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	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This paper is highly important to the scientific community because it provides a faster and more stable way to solve complex physics and engineering problems, such as those found in quantum mechanics and photonic crystals. By proving that these new multigrid algorithms work efficiently regardless of how many grid levels are used, the authors give researchers a reliable mathematical "guarantee" for high-precision calculations. Additionally, the introduction of a "fixed shift" strategy solves a common technical headache where standard methods become numerically unstable or "clogged" when they get too close to the answer. This makes the research a practical and robust tool for anyone needing to analyze wave patterns or energy levels in periodic structures.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The title is highly suitable because it clearly defines the numerical method, the specific boundary conditions, and the core theoretical contribution. It effectively signals to researchers in fields like quantum mechanics and waveguide analysis that the paper provides both a practical algorithm and a rigorous proof of its efficiency.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	The abstract is comprehensive, as it clearly defines the variational framework, the two iteration algorithms, and the optimal convergence results. I suggest adding a brief mention of the fixed shift strategy's superior numerical stability and lower condition number compared to Rayleigh iteration.
	

	Is the manuscript scientifically, correct? Please write here.
	The manuscript is scientifically sound, establishing a rigorous variational framework in periodic Sobolev spaces with complete mathematical proofs for optimal convergence. Numerical experiments validate the theory, showing eigenvalue errors decay at the predicted $O(h^2)$ rate. It correctly addresses numerical stability by proving the fixed-shift strategy effectively manages condition number growth.


	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The references provide a solid theoretical foundation but rely heavily on older literature from the 1980s to early 2000s. I highly recommend adding more recent papers (from the last 5–10 years) that apply these methods to modern physics problems, such as photonic crystals, to better support the introduction.
	

	Is the language/English quality of the article suitable for scholarly communications?


	Yes, the language and English quality of the article are highly suitable for scholarly communications. The manuscript employs precise mathematical terminology and maintains a clear, formal academic tone throughout.
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	Are there ethical issues in this manuscript? 


	(If yes, Kindly please write down the ethical issues here in detail)

There are no apparent ethical issues in this manuscript, as it is a purely theoretical and computational study focused on mathematical algorithms and does not involve human subjects, sensitive data, or animal testing.
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