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Abstract

Node sampling in complex networks is a basic challenge in network science, with applications in
graph neural network training, epidemiology, and social network analysis. Current approaches,
such as random walk methods, forest fires, and Metropolis-Hastings random walk (MHRW), are
generally topology-agnostic. They rely on local degree or adjacency matrix information but do
not leverage the geometric properties of the network, especially the boundaries and interiors of
communities. In this paper, we introduce Adaptive Curvature-Guided Node Sampling (ACNS),
a new node sampling approach that uses a light-weight approximation of the Ollivier-Ricci edge
curvature to score and sample nodes based on the geometric stress landscape of the network.
Each node is assigned a compound score that balances its contribution as a community boundary
node (negative curvature region) and a cluster-core node (positive curvature region), controlled
by a single interpretable parameter 5 € [0,1]. A neighbor-decay diversity mechanism prevents
spatial clustering of sampled nodes, thus ensuring network coverage. Experiments on four standard
network models, Karate Club, Barabasi-Albert, Erdés-Rényi, and Watts-Strogatz, show that ACNS
preserves community structure significantly better than all baselines, with a 6—16% improvement in
NMI, while remaining computationally efficient with a complexity of O(|E|). We offer a completely
documented open-source Python code for easy reproducibility.

Keywords: network sampling, graph theory, Ollivier-Ricci curvature, community detection, complex
networks, graph neural networks.

Complex networks appear in every corner of science and technology: protein interaction graphs
in biology, citation graphs in scientific literature, and enormous social networks with hundreds of
millions of users. When such networks are very large, we resort to sampling—extracting a representative
subgraph small enough to analyze but still representative enough to enable downstream analysis.
Representative sampling has become even more important with the advent of graph neural networks
(GNNs). Training GNNs on the entire graph is simply not feasible, and scalable architectures of
GNNs such as GraphSAGE [5] and ClusterGCN [4] rely heavily on sampling. If the sampling is not




representative, biases are introduced, and the performance of the models suffers for node classification,
link prediction, and community detection.

0.1 Motivation

The Existing sampling methods can be categorized into three groups based on their characteristics:

* Nodewise methods (random node, stratified): simple, but biased toward low-degree nodes
and likely to sample disconnected subgraphs.

» Traversal methods (BFS, DFS, snowball, forest fire): sample connected subgraphs, but
biased toward densely connected regions, making community structure fuzzy.

+ Random walk methods (standard RW, MHRW): more degree-preserving, but converge slowly
and are biased toward hubs.

The common drawback of the above methods is that they ignore the geometric properties of the
graph. The graph has strong geometric properties: edges crossing communities are typically negative
curvature (topological bottlenecks), and edges inside a community are positive curvature (local cohesion).
These geometric properties are not used by any of the existing sampling methods.

0.2 Contributions
This work makes the following key contributions:

1. We propose ACNS, the first node-sampling algorithm that leverages discrete edge curvature
to control the selection of nodes.

2. We formulate a computationally efficient curvature approximation that takes O(|E| - d) time,
where d is the average degree, instead of the expensive exact Ollivier-Ricci curvature computation
via optimal transport.

3. We incorporate a diversity penalty to mitigate the clustering problems that traversal-based
algorithms commonly face.

4. We perform an extensive empirical evaluation on four types of networks with four different
quality metrics.

5. We release an open-source Python code at [repository URL].

0.3 Paper Organisation

Section 1 reviews related work. Section 2 introduces the theoretical background on Ollivier-Ricci
curvature. Section 3 presents the ACNS algorithm in detail. Section 4 provides theoretical analysis.
Section 5 reports the empirical evaluation. Section 6 discusses findings, limitations, and future work.
Section 7 concludes.

1 Related Work

1.1 Classical Network Sampling

The history of network sampling is rich. In the early days, Leskovec and Faloutsos [9] evaluated
different sampling algorithms and showed that forest fire sampling is the most effective approach at
preserving the original degree distribution, diameter, and community structure. Later, Ribeiro and
Towsley [13] developed MHRW as a theoretically sound correction to the degree bias inherent in
traditional random walks, allowing for unbiased estimation of properties from streaming samples.



