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ABSTRACT

	This paper proposes a magnitude comparison scheme and is theoretically proven and evaluated. The proposed scheme compares the relative magnitude of any two RNS numbers via sign detection. It first computes the modular differences of the residues of the two RNS numbers,  and , and then computes the sum of the results, ,which is then proven to be equal to zero. The final implementation of the technique requires the reverse conversion of . Then sign detection is performed on  and the results determine whether  or . Theoretical analysis proves that the proposed scheme accurately compares the magnitude of any two RNS numbers and is efficient as it handles smaller numbers, since it operates on residues, computing the modular differences using the MRC technique, leading to faster operations and when coupled with the moduli set used in this paper, it offers a large dynamic range.
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1. INTRODUCTION
Residue number system is a number system that represents integers in the form of residues modulo a set of pairwise coprime moduli. Due to this, it is a non-positional and non-weighted number system with carry free, high-speed and parallel arithmetic operations. RNS is defined in terms of a set of relatively prime moduli set  such that the  for ,
while , is the dynamic range.
The residues of a decimal number  can be obtained as , thus X can be represented in RNS as , . This representation is unique for any integer  [1].
Despite the many advantages of the residue numbers system, there remain some challenges that limit its full implementation in general-purpose computing. One of such limitations, which is addressed in this paper, is determining the relative magnitude of two RNS numbers. Magnitude comparison in RNS is defined by determining whether one RNS number is greater than, less than or equal to another RNS number. This problem comes from the fact that simple inspection techniques based on digit-by-digit comparisons are ineffective, thus, the issue of magnitude comparison can only be addressed by operations involving all the digits of the residue number. Some of these methods require the full reverse conversion of the numbers into their binary or decimal equivalent, which is then compared.  Some of such techniques used for the full reconstruction of the number to its decimal or binary equivalent are the Chinese Remainder Theorem (CRT) and the Mixed Radix Conversion (MRC) technique. Some techniques avoid the need for the full reconstruction of the number, such as Dynamic Range Partitioning (DRP), diagonal functions, parity checking and the use of a redundant modulus. Though these techniques are precise, most have limitations in either computational complexity due to the need for a full reverse conversion or the need of specialized moduli sets. This paper explores another method, that is, magnitude comparison via sign detection.
RELATED LITERATURE.
Magnitude comparison is a key challenge in RNS that limits the generalization of RNS systems. Over the years, relevant research has been done to develop methods and techniques to solve this issue of magnitude comparison, however, there exists some limitations to these techniques. One method involves the reverse conversion of the non-positional residue representation into its optional code using traditional techniques such as the Mixed Radix Conversion (MRC) and the Chinese Remainder Theorem (CRT) [2]. However, these techniques are inefficient since CRT involves modulo M operations, where M is given as the dynamic range of the number system, and MRC is slow and sequential. Another proposed technique for magnitude comparison is the diagonal function defined as the sum of suitable quotients, which provides the estimated number’s order of magnitude[3]. This approach computes the function using an extra modulus, which is then inserted into the set of moduli during the final implementation of the Residue system. The diagonal function was modified in [4] for RNS number comparators where its experimental results achieved reduced delay, power consumption and less hardware. A new algorithm based on the Mixed Radix Conversion II [5] was proposed to compare the magnitude of RNS numbers. This technique only uses small modulo operations and has an O(n) time complexity. Another technique for magnitude comparison was proposed in [6] which compares the magnitude of two RNS numbers without the need for binary conversion by grouping the RNS numbers based on modulo arithmetic into clusters. A low-cost cost low-power RNS comparison technique was proposed in [7] based on ordering the dynamic range into sequential partitions and finding the partitions with the matching operands. Following this, a technique based on diagonal functions was proposed in [8] compares numbers in RNS of the form  which eliminates the need for division on the large modulo  replacing it with the use of a smaller modulo  which reduces the computational complexity. Another paper proposes a fast and efficient RNS comparator and signed detector using the Dynamic Range Partitioning (DRP) technique [9] and expanding the unified system to a five-moduli set. The system could be used in the comparison of both signed and unsigned RNS numbers, and the results of the unified system prove its efficiency. An efficient technique for magnitude comparison based on two pairs of conjugate moduli was proposed in [10] which compares two unsigned RNS numbers based on parity, which indicates whether a number is even or odd. The proposed technique reduces the computational complexity of magnitude comparison by leveraging its structure. Experimental results of the VLSI circuit show a high throughput with low latency. Another work explores the use of the Chinese Remainder Theorem (CRT-III) and the Cyclic Jump technique for a six-moduli set to compare the magnitude of two RNS numbers[11]. The technique reduces the need for modulo M operations, which are computationally intensive, and compares RNS numbers based on parity and is suitable for hardware implementations. A signed magnitude comparator for the moduli set  was proposed in [12] which computes two subrange identifiers to efficiently detect the sign and compare the magnitude of RNS numbers without the need for a full reverse conversion. Recent innovations in RNS are heavily centered on its hardware implementation and adapting RNS systems for modern high-performance computing. Following this, a work in [13] studied monotonic core functions and its application to develop efficient RNS number comparators with reduced hardware utilization despite a lower dynamic range. More recent works explore the use of RNS in hybrid systems. A work in [14] achieved efficient magnitude comparisons by utilizing finite precision floating point intervals while a work in [15] proposes a scheme utilizing Field-Programmable Gate Arrays (FPGA) to bridge the scaling of the floating-point dynamic range and the high-speed operations of RNS. The innovative applications of RNS have found it implemented in fields such as Deep Neural Networks (DNN) and cryptography. A work in [16] explores several number systems and their application in DNNs, also emphasizing the advantages of the parallel processing capabilities of the RNS while in another work focusing on the Montgomery modular multiplication, minimally redundant RNS was explored in its effect in accelerating modular multiplication [17].
2. JUSTIFICATION.
Comparing two numbers to determine which is greater than the other is difficult in RNS due to it being a non-weighted and non-positional number system that represents numbers in their equivalent residue form with respect to a set of co-prime moduli.
Given the numbers 50 and 40, in decimal, it is quite easy to determine that 50 is greater than 40 but it becomes difficult to do so in RNS. The number 50 in RNS with respect to the moduli set  is  and the same for 40 is . In this form, it becomes difficult to compare these numbers to determine which is greater than the other.
Also, the numbers -7 and 7 are numbers that are quite easy to know which is greater, as one is positive the other is negative, but in RNS, the comparison is not so clear. In their RNS equivalent form, -7 is  and 7 is  which makes it difficult to clearly compare and determine which of these numbers is greater than the other. Another thing to note is that the sign completely vanishes from the number -7 when converted to its RNS equivalent.
Therefore, it is necessary to continue to explore the field of magnitude comparison in RNS to find new and efficient techniques to determine the relative magnitude of any two RNS numbers.
3. MAGNITUDE COMPARISON AND SIGN DETECTION.
Magnitude comparison determines the relative size of two numerical values. Consider two integers X and Y, such that  and  for the moduli set ,

