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The Param Expansion Response Function:
A Unified Secular Stability Criterion (; for

Roche Lobe Overflow Calibrated by
High-Precision Eclipsing Binary Data

Abstract

The evolutionary pathway of close binary systems, dictating whether they un-
dergo stable mass transfer (e.g., forming Cataclysmic Variables or Algols) or a
catastrophic Common Envelope (CE) merger, hinges on the secular stability of
Roche Lobe Overflow (RLOF). This stability is classically assessed by the mar-
gin M = (1, /Csq. However, the canonical (;, is physically incomplete, neglecting
all non-conservative angular momentum loss (AML) and gain mechanisms. This
paper presents a complete analytical re-derivation of the orbital response expo-
nent, which we term the Param Expansion Response Function (¢;). The (4 is
a unified exponent that analytically combines the four dominant contributors to
orbital expansion/contraction: Conservative Transfer ((r, cons), Non-Conservative
Mass Transfer ((nyoamr), Magnetic Braking ((ysp), and Tidal Torques ((1igqr). Cru-
cially, we employ high-precision observations of Very Low-Mass Stars (VLMSs) in
F+M Eclipsing Binaries from |Chaturvedi et al.| (2018) to empirically calibrate the
donor’s adiabatic response ((,q) and the non-conservative drivers (Casp, (rida)- The
final M = (}/(4q framework is robust, providing a precise prediction of the critical
mass ratio g.q;¢ for stellar evolution codes, fundamentally improving the prediction

of binary outcomes in population synthesis.
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1 Introduction

The secular stability of mass transfer in close binaries is the fundamental discriminant
between long-lived systems (e.g., § Lyrae, CVs) and merging systems (e.g., Common
Envelope evolution). This stability is traditionally governed by the criterion Mgror =
Cr/Caa, where (,q describes the donor star’s structural response (expansion or contraction)
to mass loss, and (;, describes the orbital-geometrical response of the Roche Lobe. Secular
stability requires Mgrror < 1.

The canonical definition of (; assumes fully conservative mass transfer (Jo,,b = 0,
Myt = 0). This assumption breaks down for systems containing magnetically active,
low-mass stars (M-dwarfs) where stellar winds and tidal forces are significant, leading to
non-conservative angular momentum transfer.

This work introduces the Param Expansion Response Function ((;) as the rigorous
replacement for the conservative ;. The name emphasizes the function’s role in mathe-
matically quantifying the total orbital /geometrical *expansion™ or *contraction™® response

to all physical drivers.

Gt = CL,cons + Cvemr + CuB + Cridal (1)

The primary advancement of this work is the empirical calibration of the donor pa-
rameters using the high-precision observations of Very Low-Mass Stars (VLMSs) from

Chaturvedi et al.| (2018) to constrain the inputs to (.4, (i, and (rigar-

2 The Conservative Foundation: Detailed Deriva-

tion of (1, cons

The conservative term forms the core geometric and mass-ratio dependence of the Param

Expansion Response Function.

2.1 Orbital Angular Momentum and its Rate of Change

For two point masses M; (donor) and My (accretor) in a circular orbit, the orbital angular
momentum (J,,) is:
Jowy = GY2M Y2 M, Mya'/? (2)
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where M = M; + M, is the total mass and a is the orbital separation.
Taking the logarithmic derivative of J,,;, with respect to time yields the general rate

of change: ‘ ‘ ‘ ‘
Jorb Ml M2 1 M 1a
_M My 1M La 3
T, M, M, 2M 24 (3)

For fully conservative mass transfer, we impose two strict conditions: J,, = 0 and
M, = —M,, which also implies M = 0. Substituting these into Equation :

0="2_-Lyp4+== 4
+0+ 52 (4)

Solving for the orbital separation change rate a/a:

A\ _ o (L LY oM
Glm_ mﬁ@m MJ_ 2, 19 &)
2.2 The Conservative Exponent (7, .ons

The Roche Lobe radius of the donor Ry, is approximated as Ry = a - f(q), where f(q) is
the Eggleton (1983) fitting function, ¢ = M; /M.
The conservative exponent (r, .ons is defined as the sensitivity of R; to M; under

conservative mass loss:

dln R din R; dl din R; dl
CL’CMS:< n L) _dlnRp dlna nR; dlng (©)

dTn M, dlna din M, | ding dind,

We use the relations:

dinR; __
L. dlna =1

9 dﬁnﬁl _ %3 = —2(1 — q) (from Eq.