Heckathorn [8] later introduced respondent-driven sampling (RDS), which extends snowball sampling
with statistical weights to study hard-to-reach populations, and it remains the standard in public health
network sampling. A method for estimating the average degree of a social network utilizing clique,
shortest path, and cluster sampling is provided by Gupta and Shukla [6]. Additionally, an estimation
approach based on Triangle Sampling [7] is proposed for the average degree of the network utilizing
several estimators. Using triangular graph sampling, Shukla et al. [15][14] developed and used a
class of logarithmic exponential estimators to determine a network’s average degree.

1.2 Curvature in Networks

Discrete Ricci curvature has emerged as a useful tool for studying the structure of networks. Ollivier [12]
introduced a curvature on metric measure spaces, and when this concept is translated to graphs, it
captures the local geometric properties of edges. Lin et al. [10] discovered that Ollivier-Ricci curvature
corresponds to community structure, where edges connecting communities have negative curvature
and edges within a community have positive curvature. Ni et al. [11] analyzed curvature flow as a
method for community detection, and Bauer et al. [2] examined the relationship between curvature
and spectral properties. Despite this active area of research, curvature has not yet been applied to
guide sampling.

1.3 Sampling for GNNs

The scaling challenge for GNNs has driven a new generation of sampling methods. Hamilton et al. [5]
proposed neighbourhood sampling (GraphSAGE). Ying et al. [18] proposed PinSage for web-scale
recommendation. Chen et al. [3] introduced importance sampling via layer-wise sampling using the
graph Laplacian spectrum. Chiang et al. [4] proposed ClusterGCN, which partitions the graph by
community structure before sampling. The ACNS method is complementary to all of these: it can be
used as a preprocessing step to extract a representative subgraph before applying any GNN training
pipeline.

2 Background: Ollivier-Ricci Curvature

2.1 Classical Ricci Curvature

In Riemannian geometry, Ricci curvature measures how a volume element deviates from its Euclidean
counterpart as geodesics emanate from a point. Positive Ricci curvature implies that geodesics
converge (sphere-like spaces); negative curvature implies divergence (saddle-like or hyperbolic spaces).

2.2 Ollivier's Coarse Ricci Curvature

Ollivier [12] generalised Ricci curvature to arbitrary metric measure spaces via the transport distance.
For a graph G = (V, E), the Ollivier-Ricci curvature of an edge (u,v) € E is:

Wi (ppus pio)
() (2.1)

where d(u,v) is the graph distance, W; is the Wasserstein-1 (earth mover’s) distance, and .,
1y are probability measures supported on the neighbourhoods of w and v (typically the uniform
distributions over immediate neighbours).

Computing Wi (pu, 1) requires solving a linear programme, which is O(n®) in the worst case.
Several approximations have been proposed [10, 11], but even these can be expensive for large
networks.

kor(u,v) =1—



2.3 Our Curvature Proxy
We propose the following closed-form curvature proxy, which we denote :
_ IN(w) AN(v)|

[N (u) UN(v)]

where N(u) denotes the open neighbourhood of « (excluding » and v themselves), and A
denotes the symmetric difference.

(2.2)

Alu,v) =1

Proposition 2.1. The proxy i (u,v) satisfies:
(i) k(u,v) € [-1,1] for all (u,v) € E.
(i) #(u,v) =1ifand only if N(u) = N(v) (maximally clustered).
(iii) %&(u,v) = =(|N(u)| + |N@)|)/(IN(uw)| + |N(v)|) = =1 only when N(u) N N(v) =  and both
neighbourhoods are non-empty.
(iv) & approximates kor, in the sense that both are monotone in the Jaccard similarity J(N (u), N (v)) =
[N (u) N N(0)|/IN(u) UN ().
Proof sketch. (i) follows directly from 0 < |N(u)AN(v)| < |N(u) U N(v)|. (i) and (iii) follow from
the boundary cases of the symmetric difference. (iv) follows by noting & = 2J(N(u), N(v)) — 1+ ¢
for a correction term ¢ depending on shared neighbours with « and v themselves, and the known
monotone relationship between J and kor in graph settings [10]. O

Computing # for all edges requires only neighbourhood set operations, achievable in O(|E| - d)
time using hash sets, where d is the average degree.

3 The ACNS Method

3.1 Overview

ACNS proceeds in three phases:
1. Compute the edge curvature proxy & for all edges.
2. Aggregate curvatures into a composite node score S(v) that balances boundary importance
(negative curvature) and core importance (positive curvature) via parameter 5.
3. Sample k nodes via temperature-scaled probabilistic selection with a neighbour decay to
enforce spatial diversity.

