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1. Abstract

In this article, we analyzed the operating voltage of a substation in Kinshasa by transforming its classical distribution into a fuzzy distribution. This approach allowed us to estimate fuzzy stochastic parameters, which we classified as total and partial parameters. Total parameters, such as fuzzy expectation and variance, have a maximum membership degree of 1. Partial parameters, such as fuzzy autocovariance and autocorrelation, have membership degrees less than 1. This study formalized a fuzzy distribution approach based on Zadeh arithmetic, providing a rigorous framework for imprecision modeling. The integration of fuzzy numbers into the estimation methods led to a more robust evaluation of the model parameters. Furthermore, the stationarity criteria were re-examined in this fuzzy context, highlighting their theoretical consistency and practical applicability. The results obtained confirm the relevance of this approach for the analysis of random phenomena tainted by epistemic uncertainty.

The results show that the fuzzy expectation and variance have a maximum degree of membership equal to 1, while the autocorrelation functions reach a maximum degree of 0.332, confirming the partial nature of the estimated model.
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3. Introduction

More recently, Benimi, CM et al. published the article "A Fuzzy Approach to Parameter Estimation in Autoregressive Models." This article, titled "Models," deals with fuzzy parameter estimation in autoregressive models, integrating concepts from fuzzy set theory and fuzzy statistics applied to AR processes. Based on the modeling of the operating voltage of an electrical substation in Kinshasa, the capital of the Democratic Republic of Congo, it proposes an original approach combining probability theory and fuzzy statistics by fuzzifying the operating voltage data in the time domain. This methodology allows the construction of a statistical distribution that incorporates both randomness and measurement imprecision. It leads to the development of a stationary fuzzy stochastic process model, suitable for the analysis of the electrical grid.
Despite recent advances in classical autoregressive modeling, most existing work assumes precise observations and does not explicitly account for the epistemic uncertainty related to measurement quality. This limitation becomes critical in energy systems where data are often affected by instrumental inaccuracies and structural fluctuations. A methodological gap thus exists regarding the joint integration of randomness and imprecision within a rigorous autoregressive framework. This work proposes to fill this gap by developing a fuzzy autoregressive model based on the Zadeh extension principle , enabling robust parameter estimation in the presence of uncertainty.
In this work, the term "fuzzy stochastic" refers to a hybrid framework combining probabilistic structure and fuzzy representation of imprecision, and should not be confused with the classical probabilistic approach based solely on precise random variables.
[bookmark: _Toc219836298]Substation N                                                
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The frequency remains constant at 50 Hz , and the operation reflects the subscribers' daily consumption, which is periodic . Given the significant voltage variations, we chose to create a fuzzy distribution based on the substation's operating voltage. The data used corresponds to 24 observations , representing… Average monthly voltage over two years of operation.
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Table 1. Average monthly operating voltage of the UPN transformer substation
5. Blurring of a statistical series.

The elements of the statistical series are arranged in Table 1. The subsets are assigned the modality of the element for the maximum association frequency of pairs , . In other words;
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We therefore have the following table	
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 Table 3. Frequency of couple association
This gives us the following table
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From which is interpreted the degree of belonging to the i - th modality of the statistical characteristic X, from expression (2) of the presentation of our statistical series :
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[bookmark: _Toc203170733][bookmark: _Toc203172093][bookmark: _Toc211723075][bookmark: _Toc203170735][bookmark: _Toc203172095]The degree to which statistical units belong to the categories of a characteristic allows us to obtain a statistical table in the usual sense of the term. A statistical characteristic X is therefore defined as any descriptive fact that allows us to perform a partition on a reference set . We verify that… gives a first idea of a fuzzy (quantitative and discrete) characteristic denoted … The value of any statistical unit does not necessarily correspond to a unique category of X. Moreover, the correspondence is generally imprecise. By definition represents the truth value of the proposition is worth . In what follows, we will choose to estimate the values of by those of . Therefore, the statistical series relating to the fuzzy nature is represented by Table 5 . in which the statistical units are characterized "more or less" by the modalities of . It should be noted that the value 1 is a special case imposed by number theory which we examine in the following paragraph.                                  
1. "This does not always mean that" is exactly equal to 1, but this is according to the definition of , is the most credible value of . In all cases, it is possible to assimilate to a vague number whose definition is recalled below. 
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We will agree to call the characteristic diagram of the fuzzy number the graphical representation of the values of the membership function in the most general case. It then represents the measurement of a quantity within its uncertainty interval.
      