Proposition 1:
[bookmark: _Hlk198049223]If , that is  then 

Proposition 2:
If , that is  then 

Proposition 3:
If   and  are equal in magnitude but different in sign, then


3.1 PROPOSED ALGORITHMS
4.1.1 Generalized Algorithms.
To compare the magnitude of two numbers  and  with respect to the moduli set .
1. Accept the numbers  and  .
2. From proposition (1), compute  given  and   such that,

that is 
3. From proposition (2), compute  given  and  such that,

that is 
4. From proposition (3), compute  given  and  such that


5. Compute  and  such that 
6. Perform reverse conversion on  using the Mixed Radix Conversion (MRC) technique Were,
			        (1)
and 
the mixed radix digits (MRDs) can be computed by:




        
7. [bookmark: _Hlk198051052]Determine whether  falls within the range  or .
8. [bookmark: _Hlk198051116]If  falls within the range , then  is positive and . But if  falls within the range , then  is negative and .
4.1.2 Algorithms for The Moduli Set .
To compare the magnitude of two numbers  and  with respect to the moduli set . This moduli set was selected due to it being well-balanced and its large dynamic range. Similar moduli set can be found across literature [11].
1. Accept the numbers  and .
2. From proposition (1), compute  given  and  such that,
				(3)
that is 
3. From proposition (2), compute  given  and  such that,
				(4)
that is 
4. From proposition (3), compute  given  and  such that
		(5)

5. Compute  and 
such that 
			(6)
Then,
		(7)
And
		(8)

6. Perform reverse conversion on  using the Mixed Radix Conversion (MRC) technique Were,

       (9)
the mixed radix digits (MRDs) can be computed by:


			(10)
7. Determine whether  falls within the range  or .
8. If  falls within the range , then  is positive and . But if  falls within the range , then  is negative and .