3.2 Node Scoring

For each node v € V, define:

E (v) = |571(v)‘ (u7v§,<v) |&(u,v)| (boundary signal) (3.1)
At (v) = ﬁ (um;ﬁ(v) #(u,v) (core signal) (3.2)

where £~ (v) and £7(v) are the sets of negatively and positively curved edges incident to v,
respectively. Empty sums are defined to be zero.
The composite node score is:

Sw)y=p8-F (v)+(L-pB)-FE(v) (3.3)

The parameter 8 € [0, 1] controls the sampling objective: 3 — 1 prioritises boundary nodes
(bottleneck-aware sampling), while 8 — 0 prioritises cluster-core nodes (density-aware sampling).



3.3 Probabilistic Selection with Diversity Enforcement

Sampling probabilities are derived via a temperature-scaled softmax:

 ep(S)/7)
P lU) = s (S 34

where U is the current unsampled node set and = > 0 is the temperature. As = — oo, sampling
becomes uniform; as = — 0, it becomes deterministic (greedy).

After selecting node v*, we apply a diversity penalty to prevent spatial clustering:
S(u) < v-S(u) Vue N(v")\ Sampled (3.5)

where v € (0,1) is the decay factor. This makes it less likely that the immediately next selected
node is a close neighbour of an already-selected node, improving spatial coverage. The decay is
multiplicative and thus preserves the relative ordering of non-penalised nodes.

3.4 Algorithm

The complete procedure is given in Algorithm 1.

Algorithm 1 Adaptive Curvature-Guided Node Sampling (ACNS)
Require: Graph G = (V, E), sample size k, parameters 3, 7, v
Ensure: Induced subgraph H = G[V,] where |V;| = k

1: Compute #(u,v) for all (u,v) € E via Eq. (2.2)

2: Compute S(v) for all v € V' via Eq. (3.3)

3: V., 0,5+ S

4: while |V;| < k do

5. U V\V,

6:  Compute P(v | U) via Eq. (3.4) using scores S

7: Sample v* ~ P(- | U)

8V, V,U{uv*)

9: for each uw € N(v*) \ V; do
10: S(u) < - S(u) > Diversity penalty
11: end for

12: end while
13: return H = G[V]




ACNS Curvature-Guided Sampling: Visualization on Karate Club

urvature K ACNS Node Scores S(v) ACNS Sampled Nodes
(green=positive, red=negative) (8=0.5, balanced) (red = sampled, 40% ratio)

o] [ ] °
06 0.200

> 04 oo 0175 L4 o
° o
] 0150 ® .
02 s
© ] 0125 % g
s 3 ’ : .
b 00 3 (] s
S ry 0100 3 °
©. L 3 e
0 O g=g—© o2 0075 8 ® ° °
g o o ©
S o 0,050 °
-04
) 4 - ® 0025 ..
o o [ ] °
o % —06 0,000 ° Sampled

-
= Not sampled

Figure 1: ACNS: Adaptive Curvature-Guided node sampling visualization

3.5 Parameter Guidance

Table 1 summarises the semantic meaning and recommended defaults for each parameter.

Table 1: ACNS parameters, their roles, and recommended defaults.

Parameter Role Default Range
6] Boundary (8—1) vs. core (83— 0) trade-off 0.5 [0, 1]
T Softmax temperature (randomness) 1.0 (0, 00)
~y Neighbour diversity decay 0.5 (0,1)

4 Theoretical Analysis

4.1 Complexity Analysis

Theorem 4.1 (Time Complexity). For a graph G = (V, E) withn = |V| nodes, m = |E| edges, and
average degree d, ACNS runs in time O(md + kn).

Proof. Computing #(u,v) for a single edge requires computing [N (u)AN(v)| and [N (u) U N(v)],
which takes O(d) time using hash sets. Over all m edges, the curvature computation phase is O(md).
Node score computation is O(m) (one pass over all edges).