1	
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0.33		
	
        
0 28 29.5 30.5 32      

Fig. 1. Representation and case of Snel / UPN

In this case, it means that is exactly one of the values of . By definition, we have ;
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The membership function takes the value 1 for the most credible value of the fuzzy number; we can then understand why membership functions are currently estimated by the ratio . 
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Fig. 2. Representation of Snel/UPN Enclosure
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                 	  denotes the "fuzzy sum" operator
The addition of two fuzzy numbers and is the fuzzy subset  such as :
	            
Zadet , we can write:
                           
                                     With 
The different y-values obtained correspond to the different paths in our trees. Each tree has 64 paths, and some paths have similar y-values. We will use the partial tree to facilitate the precise calculation of the expected value.
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           So 
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=  . So         
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Fig. 3. Characteristic tree of for e j

From this point on , each path found gives us a value which may or may not be similar with different degrees of belonging.
For example, the first path gives us; 
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After several paths per iteration, we obtain a total of 64 paths; we can conclude with this path: For 

   
                        .
                          
So

The quote is valid;
                              .
.

Of all our different fuzzy sums, the one with the most precise degree of membership is the one whose degree of membership is 1 for the sum of 121. The mathematical expectation is given by the expression;

                      
=   
From there, we can form a fuzzy triangular number with fuzzy mathematical expectation, so we have;
                           
                           
7. Concept of fuzzy variance

Fuzzy variance is a dispersion parameter of a fuzzy distribution (a distribution composed of fuzzy numbers) of a random variable.
Noted . This is expressed by the phrase:	
.
                                                                      With is the fuzzy mean
From the illustration, our fuzzy mathematical expectation has a mode of 30.25 Kv because the value of the mean whose membership function is 1. We will calculate the fuzzy variance for each .
	      
	
	
	
	

	28 kV
	v/0.332
	v/0
	v/0.332
	v/0

	29.5 kV
	 Kv/0.666
	Kv/0.666
	Kv/1
	Kv/0.332

	30.5 kV
	Kv/1
	 Kv Kv/1
	Kv Kv/0.332
	Kv Kv/1

	32 kV
	Kv/0
	Kv/0.332
	Kv/0.332
	Kv/0.666


	Table 6. Different voltages of
From the expression  
                                      
                                                                            Gold 
Thus, the expression for variance can be written;
                                  
We have the distribution
	      

	
	
	
	

	28 kV
	v/0.332
	v/0
	v/0.332
	v/0

	29.5 kV
	0.5625 kV / 0.666
	0.5625 kV / 0.666
	0.5625 Kv /1
	0.5625 kV / 0.332

	30.5 kV
	0.0625 kV /1
	0.0625 kV /1
	0.0625 kV / 0.332
	0.0625 kV /1

	32 kV
	3.0625 kV /0
	3.0625 kV / 0.332
	3.0625 kV / 0.332
	3.0625 kV / 0.666


Table 7. Different voltages of
Our distribution is a fuzzy distribution, meaning each value must be associated with its degree of membership. Referring to the membership function and using the partition tree to calculate the fuzzy mean, we will now use this tree to calculate the fuzzy variance. Here are the different sums of the expression that we will calculate using the membership function. This will allow us to determine the fuzzy variance.
Thus, the result of the expression is;

   .
          
But the variance is ;                             
        = 
Of all our fuzzy variances, we are interested in the one with a degree of membership of 1. It is a unimodal fuzzy variance, which explains its triangular shape.	
8. Fuzzy autocovariance and autocorrelation function
Fuzzy autocovariance function

Autocovariance is a function that studies the relationship between the process and the process shifted by one step ( ). Therefore, the autocovariance function is represented by the expression : 
                            					            
An autocovariance function is said to be fuzzy if it studies the relationship that exists between two processes . Therefore, the processes are forms of fuzzy numbers.
                                             
Which gives:
                         
Let's ask 
From our illustration, we can calculate the autocovariance of our fuzzy distribution using Zadet 's extension method for multiplication and addition.
	
	
	
	
	
	
	

	
  
	28 kV
	Kv
	
	
	
	

	
	29.5 kV
	Kv
	
	
	
	

	
	30.5 kV
	Kv
	
	
	
	

	
	32 kV
	Kv
	
	
	
	

	

	28 kV
	Kv
	

	28 kV
	Kv
	5.0625 kV

	
	29.5 kV
	Kv
	
	29.5 kV
	Kv
	0.5625 kV

	
	30.5 kV
	Kv
	
	30.5 kV
	Kv
	0.0625 kV

	
	32 kV
	Kv
	
	32 kV
	Kv
	3.0625 kV

	

	28 kV
	Kv
	

	28 kV
	Kv
	5.0625 kV

	
	29.5 kV
	Kv
	
	29.5 kV
	Kv
	0.5625 kV

	
	30.5 kV
	Kv
	
	30.5 kV
	Kv
	0.0625 kV

	
	32 kV
	Kv
	
	32 kV
	Kv
	3.0625 kV

	

	28 kV
	Kv
	
	28 kV
	Kv
	5.0625 kV

	
	29.5 kV
	Kv
	
	29.5 kV
	Kv
	0.5625 kV

	
	30.5 kV
	Kv
	
	30.5 kV
	Kv
	0.0625 kV

	
	32 kV
	Kv
	
	32 kV
	Kv
	3.0625 kV


Table 8. First-order autocovariance
We will determine the degree to which each value found belongs to the fuzzy number. with  
.
And
Starting from the empirical expression of the autocovariance function with respect to the result, we have;
.
	 .
So
                         
When we examine our results, no value has a membership degree of 1. The highest degree is 0.332. Therefore, we will use partial autocovariances with a membership degree of 0.332 to calculate the different autocorrelation functions.    

