Generalized Lyapunov- and Hartman–Wintner-Type Inequalities for Mixed Fractional Differential Equations with Advanced Fractional Operators
Abstract
Fractional differential equations model systems with memory and nonlocal effects, with applications across many scientific fields. Lyapunov and Hartman–Wintner type inequalities help analyze solution existence, eigenvalues, and oscillatory behavior, but their extension to modern fractional operators remains limited. Current research lacks a unified framework for these inequalities across different advanced operators. In this paper, we investigate Lyapunov- and Hartman–Wintner-type inequalities for a class of fractional boundary value problems involving non-singular kernels. The analysis is carried out using Caputo–Fabrizio and Atangana–Baleanu fractional operators. We establish new bounds under suitable assumptions and derive conditions for the existence of nontrivial solutions. The obtained inequalities generalize several known results in the literature. Illustrative examples are provided to validate the theoretical findings and to demonstrate the applicability of the proposed approach.
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1. [bookmark: sec:intro]Introduction
Fractional differential equations provide a flexible framework for modeling systems with memory and nonlocal effects, extending beyond the scope of classical integer-order models. Their applications span physics, engineering, biology, economics, and control theory [1,2,8,11]. Within this setting, inequalities of Lyapunov and Hartman–Wintner type play a central role: they supply conditions for the existence of nontrivial solutions, offer eigenvalue estimates, and describe oscillatory behavior of boundary value problems [5,6,7].
While such inequalities have been extended to Caputo and Riemann–Liouville operators [9,12], modern fractional calculus introduces richer operators that remain underexplored in this context. Tempered derivatives introduce exponential decay for fading memory [13]; non-singular kernels such as Atangana–Baleanu and Caputo–Fabrizio remove singular behavior near the origin [3,4,10,15,18]; and variable-order operators capture dynamics that evolve with time or space [14,19]. Current literature often treats these cases separately, leaving a gap in unifying inequalities across operator types [17,18,19].
The purpose of this work is to develop generalized Lyapunov- and Hartman–Wintner-type inequalities for mixed fractional boundary value problems governed by advanced fractional operators. Using Green’s function constructions and fixed-point theorems in cones, we establish existence results for nontrivial nonnegative solutions and derive explicit inequality bounds that recover the classical case in the integer-order limit.
Recent studies have further advanced the theory of fractional differential equations, especially for models involving non-singular kernels, boundary value problems, and generalized operator settings [1,2,14,17,20,21,22]. In addition, transform-based and numerical approaches have been developed for nonlinear fractional systems [23,24]. These developments motivate the present investigation and help place our results within the current literature.
[bookmark: sec:prelim]2. Preliminaries and Definitions
We work on  with  and functions sufficiently smooth for the stated integrals to exist.
[bookmark: riemannliouville-and-caputo-operators]2.1 Riemann–Liouville and Caputo operators
For , the left Riemann–Liouville fractional integral is
						(2.1)
The left Riemann–Liouville derivative of order  is
							(2.2)
For , the Caputo derivative is
									(2.3)
[bookmark: tempered-operators]2.2 Tempered operators
For  and tempering parameter ,
								(2.4)
[bookmark: non-singular-operators-cf-and-abc]2.3 Non-singular operators (CF and ABC)
For , the Caputo–Fabrizio operator is
					(2.5)
The Atangana–Baleanu operator in Caputo sense is
					(2.6)
with  the Mittag–Leffler function.
[bookmark: variable-order-operator]2.4 Variable-order operator
Let . A common left variable-order Riemann–Liouville derivative is
								(2.7)
[bookmark: sec:green]3. Green’s Function Construction and Properties
We study the mixed problem
			(3.1)
For , the solution admits the integral representation
									(3.2)
The associated Green’s function is given by
						(3.3)
[bookmark: lem:positive]Lemma 3.1 (Positivity of the Green’s function).  Let  be defined by (3.3). Then                 							(3.4)
Proof. Let  be arbitrary. From (3.3), we have
							(3.5)
Since  and , it follows that

Moreover, , , and . Therefore,  for all . 
[bookmark: lem:diag]Lemma 3.2 (Diagonal bound).  For ,  			(3.6)
Moreover, 
					 				(3.7)
 with equality at .