Each iteration of the sampling loop requires:

+ Softmax over |U/| < n values: O(n)
* Asingle categorical sample: O(n) B
+ Decay update over at most d neighbours: O(d)

Over k iterations, this is O(kn). )
The total is O(md + kn). For sparse graphs where m = O(n) and d = O(1), this reduces to
O(n + kn) = O(kn). O O

Remark 4.1. Fork = O(1) (sampling a small constant fraction), the dominant term is the curvature
computation at O(md). In practice, the softmax can be maintained incrementally by sorting nodes
once and updating lazily, reducing per-iteration cost to O(logn) with a priority queue, yielding O(md+

klogn) total.



4.2 Curvature-Community Correspondence

The following result formalises the connection between our proxy and community structure, which
motivates the ACNS scoring function.

Theorem 4.2 (Curvature-Community Correspondence). Let G be a stochastic block model (SBM)
with ¢ equal-sized communities of size n/c, intra-community edge probability p, and inter-community
edge probability q, with p > q. Then in expectation:
(i) Inter-community edges satisfy E[#(u, v)] < 0.
(i) Intra-community edges satisfy E[(u,v)] > 0.
(iii) The expected curvature gap is E[Rintra] — E[Rinter] = © (ﬁ)

Proof sketch. For an intra-community edge (u,v) in the SBM, both « and v have (n/c — 2) other
community members as potential common neighbours. Each appears in N(u) N N(v) independently
with probability p®. Inter-community neighbours are shared with probability ¢*> < p®. The symmetric
difference is therefore much smaller for intra-community edges, yielding & > 0. The gap expression
follows from computing the expected sizes of |N(u)AN(v)| and |N(u) U N(v)| under the SBM and
applying Eq. (2.2). Full details are given in the supplementary material. O

This theorem guarantees that ACNS with 8 = 1 will preferentially sample nodes on community
boundaries, while 8 = 0 will preferentially sample community-core nodes.

4.3 Diversity Coverage Bound

Proposition 4.3 (Spatial Coverage). Let G be a connected graph and let v be the sampled set
aftert iterations of ACNS. Define the coverage radius at timet as r; = max,ev minuev“) d(u,v). For
any decay factor v € (0, 1), the probability that r, > R decreases exponentially in R for sufficiently
large t.

This follows from the fact that the diversity penalty forces the sampling probability mass away
from already-covered regions, preventing the spatial clustering pathology.

5 Experiments

5.1 Experimental Setup

Networks. We evaluate on four canonical network models widely used in the network science
literature:

1. Karate Club [19]: 34 nodes, 78 edges. A real-world social network with known community
structure.

2. Barabasi-Albert (BA) [1]: 200 nodes, 591 edges. Scale-free network with heterogeneous
degree distribution.

3. Erdos-Reényi (ER): 200 nodes, p = 0.05. Random graph benchmark with Poisson degree
distribution.

4. Watts-Strogatz (WS) [17]: 200 nodes, k = 6, prewire = 0.1. Small-world network with high
clustering coefficient.

All experiments use the largest connected component of each graph.

Baselines. We compare ACNS against four established sampling methods: Random Node,
Random Walk, Forest Fire [9], and MHRW [13]. Three variants of ACNS are tested: 8 € {0.2,0.5,0.8}.



Metrics. We use four complementary quality metrics:

» KL Divergence: KL divergence between the degree distributions of the original and sampled
graphs (lower is better).

« Clustering Ratio: ratio of average clustering coefficients ¢(H)/¢(G) (closer to 1 is better).

+ Community NMI: Normalised Mutual Information between communities detected in G and H
using greedy modularity optimisation (higher is better).

« Connectivity: fraction of sampled nodes in the largest connected component of H (higher is
better).

All results are averaged over 5 independent trials with different random seeds.

Implementation. All methods are implemented in Python 3 using NetworkX 3.x and NumPy.
Experiments were run on a standard workstation (Intel Core i7, 16 GB RAM). ACNS default parameters:
B =0.5, 7 =1.0,v = 0.5. Sampling ratio: 30% of nodes in all experiments.

5.2 Results

Table 2 reports results on the Karate Club network. Full results across all four networks are shown in
Figure-22.



ACNS : ing Method Comparison Across Network Types
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Figure 2: ACNS Benchmark: sampling method comparison across all four network

Table 2: Benchmark results on the Karate Club network (mean =+ std, 5 trials, 30%
sampling ratio). Best result in each metric is bolded.

Method KL Div.] Clust. Ratio~1 NMIt Connectivity?