Based on our results, no value has a membership degree of 1. The highest degree is 0.332. Therefore, we will use the partial autocovariance with a membership degree of 0.332 to calculate the different autocorrelation functions.    
8.2. Fuzzy autocorrelation function

The autocorrelation function is a function that studies the relationship between the process and the process shifted by one step ( ) . Therefore, the autocorrelation function is represented by the expression :                                                                                                                                                                                                                                                                           
                                        .
Gold    
· 
Search for the membership function,
                       
·     
Search for the membership function,
                       
· 
Searching for the membership function ,
                       
·        
Search for the membership function,
                       
· .
Search for the membership function,
                       
·    
Search for the membership function,
                       
· 
Search for the membership function,
                       

We observed that all the different autocorrelation functions have a degree of membership greater than 0.332. Our model is composed of partial autocorrelation functions because there is no total autocorrelation function, that is, no autocorrelation function whose degree of membership is equal to 1.
[bookmark: _Toc212911190][bookmark: _Toc219835577][bookmark: _Toc219836477]9. Fuzzy estimation of the parameters of the fuzzy autoregressive model

From the fuzzy autocorrelation function, we can determine the fuzzy parameter of the fuzzy autoregressive part. The expression for calculating it is as follows, respecting the membership function of each autocorrelation function. This will allow us to determine the membership function of each parameter found for each model and to explain the different partial models we will estimate. We now have a fuzzy model with a single fuzzy variance whose membership degree is 1. This explains the number of lags in the process, which constitutes the partial model.

We will determine the value of using the following expression for all the different coefficients of the model.
                 
For : 
So
For : 
So
For : 
So
For : 
So
For : 
So
For : 
So
For : 
So

autocovariance functions of the fuzzy autoregressive process of order
9.1 . The expression of the model;

Which gives;                        
  
Within the framework of the estimated fuzzy autoregressive process, the question of stationarity remains essential to guarantee the dynamic consistency of the system. By adapting the classical criteria of AR processes, the stability of the model is ensured when the modulus of the roots of the characteristic polynomial associated with the central values of the fuzzy coefficients remains strictly greater than one. This condition allows the principle of stationarity to be extended to the fuzzy context and ensures the statistical validity of the estimates obtained under uncertainty.
9.2. Comparison with the classical autoregressive model
To assess the relevance of the proposed framework, a conceptual comparison is made with a classical AR model estimated on the same data. While the conventional model provides a single point parameter, the fuzzy approach yields a structured interval associated with a degree of membership, thus offering a more realistic representation of uncertainty. This difference becomes particularly significant when the data exhibits non-negligible fluctuations. The fuzzy model demonstrates greater interpretative robustness in the face of variations in observations.
[bookmark: _GoBack]10. Conclusion
Based on our study, we estimated the fuzzy stochastic parameters and the coefficient of the fuzzy model. Among the estimated fuzzy stochastic parameters, the expectation and variance are triangular fuzzy subsets of mode 1, while the fuzzy autocovariance and fuzzy autocorrelation are triangular fuzzy subsets of mode 0.332. This explains the partiality of our fuzzy autoregressive process model.

We concluded that the fuzzy autocovariance function, the fuzzy autocorrelation function, and the fuzzy variance are essential stochastic parameters for estimating the coefficients of a fuzzy autoregressive process model, which even explains the stationarity of a stochastic process. In a fuzzy environment, we distinguish two types of fuzzy autoregressive process models; this distinction takes into account the degree to which fuzzy stochastic parameters are included. Thus, we have:

· The partial model of the autoregressive process and
· The complete model of the autoregressive process

In the classical model, parameter estimation results in a single model containing the estimated parameter. In contrast, in a fuzzy model, estimation leads to several models of the same order, where the parameter and coefficient are fuzzy numbers, and their degree of membership is also fuzzy. The fuzzy model allows us to estimate any practical reality adapted to our realities.

A future perspective of this research is to extend the proposed framework to fuzzy ARMA models and hybrid structures incorporating machine learning techniques, in order to further improve predictive capability in complex dynamic environments.
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