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ABSTRACT 

	



In this study, the general properties of positive semidefinite matrices are examined, and in the beginning of our work, the definition and basic properties of the matrix trace. Hermitian matrices and their fundamental properties, as well as positive semi definite matrices and their essential characteristics are presented. Trace inequalities involving positive semidefinite matrices play an essential role in many areas such as control theory, quantum information theory, and operator theory. Owing to these applications, the investigation of trace inequalities has attracted considerable attention in recent years from both theoretical and applied viewpoints. In this work, firstly, the basic theorems and proofs related to positive semidefinite matrices, trace inequalities of matrices,  block matrices, Shur complements of  block matrices and Hadamard products are studied. In the last part of the work, some new trace inequalities are found for traces of products and sums of positive semi definite  block matrices.
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1. INTRODUCTION 

The concept of matrices was first introduced by the English mathematician J.J. Sylvester, who worked on determinant calculations. In recent years, trace inequalities for positive semidefinite matrices have emerged as a significant area of academic inquiry due to their broad applications in control theory, quantum information science, and related disciplines. This topic has attracted considerable attention from both theoretical and applied researchers. Owing to its fundamental importance and wide applicability, it has been extensively investigated, resulting in a substantial and continuously expanding body of literature.

Several authors have investigated trace inequalities for positive semidefinite block matrices, often providing alternative proofs and extensions of known results. In particular, various inequalities involving traces of block matrices have motivated further studies in this direction (Fu & Gümüş, 2021). This work is motivated by the findings presented in the previously cited studies. Relevant sources can be referred to for some of these. In the preliminary part of the paper, standard definitions and basic results concerning positive semidefinite matrices are recalled. In addition, fundamental properties related to trace inequalities, block matrices, Schur complements, and Hadamard products are briefly summarized for clarity (Ulukök, 2009; Türkmen & Ulukök, 2010).

[bookmark: _Hlk214194900]In the final section of the study, a result is provided that demonstrates some new trace inequalities for the traces of products and sums of positive semidefinite 2x2 block matrices (Zhang, 2011).

2. material and methods


The following definitions and lemmas regarding positive semidefinite  block matrices are given below.






Definition 2.1. Assume  indicates the space of  complex matrices and if m=n then write . The identity matrix in  is symbolized by .




Definition 2.2. Assume be any n-square complex matrix. A nonzero vector  is referred to as an eigenvector of matrix A involved in an eigenvalue  if 



, .                        											(2. 1)




[bookmark: _Hlk182578495]in the usual manner.  indicates the conjugate transpose of matrix . A matrix  is Hermitian if . Let A Hermitian matrix. In addition, Horn and Johnson (2013) showed that n-square complex matrix is Hermitian just in case  


													(2. 2)



for . Definition of Hermitian matrix and eigenvalues, it is seen that all eigenvalues of Hermitian matrix are real.



Definition 2.3. Assume A matrix is Hermitian. Then  is called as positive semi-definite represented by , if 


,     													(2. 3)




[bookmark: _Hlk214725882]For , similarly A matrix is termed a positive definite matrix represented by  if


													(2. 4)



for all .
For a positive semidefinite matrix, all its eigenvalues and diagonal elements are nonnegative, and its trace is a nonnegative real number. Furthermore, its eigenvalues are identical to its singular values.

Definition 2.4. For an n-square complex matrix, 


 													(2. 5)



Definition 2.5. Assume  are n-square matrices and .Then

1. 
 
2. 
 
3. 
 
4. 

   


   5.  For the   block matrix,


.											              (2. 6)


Throughout this study, we will use these properties frequently.








Definition 2.6. Assume  and  be  matrices. The Hadamard Product of matrices  andis denoted by . To conduct the  Hadamard product of two matrices, they obliged to be of the same order. It is not crucial for the matrices to be square matrices. Detailed results concerning the Hadamard product can be found in Zhang (2011).



[bookmark: _Hlk182563615]Lemma 2.1 (see, e.g., Zhang, 2011). Let provided that .




[bookmark: _Hlk182561576]Lemma 2.2 (see, e.g., Horn & Johnson, 2013). Let . If then .