4.1 Implementation.
4.2.1 Forward Conversion.
Following equations (2) and (3), the main aim in this case is to compute the residues  and  which are to be fed into the proposed scheme for post processing.
               







                    


Figure 1 Block Diagram Showing The Forward Conversion of The Rsidue Numbers.
4.2.1 Reverse Conversion.
In this section, we perform reverse conversion on  using the MRC technique. From equation (8) we compute the mixed radix digits. Given the moduli set  where   ,   and  for every integer , the following hold true;
				(10)
				(11)
				(12)
Proof: it can be proven that , then 1 is the multiplicative inverse of  with respect to . This implies


Thus, equation (10) holds true.
Similarly, if it can be proven that , then 1 is the multiplicative inverse of  with respect to . This implies




Thus, equation (11) holds true.
In a similar way, if it can be proven that  then 1 is the multiplicative inverse of  with respect to . This implies

Thus, equation (12) holds true.
[image: ]
Figure 2 Reverse Coversion Block Diagram of MRC implementation
5 Numerical Illustrations.
This sub-section presents numerical illustrations of the proposed scheme. Using the moduli set , Let  in the moduli set, then the moduli set  .

Illustration 1: Determining The Relative Magnitude of Two RNS numbers  and  using the proposed algorithm.
From The Equations (3) and (4)
Compute for   and 
Such that,








Then,




From Equation (5), Compute 




Meaning proposition (3) holds true.
From the Equations (6), (7) and (8) Compute  and the Ranges  and .
Computing  and 
From equation (6), we compute  such that,



Then we compute  and .
From equation (7),



Therefore, the first range is 
From equation (8),


Also,


Therefore, the second range is the .
Perform Reverse Conversion Using MRC.
Find the modular inverse , , , such that



We get




From equation (10),
we compute the mixed radix digits (MRDs) such that,





From equation (9), compute  such that,



Determine if Z Falls Within the Positive Range  or the Negative Range .
Since ,
We determine that Z falls within the range . Therefore, Z is positive which implies proposition 1 holds true. This implies that X is of a greater magnitude than Y, hence .
Illustration 2: Determining The Relative Magnitude of Two RNS numbers  and  using the proposed algorithm.
From The Equations (3) and (4)
Compute  and 
From equation (3)








From equation (4)




From Equation (5), Compute 




This implies that proposition (3) holds true.
From the Equations (6), (7) and (8) Compute  and the Ranges  and .
Computing  and 
From equation (6), we compute  such that,



Then we compute  and .
From equation (7),



Therefore, the first range is 
From equation (8),


Also,


Therefore, the second range is the .
Perform Reverse Conversion Using MRC.
Find the modular inverse , , , such that



We get



From equation (10),
we compute the mixed radix digits (MRDs) such that,





From equation (9), compute  such that,




Determine if Z Falls Within the Positive Range  or the Negative Range .
Since ,
We determine that Z falls within the range . Therefore, Z is negative which implies proposition 1 does not hold true in this case. This implies that Y is of a greater magnitude than X, hence .
Illustration 3: Determining The Relative Magnitude of Two RNS numbers  and  using the proposed algorithm.
From The Equations (3) and (4)
Compute  and 
From equation (3)








From equation (4)




From Equation (5), Compute 




This implies that proposition (3) holds true.
From the Equations (6), (7) and (8) Compute  and the Ranges  and .
Computing  and 
From equation (6), we compute  such that,



Then we compute  and .
From equation (7),



Therefore, the first range is 
From equation (8),


Also,


Therefore, the second range is the .
Perform Reverse Conversion Using MRC.
Find the modular inverse , , , such that



We get



From equation (10),
we compute the mixed radix digits (MRDs) such that,





From equation (9), compute  such that,




Determine if Z Falls Within the Positive Range  or the Negative Range .
Since ,
We determine that Z falls within the range . Therefore, Z is negative which implies proposition 1 does not hold true in this case. This implies that Y is of a greater magnitude than X, hence .

Illustration 4: Determining The Relative Magnitude of Two RNS numbers  and  using the proposed algorithm.
From The Equations (3) and (4)
Compute  and 
From equation (3)








From equation (4)





Since both  and  are both equal to 0, this implies that both  and  are of the same magnitude.