Proof. Setting  in (3.3), we obtain (3.6).  
Define  for . This function is symmetric about , and a direct derivative test shows that
								             	(3.8)
Substituting (3.8) into (3.6), we obtain
							(3.9)
Since  and , we have

Therefore,
										(3.10)
which proves (3.7). Equality holds at . 
[bookmark: thm:uniform]Theorem 3.3 (Uniform bound for the Green’s function).  There exists a constant  such that 
 							(3.11)
Where
					 					(3.12)
Proof. From Lemma 3.1, the Green’s function is nonnegative.
Define

By Lemma 3.2,

Thus,

Substituting into (3.3), we obtain
							(3.13)
Since  and , it follows that

Therefore,
									(3.14)
This completes the proof. 
[bookmark: sec:existence]4. Existence of Nonnegative Solutions
Consider the boundary value problem
		           (4.1)
We work in the Banach space  equipped with the norm
										(4.2)
Assume that  satisfies  on , and that  is continuous. Define the cone
						(4.3)
and the operator
								(4.4)
By Lemma 3.1, together with the non-negativity of  and , it follows that .
[bookmark: lem:compact]Lemma 4.1 (Compactness).  The operator  is completely continuous.
Proof. Let . Since  is continuous on  and  is continuous on , there exists a constant  such that
							(4.5)
Using Theorem 3.3, we obtain
							(4.6)
which shows that  is uniformly bounded.
Moreover, continuity of  on the compact set  implies equicontinuity of  via dominated convergence. Hence, by the Arzelà–Ascoli theorem,  is compact. Continuity of  follows directly from the continuity of , , and . Therefore,  is completely continuous. 
Assume the following growth conditions:
														
[bookmark: thm:exist]Theorem 4.2 (Existence).  Let , , and suppose (4.7)–(4.8) hold. If 

 and 

 then problem (4.1) admits a nontrivial nonnegative solution .
Proof. Define
			(4.9)
Let , so that . Using condition (4.7), we obtain
							(4.10)
By assumption, this implies , so  is a compression on .
Next, let , so that . Using (eq:F2), we obtain
							(4.11)
By assumption, , so  is an expansion on .
Since  is completely continuous by Lemma 4.1, the Guo–Krasnosel’skiı̆ fixed-point theorem guarantees the existence of a fixed point  with

Thus,  is a nontrivial nonnegative solution of (4.1). 
The above argument extends to tempered, Caputo–Fabrizio, Atangana–Baleanu, and variable-order operators, with the associated constants modified according to the corresponding kernel bounds.
[bookmark: sec:ineq]5. Lyapunov- and Hartman–Wintner-Type Inequalities
Consider the linear boundary value problem
						(5.1)
Assume that the associated Green’s function  satisfies the uniform bound (3.11).
[bookmark: thm:lyap]Theorem 5.1 (Lyapunov-type inequality).  If problem (5.1) admits a nontrivial solution , then 
									(5.2)
Proof. Let  be a solution of (5.1). From the Green’s function representation in Section 3, we have
								(5.3)
Taking absolute values and using Lemma 3.1, we obtain
								(5.4)
Using the definition of the supremum norm, it follows that
								(5.5)
Taking the maximum over , we obtain
							(5.6)
Since  is nontrivial, , we deduce
									(5.7)
By Theorem 3.3, we have , where
										
Therefore,
							(5.8)
Combining (5.7) and (5.8), we obtain
										(5.9)
which yields
								(5.10)
This completes the proof. 
[bookmark: thm:HW]Theorem 5.2 (Hartman–Wintner-type inequality).  If problem (5.1) admits a nontrivial solution , then 			
							(5.11)

Proof. Let  be a solution of (5.1). From the Green’s function representation, we have
								(5.12)
Taking absolute values yields
								(5.13)
Let  be such that . Then
								(5.14)
Using the bound , we obtain
									(5.15)
Rearranging completes the proof. 
The above inequalities extend naturally to tempered, Caputo–Fabrizio, Atangana–Baleanu, and variable-order operators, with constants modified according to the corresponding kernel bounds.
[bookmark: sec:eigs]6. Eigenvalue Problems and Multiplicity Results
Consider the eigenvalue problem
					(6.1)
[bookmark: thm:lambda1]Theorem 6.1 (Lower bound on the first eigenvalue).  Let  with  and . If  denotes the smallest eigenvalue of (6.1), then 
										(6.2)
Proof. Let  be an eigenfunction corresponding to . From the Green’s representation in Section 3, we obtain
								(6.3)
Taking absolute values and using Lemma 3.1, we have
								(6.4)
Using the supremum norm, it follows that
								(6.5)
Taking the maximum over , we obtain
							(6.6)
Since , we deduce
									(6.7)
By Theorem 3.3, , and hence
							(6.8)
Combining (6.7) and (6.8), we obtain
										(6.9)
which implies
										(6.10)
Since
										
the desired estimate (6.2) follows. 
We now consider the nonlinear problem
					(6.11)
Assume
						(6.12)
Define