[bookmark: _Hlk223621412] Proof. If  then . In that case from Lemma 2.1 


[bookmark: _Hlk223613869]								    		(2. 7)




Lemma 2.3 (see, e.g., Zhang, 2011). If  and , then


													(2. 8)	



Lemma 2.4 (see, e.g., Zhang, 2011).  If  and  are Hermitian matrices, then


	                     

if and only if 


													 (2.9) 


Lemma 2.5 (see, e.g., Zhang, 2011). Let  be complex matrices such that


 

then



 and 										(2. 10)


and if  


									             			(2. 11)


Lemma 2.6 (see, e.g., Zhang, 2011). If , then, also


							             				 (2. 12)	



[bookmark: _Hlk223624680]Lemma 2.7 (see, e.g., Zhang, 2001).  Ifand , hence


										      		(2. 13)



Lemma 2.8 (see, e.g., Ulukök, 2009). Let , ,hence




Also


											(2. 14)	

Lemma 2.9 (see, e.g., Ulukök, 2009). Let



 and 

Then	


										(2. 15)
	 




Lemma 2.10 (see, e.g., Zhang, 2011). Let ,  and .  Then


							  				 (2. 16)



[bookmark: _Hlk182570372]Lemma 2.11 (see, e.g., Zhang, 2011). Assume are Hermitian matrices. For each  then


								        				 (2. 17)
This inequality is known as the Weyl monotonicity principle.

3. results

In this section, several trace inequalities concerning positive semidefinite matrices are presented, building upon existing results.



Theorem 3.1. Let  and let  be a matrix, then


												(3. 1)


where 

Proof. If  , 


 and 

[bookmark: _Hlk187084264] Are also positive semi-definite matrices . Thus






[bookmark: _Hlk196576830]is obtained. If , then . Hence


    										(3. 2)


We get			


.											(3. 3)

Teorem 3.2. Let 

 

then,




Proof. Let 




 its follows that 




Thus, we obtain



 
By using Lemma 2.7, it follows that




Therefore, we get      





Using the trace property.




is complete.

Corollary 3.3. If B is a Hermitian matrix






Theorem 3.3. Let ,and let m be a positive integer, then



 
Proof.
Consider the following block matrix product:	






[bookmark: _Hlk138165405]



the inequality is obtained. According to the Weyl’s monotonicity principle





Specifically where 




Thus the proof is completed.


Theorem 3.4. Let  be complex matrices, then,


									(3. 4)




Proof. Assume  and are of the same order in the complex matrices.


If 
 is positive semi definite, then from Lemma 2.6 also







It is known that if and  is any matrix, then the matrix  . Therefore, we obtain


	

On the other hand, using a similar method if 


,then




So




From Lemma 2.5 we get



	

Specifically, if we take 




Using Weyl's monotonicity principle, we obtain



				


Theorem 3.5. Let and , then






Proof. Let and  



[bookmark: _Hlk138177616]












From Lemma 2.7


											(3. 5)



									(3. 6)



											(3. 7)



Specifically, if we take and  


												(3. 8)

Thus, the proof is completed.


Theorem 3.6. Let . Then


											(3. 9)


Proof. Let 


									(3. 10)



if we take , then it would be


,												(3. 11)


We know that


									(3. 12)


It follows that 


								(3. 13)





(3. 14)

From Lemma 2.7 we get


											(3. 15)



Corollary 3.6. If 


												(3. 16)


is obtained.



[bookmark: _Hlk196160149]Theorem 3.7. Assume  and  are Hermitian matrices. Then


											(3. 17)


Proof. Let


 									(3. 18)


From Lemma 2.5 we get


										(3. 19)



From the Weyl monotonicity principle and properties of 


											(3. 20)


Thus,the desired inequality is obtained.


Corollary 3.7.1. If , then we get


												(3. 21)


4. Conclusion






In this study, as a continuation of previous works (Ulukök, 2009; Türkmen & Ulukök, 2010; Fu & Gümüş, 2021). Several new trace inequalities and related concerning the traces of products and sums of positive semi-definite  block matrices are presented. The study includes known fundamental theorems related to positive semi-definite matrices, trace inequalities of matrices,  block matrices, Schur complements of  block matrices, and Hadamard products. Based on specific properties and lemmas for the traces of products and sums of positive semi-definite  block matrices, new trace inequalities for the traces of products and sums of positive semi-definite  block matrices have been derived by employing Weyl's monotonicity principle.
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