6 PERFORMANCE EVALUATION.
The performance of the proposed scheme evaluated by comparing it with a similar state of the art scheme, [9]. The proposed scheme is compared with the state-of-the-art in [9] due to its similar architectural goals in developing a general-purpose architecture and its capabilities for magnitude comparison for both signed and unsigned numbers.

Table 1: Area and Delay of the Proposed Scheme and [9]
	Scheme
	Proposed Scheme (2)
	[9]

	
	
	

	
	
	

	Area-Delay Product 
	
	



Table 1 shows the evaluation of the proposed scheme as compared to [9] based on the three key matrices: area, delay and area-delay product for increasing values of .
The table shows that the area of the proposed scheme is given as  which is comparatively smaller as compared to the area of [9] which is given as, . This is also seen in the delay where the proposed magnitude comparison scheme has a delay of , which is again lower compared to  by [9]. The disparity between both metric evaluations is reflected in the area-delay product, demonstrating the efficiency of the proposed scheme. The area-delay metric, , is computed as  which is a standard metric that captures the tradeoffs between the hardware resource utilization and computational speed of the scheme.
[image: ]
Figure 3: Graph of Area Comparison of The Proposed Scheme with Another Scheme

Figure 3 illustrates a graphical comparative of the Area evaluation of the two schemes. The illustration of Figure 3 shows that the proposed scheme maintains significantly lower area values despite its linear ascent across increasing values of n as compared to [9] which maintains larger area values as it increases exponentially across increasing values of n. This shows that the proposed scheme requires lesser hardware resource units compared with [9]. From Figure 3, it is seen that the proposed scheme increases minimally across increasing values of n which indicates that the proposed scheme is scalable.

[image: ]
Figure 4: Graph of Delay Comparison of The Proposed Scheme with Another Scheme

Figure 4, which illustrates the comparative evaluation of the proposed scheme and [9], shows that the proposed scheme maintains lower delay values, that is, it achieves faster computational speeds, as compare with [9]. From Figure 4, at n = 4, the proposed scheme has a delay of 67 ns, as compared to an 88ns by [9]. This is maintained across the increasing values of n.

[image: ]
Figure 5: Graph of AD2 Comparison of The Proposed Scheme with [9]

Figure 5 shows the graphical illustration of the area-delay product, a combined metric capturing the tradeoffs between the hardware resource utilization (Area) and the computational speed (Delay). Per the graph in Figure 5, it is seen that the proposed scheme maintains lower  values across increasing values of n. This shows that the proposed scheme has significantly lower tradeoffs and proves that the proposed scheme is more efficient than [9].
The scheme boasts a larger dynamic range of 4080 as compared with the dynamic range of 1680 in [9]. This implies that the proposed scheme covers a large range of numbers in its operation as compared to [9]. 
Although other schemes based on Dynamic Range Partitioning (DRP) and diagonal functions are faster for specific moduli sets, the proposed scheme remains simple and general-purpose and can efficiently and accurately compare the magnitude of both signed and unsigned numbers. It can be implemented on any valid co-prime moduli set, making it scalable. Due to its simplicity, the scheme is well-suited for hardware implementation.
7 CONCLUSION
This paper proposed an efficient magnitude comparison scheme that was implemented on the moduli set . Through several numerical illustrations and comparative evaluation against a similar state-of-the-art scheme, the proposed scheme has proved more efficient and the better scheme with capabilities for both signed and unsigned number comparisons.
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APPENDIX

Table 2: Area and Delay Comparison of the Proposed Scheme and [9]
	n
	Proposed Scheme (2)
	

[9]
	
	Area
	Delay
	
	Area
	Delay
	

	1
	22
	19
	7942
	210
	30
	189000

	2
	44
	35
	53900
	490
	52
	1324960

	3
	66
	51
	171666
	840
	70.67970001
	4196320.794

	4
	88
	67
	395032
	1260
	88
	9757440

	5
	110
	83
	757790
	1750
	104.5754248
	19138034.06

	6
	132
	99
	1293732
	2310
	120.6797
	33641892.88

	7
	154
	115
	2036650
	2940
	136.4588394
	54745783.64

	8
	176
	131
	3020336
	3640
	152
	84098560

	9
	198
	147
	4278582
	4410
	167.3594
	123520434.3

	10
	220
	163
	5845180
	5250
	182.5754248
	175002375.1
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