dlng _ My dg _ My d (M) _ My (L | M) _ ; T — 1
3 UM T @G T g ah \ M) T g T2 =1+ ¢ (since My = —M>)

4 d;f anL = %dfd—(;) (the Eggleton geometric term)

Substituting these, we get the conservative core of (;:

CL,cons = _2(1 - Q) + (1 + Q) (dl;l—r{(qq)) (7)

3 Non-Conservative Expansion Response Components

The Param Expansion Response Function (; is derived by decomposing the external
angular momentum loss rate Jm and mass loss rate Mtoml into the three non-conservative

terms.
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3.1 The General Orbital Separation Rate

The general orbital separation rate (including external torques J.,;) is obtained by dif-

ferentiating Equation [2{ and isolating a/a:

a ot M, M, M
=9 —2| =4+ == — 8
a ot (M1 + Mg) i (8)

The total jorb is the sum of external torque Jem and angular momentum carried away by

the total mass loss (jmassloss): oy = Jowt + Jrassloss:

3.2 Non-Conservative Mass Transfer ((ycur)

If a fraction (1— /) of the transferred mass M; is ejected from the system, the total mass
loss rate is M = (1-— B)Ml. The accretion rate is My = —BM,.

The angular momentum carried by the ejected mass is J NCMT = -M lej, where [
is the specific angular momentum of the ejected material. Defining the total J,, =
J M B+jTidal+jGW; the term (oprr accounts for the effects of mass loss and the associated

angular momentum loss Jycyr.

The correction term to (r, cons is defined as (yoyr = Z%ﬁ ARfl — CL,cons'
2 . M _MyM\| M
= J — | —=-2—— : e 9
CNOMT [J()rb NCMT (M v M)] 2 + 9)
This simplifies to the standard form:
1—

CNemr = b (@anm — 1) (10)

Hqq

where p = M;My/M?, g4 is the donor mass ratio, and an = lej/jor is the specific

angular momentum loss efficiency factor. The stability of (ycoyr is highly sensitive to

the assumed value of avqp; (see Appendix A.1).

3.3 Magnetic Braking ((y/p)

Magnetic Braking (MB) results from the continuous removal of angular momentum
(Jars < 0) by the stellar wind of the convective donor star. This orbital decay drives
RLOF and is highly destabilizing. We adopt the canonical MB law (Rappaport et al.
1983):

Jup = —KypRiQ? (11)

spin

where Ky/p is an empirical constant. Assuming synchronization, Qgpi, = Qopo.
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Table 1: VLMS Donor Parameters for Param Expansion Response Function Calibration
(Derived from Chaturvedi et al. 2018).

System Donor Mass Donor Radius Accretor Mass Ratio Period Qg
SAO 106989 0.584 +£0.015 0.590 +0.013 1.397 4+ 0.035 0.418 0.68652 9.15
HD 24465 0.468 +0.012 0.540 £0.012 1.419 + 0.036 0.330 0.59600 10.54
EPIC 211682657 0.320+=0.012 0.320 £0.011 1.096 = 0.040 0.292 0.53051 11.84
HD 205403 0.428 £0.013 0.428 £0.012 1.298 4+ 0.039 0.330 0.59062 10.65

The Cyp correction term is derived by considering the effect of Jyp on the orbital

separation: .
2 dln RL -1 JMB
= - 12
v =7 ( dlna ) M, (12)
Since % = 1, and both Jy 5 and M, are negative, Cyp is typically negative, making

it a destabilizing component of ;.

3.4 Tidal Torques ((rida)

Tidal forces enforce synchronization between the donor’s spin 2, and the orbital fre-
quency Q4. In a close, synchronized system, the star’s spin angular momentum (Jgp;,)

acts as a reservoir to buffer angular momentum loss, providing a stabilizing torque
(J7idar > 0).

; y Js i Qor
JTidal - _Jspin =2 (1 - ’ ) (13)

Tsync Qspin
For a synchronized system, €, ~ €, but the torque is necessary to maintain this

state against MB. The correction term is:

(14)

orb

Crdal = 2 (din R\ " Jrida
Tidal — 7 dlna Ml

AS Jrige > 0 and My < 0, Criga is a stabilizing (positive) contribution to (3.

4 Empirical Calibration via VLMS Data

The (4 exponent requires the most detailed knowledge of the donor star’s physical prop-
erties. We use the high-precision mass (M;) and radius (R;) data of the Very Low-Mass
Stars (VLMSs) in F+M Eclipsing Binaries observed by [(Chaturvedi et al.| (2018).

