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	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This paper fills a significant theoretical void in fuzzy choice theory by studying the place of S-implications in the discussion of "rationality," a concept more often examined through the lens of R-implication systems. The paper tries to give some logical motivation in terms of a quantale logic for S-residuation to handle rationality axioms in the absence of classical adjointness. The results are thus of potential interest to workers in fuzzy decision theory, mathematical economics and generalized preference modelling, and in particular, those who seek behaviourally interpretable logical systems. After further improvements and strengthening of the rigour the proposed framework might contribute to increase the methodological underpinnings of fuzzy revealed preference theory.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The current title, “S-Implication Based Rationality of Fuzzy Choice Functions,” is sufficiently adequate and summarizes accurately the core of the manuscript. It also clearly conveys the methodological aspect (S-implication based) and the issue of rationality in fuzzy choice theory.

However, by properly indicating the introduction of the S-residuum framework in the title, which is the the paper’s main contribution, the title may be more informative for the reader. A better alternative title would be:

“Rationality of Fuzzy Choice Functions under an S-Implication–S-Residuum Framework”


	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract covers the general motivation and announces the line of development from R-implication to S-implication as the principal theme, which is all fine. It also refers to the derivation of the S-residuum operator and the restatement of the rationality axioms, which is the essence of the technical contribution. Nevertheless, it is a bit descriptive and could be cleaned up.

I would recommend to explicitly formulate the (main) theoretical result in a (somewhat) more formal way, e.g., as the failure of the S-implication-t norm structure to preserve adroitness and as the recovery by the S-residuum operator of a form minimal-implication-compatibility. It might help if the abstract said something about one or two interesting results, e.g., the characterization of regularity, or the page-long logical hierarchy of S-based rationality axioms. I would also consider saying a bit more on the mathematical contributions some of the repeated explanation about behavioural interpretation could be tightened to allow for sharper declarations. In general the abstract is sufficient but might be improved on in some way to enable the reader to have more certainty of the nature of the theoretical results.
	

	Is the manuscript scientifically, correct? Please write here.
	The manuscript is therefore conceptually consistent and the majority of the mathematical constructions are logically motivated. The definitions of S-implication, S-residuum and the revised rationality axioms are all in line with well-established fuzzy logic practice. The overall line of the arguments indicates that the authors are aware of the structural differences of R- vs. S-implication framework.

Nonetheless, there are technical inconsistencies and facts proven in the proofs that must be carefully revised in order for the manuscript to stand on firm scientific ground. In particular, some inequalities in the transitivity proofs should be checked, notational inconsistency are present in some sections, and several proofs are based on hand waving arguments. These problems do not necessarily disprove the main idea, but they need to be addressed in order that the work can be viewed as fully mathematically correct and clear. As it stands the manuscript is a potential candidate but needs a lot of polishing in order to be regarded as strong work.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The citations in the manuscript reveal awareness of seminal works in fuzzy logic, choice theory, and operators of implication. There seem to be several classical (and some more recent) references cited, which serves to anchor the contribution with respect to the literature.

Nevertheless, the reference set could be fortified in some respects. Firstly, there are scant a few number of citations from the last five years in the field of generalized fuzzy implications, non-residuated fuzzy operators and fuzzy revealed preference. More recent development of the theoretical literature on, for example non-adjoint logical systems, is not really reflected here.

I suggest they consider adding some current, pertinent literature to the paper to further fortify the literature underpinning. Some of these are works related to fuzzy implication systems beyond adjoint pairs, to recent results in fuzzy preference modeling, to generalized residuation theory and the like. Articles such as “Recent Developments in Fuzzy Implication Operators and Their Applications” (e.g., Szmidt and Kacprzyk, 2020) and overviews on non-residuated fuzzy systems are recommended. The theoretical development would be strengthened by including the work of Bustince, Fernández and others on non-standard residua and generalized logical connectives.
	

	Is the language/English quality of the article suitable for scholarly communications?


	Currently, the quality of the language of the manuscript falls short of that required for scholarly publication. The mathematical ideas are in general clear, but there are numerous grammatical errors, awkward constructions of sentences, typos and terminological inconsistencies that make reading difficult.

In a few places, the lines are informally stated or incomplete as sentences, and a couple of mathematical statements are linguistically ambiguous. These problems can hide the theoretical results and make the whole professionally work presentation rather bleak.
	

	Optional/General comments


	The manuscript contains a cognitively pleasing generalization of fuzzy revealed preference theory within a S-implication–S-residuum system. The main principle is conceptually sound and might lead to interesting future research in generalized fuzzy rationality. Yet, the present draft needs considerable improvement in mathematical rigour, organization and language.

A number of proofs need to be strengthened for full rigor, notational consistency should be systematically checked, and the contribution should be more sharply defined vis a vis the literature. To make the paper more memorable, the authors should try to give a more explicit description of the main theoretical achievements in a more consolidated theorem or statement.
The paper is a conceptually interesting contribution to a fuzzy revealed preference theory by proposing an S-implication S-residuum based framework. The subject is part of theoretical fuzzy systems and decision theory and it could be interesting for the readers of the journal. Nevertheless, the present form needs a substantial rework before it is publishable.

It is recommended that the authors undertake major revisions addressing both technical and presentation-related issues prior to further editorial consideration.
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	Are there ethical issues in this manuscript? 


	NO
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