomorphic. In particular, there exist vertices whose adjacency patterns force them to behave like non-pendant vertices.
However, by the structural characterization of TIASL graphs, all vertices except the unique vertex labeled by  must be pendant or adjacent only to that vertex. Since  necessarily contains multiple vertices of degree at least two, it violates the structural constraints required for TIASL. Hence,  does not admit a TIASL. ◻
Next we discuss corona of two graphs.
[bookmark: thm:corona]Theorem 4.4.  Let  be a TIASL graph and let  be any graph. Then the corona  admits a TIASL if and only if  is a null graph.
Proof. In the corona , each vertex of  is joined to all vertices of a copy of . Vertices in the copies of  are adjacent to exactly one vertex of .
If  contains an edge, then there exist two vertices in a copy of  that are adjacent to each other and also adjacent to the same vertex of . Their labels must therefore form compatible summands, which contradicts the injectivity and summand restrictions of TIASL.
Conversely, if  is a null graph, then each vertex in the copies of  is pendant. These vertices can be assigned open sets that are not summands with any other open set except , preserving the TIASL structure. Hence,  admits a TIASL. ◻
Next we consider edge subdivision.
[bookmark: thm:subdivision]Theorem 4.5.  Let  be a TIASL graph. Then any subdivision of  obtained by subdividing edges incident to the vertex labeled by  admits a TIASL.
Proof. Let  be the vertex of  labeled by . Subdividing an edge  introduces a new vertex  of degree two adjacent to  and . Assign .
[bookmark: _GoBack]Since  and  by suitable choice of , the induced labeling remains valid. Injectivity can be preserved by extending the ground set if necessary. Hence, the subdivided graph admits a TIASL. ◻
Finally we consider vertex identification of two graphs. First we recall the definition of a vertex identification as follows.
Definition 4.1.  Let  and  be two vertex-disjoint graphs, and let  and . The graph obtained by identifying  and , denoted by , is the graph formed by merging  and  into a single vertex and preserving all adjacencies.
[bookmark: thm:vertex-identification]Theorem 4.6.  Let  and  be two non-trivial TIASL graphs with respect to the same ground set  and topology . Let  and  be the unique vertices labeled by  in  and , respectively.
Let  be the graph obtained by identifying  and . Then  admits a TIASL with respect to .
Proof. By the structural characterization of TIASL graphs, both  and  contain exactly one vertex labeled by . Identifying  and  produces a single vertex  in .
Define a labeling  by

Since  and  are injective and agree only on the label , the mapping  is injective on . Moreover,

so the vertex labels induce the same topology.
All edges of  are inherited from  or . Hence, for any edge , the induced edge label  coincides with the corresponding edge label in either  or  and is therefore a subset of .
Thus,  defines a TIASL of  with respect to . ◻
[bookmark: thm:closure-identification]Theorem 4.7.  The class of TIASL graphs is closed under vertex identification if and only if the identified vertices are precisely the vertices labeled by  in each graph.
Proof. () Suppose TIASL graphs are closed under vertex identification, and let  and  be identified. If either  or  is not labeled by , then the resulting graph contains two distinct vertices originally labeled  or forces adjacency between incompatible summands, violating the TIASL conditions. Hence, both  and  must be labeled by .
() If the vertices labeled by  are identified, then by Theorem 19, the resulting graph admits a TIASL. ◻
[bookmark: X9bb1d867ffe505992caae84577f1ccd3f670444]5. Topological Set-Indexing Number of TIASL Graphs
One of the fundamental quantitative questions in any graph labeling scheme concerns the minimum size of the ground set required to admit a labeling of the given type. In the context of topological integer additive set-labeling, this question naturally leads to a topology-dependent invariant that reflects both the size and the structure of the graph.
We begin by recalling the relevant invariant.
Definition 5.1.  Let  be a TIASL graph. The topological set-labeling number of , denoted by , is the minimum cardinality of a set  such that  admits a TIASL with respect to some topology  on .
This invariant measures the minimum topological complexity required to realize  as a TIASL graph.
Recall that for a TIASL graph , the vertex labels correspond precisely to the non-empty open sets of the topology . Consequently, the number of vertices of  is bounded above by the number of non-empty subsets of .
[bookmark: prop:basic-bounds]Proposition 5.2.  Let  be a TIASL graph. Then the following bounds hold:
1. ;
1. ,
where  denotes the maximum number of pendant vertices adjacent to a single vertex of .
Proof. The first inequality follows immediately from the fact that  is injective and that .
For the second inequality, note from Theorem 2.3.3 that at least  vertices must be labeled by open sets that do not participate in non-trivial sumsets except with . The remaining  vertices must therefore be labeled by subsets that can act as summands with at least one other non-trivial open set. The number of such subsets is bounded above by , yielding the desired inequality. ◻
We now use the bounds obtained above to derive an explicit expression for the topological set-labeling number of a TIASL graph.
[bookmark: thm:iG]Theorem 5.3.  Let  be a finite connected TIASL graph. Then 
Proof. Let . By definition, there exists a TIASL of  with respect to a ground set  satisfying . By Proposition 5.2, we have

Taking logarithms, we obtain

which implies

Since  is an integer and minimal, we conclude that

Conversely, if  satisfies the above inequality, then

Hence, there exists a topology on a set  with  admitting sufficiently many open sets to label all vertices of  in accordance with Theorem 2.3.3. Therefore, . ◻
Corollary 5.1.  Let  be the path graph on  vertices. Then 
Proof. For the path graph , we have  and , since at most one pendant vertex can be adjacent to a given vertex. Substituting into Theorem 5.3 yields the result. ◻
[bookmark: conclusion-and-future-directions]6. Conclusion and Future Directions
In this paper, we have investigated several structural and operational aspects of topological integer additive set-labeled graphs beyond their basic characterization. While necessary and sufficient conditions for the existence of TIASL graphs were previously established by Sudev and Germina, our focus has been on properties that emerge once such graphs are known to exist.
We first proved an embedding theorem showing that every finite connected graph can be realized as a subgraph of a connected TIASL graph. This universality result demonstrates that, despite strong local structural constraints such as the existence of a unique vertex labeled by  and the necessity of pendant vertices the class of TIASL graphs is globally flexible.
We then examined the behavior of TIASL under standard graph operations. Our results show that TIASL graphs are not closed under most classical operations, including disjoint union and join. Closure holds only under carefully controlled operations, notably vertex identification at the unique -labeled vertex and subdivision of edges incident to it. These findings highlight the inherently single-centered nature of TIASL graphs and explain the fragility of the TIASL property under structural modifications.
Finally, we studied the topological set-indexing number introduced earlier and derived new bounds and consequences based on the embedding theorem and graph operations. These results demonstrate that this invariant is influenced not only by the order of the graph but also by its pendant vertex structure and centrality constraints.
Several directions for future research naturally arise from this work. One promising direction is the investigation of TIASL under additional graph operations or graph products, with the aim of obtaining a complete closure classification. Another is the study of algorithmic aspects of TIASL, such as determining the complexity of computing the topological set-indexing number or deciding whether a given labeling extends to a TIASL. It would also be of interest to explore variations of TIASL obtained by modifying the additive operation or by imposing further restrictions on the topology of the ground set.
We hope that the results presented here contribute to a deeper understanding of topological integer additive set-labeling and stimulate further research in this direction.
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