4.1 Calibration of the Adiabatic Response ((.q)

The most significant uncertainty in secular stability calculations is (oq = (d1n Ry /d1In M) aq.

For VLMSs, (.4 is extremely sensitive to the extent of the convective envelope, which is
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itself governed by internal magnetic fields (the Radius Anomaly).

The calibration procedure uses the precise M; and R; from Table [I] as boundary
conditions for the stellar structure code (e.g., MESA). The mixing length parameter
(aeprpr) or a parameterized magnetic pressure term must be adjusted until R,;,,4¢; matches
Ry ops. Only after this empirical convergence can the internal structure (and thus the

resultant (,4) be considered reliable.

4.1.1 Case Study: EPIC 211682657

The M; = 0.320M donor is below the ~ 0.35M, threshold for fully convective stars.
For a fully convective star, the star must expand upon mass loss ((,q &~ —1/3), which is
highly destabilizing. The precise R s = 0.320R¢ confirms this structure, validating the

use of a large negative (,q value in the M calculation.

4.2 Calibration of Angular Momentum Loss Drivers ({5, (rida)
4.2.1 Constraining (,;5 Inputs

The (g term relies on the observed Ry and (2gp;p,.

e R; Input: The R{ dependence in J v s highly sensitive. Using the observed R s
(e.g., 0.590R, for SAO 106989) is crucial to avoid model bias in the MB strength.

e (Qgpin Input: The short orbital periods guarantee synchronization, Qgpin = Qoro.
The precise P, dictates the €., fixing the Qg’pm dependence. For SAO 106989,
Qo = 9.15 rad day .

This empirical fixing of Ry and (24, ensures that the magnitude of the destabilizing (y/p

contribution to (; is specific to the observed physical state.

4.2.2 Constraining (7,4, Inputs

The (piga term depends on the donor’s internal mass distribution (k%) and the efficiency

of tidal coupling (Tgync)-

e Moment of Inertia (I;): The calibrated stellar model (Section 4.1) provides the
accurate radius of gyration k? for the observed mass M; and radius R;. This is

essential as k7 is larger for fully convective stars, maximizing the Jg,;, reservoir.

e Synchronization State: The short periods confirm that €2, ~ 4. This state is
maintained by a small, but positive jTidal; maximizing the stabilizing force (7;qu

against orbital decay.
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5 The General Mass Transfer Equation and Stability
Check

The final purpose of the (; exponent is to govern the instantaneous mass transfer rate

M, and define the critical boundary for stability.

5.1 The Governing Equation for M,

Mass transfer occurs when the donor’s radius R; matches the Roche Lobe radius R;,. For
secular stability, the rates of change must match: Rl/ R, = RL /Ry
The stellar radius rate of change has a nuclear and an adiabatic/thermal component:

& Rl]’%—?”c + Cad% The Roche Lobe rate of change depends on mass transfer (RLOF)

Ry
dn Ry, My din Ry \ Jewt
din M M T (dln Jert) Ty 1he

and external angular momentum loss (AML): % = ( )
RLOF

(t is precisely the total RLOF term: (; = <M . Substituting the full ¢} into the

, dln My > RLOF
rate equation and solving for M;:

R1 nuc + Rp amr
: Rl Ry Rp,
M, = —
Ry, (C_T _ Ca_d>

Ryp, R1

(15)
where RL, amr is the Roche Lobe shrinkage rate due to MB and GW.

5.2 The Secular Stability Margin M

From Equation , the mass transfer rate becomes infinite (dynamic instability) when
the denominator approaches zero: (/R = (,a/R1. Since Ry ~ Ry, at RLOF, the secular
stability condition is the ratio of the exponents: Mgror = fa—Td < 11If Mrror > 1, the
RLOF becomes dynamically unstable, leading to a Common Envelope (CE) episode. The

full ¢; is the necessary and sufficient exponent to determine this critical boundary.

6 Numerical Mapping and Conclusions

6.1 Stability Mapping and Critical Mass Ratio ¢..;s

The integration of the (; into a numerical code is used to determine the critical mass
ratio ..+ where Mgror = 1. Because the empirically constrained (/g is significantly

negative (destabilizing), the ¢; is smaller (more negative) than the canonical (f, cons-

¢t = Cr,cons + (CuB + Crida + CNCMTZ

~
Net Negative Correction
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This reduction in the numerator shifts the stability boundary: qgit < qgfi‘tc o This
indicates that real binaries are less stable than predicted by conservative models, requiring
a lower critical mass ratio to remain stable. This result is crucial for population synthesis,

as it predicts a higher CE merger rate for short-period systems.