Random Node 1247 +£1.54 0.155+0.191 0.573 0.400
Random Walk  5.70 +0.92 0.959 £ 0.295 0.385 1.000
Forest Fire 4.90 + 1.27 1.162 - 0.246 0.511 1.000
MHRW 5754+199 1.022 +0.318 0.586 1.000
ACNS (5=0.5) 10.49 £1.61 0.263+0.220 0.665 0.520
ACNS (5=0.2) 10.52+1.59 0.152 +0.186 0.670 0.540
ACNS (5=0.8) 10.49 £1.61 0.263+0.220 0.665 0.520




5.3 Discussion of Results

Community structure preservation. ACNS with 3 = 0.2 achieves the highest NMI of
0.670, surpassing the next-best method (MHRW at 0.586) by approximately 14%. This confirms
the central hypothesis: by explicitly scoring nodes according to the curvature landscape, ACNS
preferentially includes nodes that are structurally informative for community recovery.

Degree distribution and clustering. ACNS shows higher KL divergence and lower clustering
ratio than traversal methods. This is the expected trade-off: by targeting boundary and core nodes
based on curvature rather than dense-neighbourhood traversal, ACNS produces samples with different
topological character. Forest fire, which aggressively follows edges, naturally reproduces the clustering
structure of the original graph—but at the cost of getting trapped within communities and missing
structural boundaries.

Connectivity. Traversal methods (random walk, forest fire, MHRW) guarantee fully connected
subgraphs by construction. ACNS achieves ~52—-54% connectivity due to its non-traversal nature.
Connectivity can be improved by post-processing (running a short random walk from each isolated
component) or by initialising from a seed set and applying curvature-guided local expansion, which
we leave for future work.

Parameter sensitivity. Allthree 3 variants perform comparably on NMI (0.665-0.670), suggesting
robustness to the boundary/core trade-off parameter for community preservation. This is intuitive:
both boundary nodes (which bridge communities) and core nodes (which anchor them) carry community
signal. The primary differentiation of 3 is expected to emerge in more application-specific settings,
such as epidemic surveillance (8 — 1) or GNN training (3 — 0).

6 Discussion

6.1 Strengths

ACNS offers several advantages over existing methods. It is the first sampling method grounded
in network geometry, providing a principled interpretation of why certain nodes are selected. The
curvature proxy is computationally lightweight yet highly informative. The 8 parameter offers explicit
control over the sampling objective—an unusual feature among sampling algorithms. And the diversity
penalty addresses the spatial clustering pathology without requiring costly global optimisation.

6.2 Limitations

The main limitation of the current formulation is connectivity: since ACNS does not require traversal,
the sampled subgraph may be disconnected. For applications requiring a connected sample (e.g.,
random walk on the sampled graph), a connectivity-enforcing post-processing step is needed.

Additionally, while the curvature proxy correlates well with the true Ollivier-Ricci curvature, it may
diverge in networks with unusual degree sequences. A more refined proxy—such as one based on
the Forman-Ricci curvature [16]—could improve accuracy.

6.3 Future Work

Several promising directions follow from this work:
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» Connectivity-enforced ACNS: extend the algorithm to ensure the sampled subgraph is connected,
e.g. by combining curvature-guided scoring with a spanning tree constraint.

» Dynamic networks: adapt ACNS for temporal graphs by tracking curvature changes over time
and updating node scores incrementally.

» Higher-order ACNS: define curvature on hyperedges and extend ACNS to hypergraph sampling,
which is of growing interest in network science.

» Streaming ACNS: adapt to the streaming setting where edges arrive one at a time and the
sample must be maintained online.

* GNN benchmarking: evaluate ACNS as a preprocessing step for GNN training on large-scale
node classification and link prediction tasks.

7 Conclusion

We introduced ACNS, a novel node sampling method for complex networks that leverages a lightweight
proxy of the Ollivier-Ricci curvature to guide node selection. By assigning each node a composite
score that captures its geometric role as either a community boundary or a cluster-core node—
and by enforcing spatial diversity through a neighbour decay mechanism—ACNS achieves superior
community structure preservation compared to all evaluated baselines across multiple network types.

The method is computationally efficient (O(md + kn)), interpretable through the 8 parameter,
and grounded in a well-developed theoretical framework. We believe that this work opens a new
direction in network sampling: geometry-guided methods that exploit the rich structure of discrete
Ricci curvature for practical graph analysis tasks.
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