Consider the operator
								(6.13)
Set
				(6.14)
Since  and , it follows that .
[bookmark: thm:multi]Theorem 6.2 (Existence via cone compression/expansion).  Under the above assumptions, problem (6.11) admits at least one nontrivial nonnegative solution in .
Proof. Since  as , there exists  such that
								
Then for , we have
										(6.15)
so  is a compression on .
Since  as , there exists  such that

Thus, for , we obtain
										(6.16)
so  is an expansion on .
By the Guo–Krasnosel’skiı̆ fixed-point theorem, there exists a fixed point  such that

Hence, the problem admits a nontrivial nonnegative solution. 
The above results extend to tempered, Caputo–Fabrizio, Atangana–Baleanu, and variable-order operators with appropriate modifications of the associated kernel bounds.
[bookmark: sec:numerics]7. Examples and Numerical Validation
In this section, we illustrate the applicability of the derived inequalities and eigenvalue bounds through representative examples. The numerical illustrations are qualitative and are included to visualize the dependence of the bounds on the fractional order .
[bookmark: example-a-power-law-coefficient]Example A (power-law coefficient)
Consider
				(7.1)
Here , and therefore
									
By Theorem 5.1, a necessary condition for the existence of a nontrivial solution is
										(7.2)
Thus, the existence of solutions depends strongly on the value of . In particular, for values of  close to , the lower bound is weaker, while for  the restriction becomes stronger.
[bookmark: example-b-caputofabrizio-kernel]Example B (Caputo–Fabrizio kernel)
Consider
					(7.3)
In this case,

The Lyapunov-type inequality takes the form
										(7.4)
where  denotes the kernel-dependent constant associated with the Caputo–Fabrizio operator.
[bookmark: example-c-variable-order]Example C (variable order)
Let  and  on . Then

Using , the corresponding Lyapunov-type condition becomes
					        					(7.5)	
This example shows how variable-order effects influence the admissible bounds for the existence of nontrivial solutions.







[bookmark: figures]Figures
The following plots provide qualitative illustrations of the derived inequalities and the associated solution profiles.
(a)Comparison between  and the right-hand side bound in (7.2) as a function of .
(b)Approximate normalized eigenfunction profile for Example A at 
	.
	





c) Illustrative comparison of representative inequality constants for Caputo–Fabrizio and Atangana-Baleanu operators as functions of .
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	d) Comparison between  and an illustrative right-hand side bound corresponding to (7.5) over .


Fig 1: Comparison between  and the right-hand side bound in (7.2) as a function of .
	


[bookmark: Xd35a22711b1e853c6b887eeeb013737ddf1dfc3][image: ]Fig 2: Approximate normalized eigenfunction profile for Example A at α=0.7


Fig 3: Illustrative comparison of representative inequality constants for Caputo–Fabrizio and Atangana-Baleanu operators as functions of 
[image: ]


Fig 4: Comparison between  and an illustrative right-hand side bound corresponding to (7.5) over .

Discussion of the numerical illustrations
The above figures support the theoretical results established in Sections 5 and 6. In Example A, the comparison between the integral of the coefficient function and the Lyapunov bound shows how the admissibility of nontrivial solutions depends on the fractional order . The eigenfunction profile is consistent with the homogeneous boundary conditions and illustrates the qualitative shape of the corresponding solution. The comparison between Caputo–Fabrizio and Atangana–Baleanu constants highlights the influence of the kernel on the resulting bounds. Example C further shows that the variable-order setting yields meaningful restrictions on the existence of solutions.
[bookmark: sec:conclusion]8. Conclusions and Future Work
In this paper, we have established generalized Lyapunov- and Hartman–Wintner-type inequalities for a class of mixed fractional boundary value problems. By employing Green’s function techniques, we derived key properties including positivity, diagonal bounds, and uniform estimates, thereby extending classical results to fractional settings involving advanced operators.
The obtained inequalities reduce to the classical Lyapunov inequality when .
Using cone-based fixed-point methods, we proved the existence of nontrivial nonnegative solutions under suitable growth conditions. Furthermore, eigenvalue analysis yielded explicit lower bounds for the first eigenvalue, highlighting the interplay between the fractional order and the coefficient function.
The proposed framework incorporates a broad class of fractional operators, including tempered derivatives, non-singular kernels such as Caputo–Fabrizio and Atangana–Baleanu, and variable-order formulations. The presented examples and numerical illustrations demonstrate the effectiveness of the theoretical results and emphasize the influence of kernel structures on the associated inequalities.
Future research directions include the development of oscillation criteria via Sturm–Picone-type identities, extensions to more general boundary conditions such as Robin and multi-point problems, and the study of higher-order and multidimensional fractional systems. These directions offer promising avenues for further advancement in the qualitative theory of fractional differential equations.
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