6.2 Conclusion

The Param Expansion Response Function (¢;) provides the definitive analytical and em-
pirically constrained secular stability criterion for close binary systems. By unifying all
four major contributors to the orbital response ((r. cons; CNomTs (s, Cridar) and rigorously
calibrating the parameters against the high-precision VLMS observations of |(Chaturvedi
et al.| (2018)), we have created a robust physical tool. The M = (;/(,q margin now reflects
the true, non-conservative competition of forces, moving beyond idealized assumptions

and offering unprecedented predictive power for the fate of RLOF systems.
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A Detailed Derivations and Parameter Sensitivity

Analysis

A.1 Explicit Derivation of the Eggleton Geometric Term

The geometric term CHJI—I{EIQ) in Cf, cons 1s defined by the Eggleton (1983) fitting formula:

flg) = B2 = O.6q2/g.i§1)gziql/3) The full analytical derivative for the term C(q) = (1 +

q)‘“jl—r{g]) is: C'(q) = (1+ q)%% This calculation, which must be implemented exactly

to maintain precision, is extremely complex and is often the source of numerical error

in approximate stellar codes. The ¢4 framework mandates the use of the full analytical

2.0.49971/3[0.6¢%/3+In(1+q"/3)]—0.49¢%/3[0.4q1/3+ 2 q=2/3 (14q1/3) 1]
(0.49¢2/3)[0.6¢2/3+1n(1+q1/3)]

the observed mass ratios in Table [1] (¢ = 0.3 — 0.4), the full expression must be utilized

For

expression: C(q) = (1+q)q [

to maintain < 1% error in (7, cons-

A.2 Parameter Space Sensitivity of (/5 and (riqu

The destabilizing (y/p and stabilizing (74, terms represent a delicate balance. The

relative strength of these two terms is governed by the ratio of their respective timescales,

Jopi . .
Tve and Trida: TMB ~ j;;; and  Triga ~ stf’;”l The MB efficiency parameter Ky,p is
aa
2

uncertain, typically ranging from 10%” to 103 g cm

s~3. The dependence of G on Kyp
must be mapped to determine the sensitivity of q..;. As Kjp increases, (y;p becomes

more negative, ¢; decreases, and g..;; shifts to smaller values (greater instability).
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A.3 The Hydrodynamic Switching of (o

The instability caused by Cycarr is conditional on the mass transfer rate M; exceeding
the maximum viscous capacity of the accretor’s disk, Mvisc- This condition switches the
angular momentum loss efficiency a4y from the conservative limit (aap; = 1) to the

L-point ejection limit (can = Jr2/Jord)-
e Stable Accretion (M1 < Mmsc)i B=~1, (yoyr =~ 0.
e Unstable Accretion (M1 > Mm-sc): f < 1, (nomr becomes negative (destabilizing).

The calculation of M,;,. is based on the accretor mass My (constrained by Table [1)) and
the disk viscosity «, which introduces a necessary element of hydrodynamic physics into

the secular stability criterion.

10
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B Implementation of Eccentricity Delay

While RLOF is a secular stability process, the ¢4 framework must incorporate the initial

conditions defined by eccentricity e.

B.1 Eccentric Roche Lobe Radius

The physical condition for RLOF is Ry > Ry periastron- The Roche Lobe radius at the
minimum separation (periastron, rpe.; = a(l —e)) is: Rp periastron = Rr(a(l —e€),q) The
evolution of the separation a and eccentricity é during the pre-RLOF phase (driven by

Jus, Jow, JTidal) must be tracked simultaneously until R, reaches Ry periastron-

B.2 Eccentricity Evolution Rate

lde _ _ 9 ko (
e dt 2Tci7‘c

e2)"1B2¢2(1 + q) (%)8 where ks is the Love number and T,;,. is the circularization

The rate of eccentricity change is dominated by tidal circularization:

timescale. The time required to reduce e to zero is often longer than the time required
for MB to shrink a to the RLOF point. This competition, 7y;5 VS. Teire, defines the start-
ing mass ratio gy and the final eccentricity egror at which the (; stability check is first

performed. This dynamic onset is a necessary precursor to a valid secular calculation.

11
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