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Abstract: 
Friendship networks provide a clear and intuitive framework for analyzing binary relations and understanding their structural properties. This paper presents a mathematical framework to represent social networks through binary relations on finite sets emphasizing reflexivity, symmetry, transitivity and their importance in community formation. In this framework, individuals are represented as element of a finite set , while friendships relation is modeled as a subset of the Cartesian product and its structural properties such as reflexivity, symmetry, and transitivity are examined thoroughly. The study formulates fundamental propositions bridging relational properties to their graph-theoretic representations, demonstrating that reflexivity corresponds to self-loops, symmetry to undirected edges, and transitivity by the formation of direct connections from indirect paths. When the friendship relation constitutes an equivalence relation, it naturally partitions the population into disjoint communities. Expanding the framework, social connectivity is analyzed using measures such as degree, paths, reachability, and connected components to interpret influence, cohesion, and community formation. A comparative analysis with real-world social networks brings out the differences between directed and undirected network and shows that, although strict global transitivity is rare, actual networks exhibit high clustering, reflecting local or near transitivity.
Keywords: Binary Relations, Friendship Networks, Community Partition, Social Connectivity, Community Formation.
1. Introduction:
The study of social network has become an indispensable tool for examining complex system of human interaction, where individual and their relationships are represented through formal mathematical structures. Recent studies in network science emphasize structural characteristics like reciprocity, transitivity, and clustering to understand how social relationships evolve and organize into cohesive communities (McMillan et al., 2022). Modern network science offers robust theoretical and computational tools for analyzing relational systems, especially through the application of graph theory and discrete mathematical approaches. As highlighted by Mark Newman (2010), networks offer a unified language for describing complex systems across social, technological, and biological domains. Similarly, Fortunato (2010) points out that the importance of structural properties and community detection is essential in analyzing large-scale social graph.
Binary relations provide a fundamental mathematical framework for modeling social interactions, where reflexivity, symmetry, and transitivity acting as primary axioms determining the nature of relationships on a finite set. This algebraic perspective aligns closely with graph-theoretic structures, where reflexive relations is depicted by self loops, symmetry through mutual or undirected edges, and transitivity relations by cohesive triplets or patterns of triadic tendencies observed in real-world networks (Sohrabi, H. et al., 2010 & Rezapour, R. et al., 2024). Theoretical perspectives on social structure, including those presented by Wasserman, S. & Faust, K. (2013), emphasize that relational properties significantly influence cohesion and the formation of subgroups.In extensive empirical settings, datasets analyzed by Leskovec, J. and colleagues (2008)  show that real-world networks are characterized by high level of clustering along with short average path length, reflecting near-transitive behavior. The study of community formation remains a primary objective of network research. The modular organization of social graph was extensively examined by Girvan, M. & Newman, M. (2002), whose research work on community structure laid the ground work, establishing foundational principles for partition networks. Further developments by Clauset, A., Newman, M., & Moore, C. (2004) expanded the field by introducing hierarchical approaches and modularity-based strategies for identifying cohesive communities. Furthermore, broad empirical analysis of digital social networks conducted by Backstorm and his colleagues (2012) highlight structural distinctions between directed and undirected graphs, illustrating how properties like symmetry and directionality affect connectivity and influence. Such empirical results motivate the need of developing formal mathematical frameworks that connects binary relation with graph-based representation. 
This study introduces a rigorous framework for modeling friendship networks which are represented through binary relations on finite sets, highlighting the structural properties of reflexivity, symmetry, and transitivity, and their role in community formation. By systematically analyzing the properties of reflexivity, symmetry, and transitivity, and relating them with graph-theoretic concepts including self-loops, directed and undirected edges, paths, and connected components, the paper shows how equivalence relations generate natural community partitions. Finally, by comparing theoretical models with structural characteristics observed in real-world networks, the study clarifies the difference between directed and undirected relations and explain why empirical networks, though rarely globally transitive, still exhibit significant clustering.  
2. Preliminaries:
2.1. Binary Relations
Let  be any non-empty finite set of individuals. A binary relation  is any subset of the Cartesian product. That is,  if, we say that  is related to  and we can write it as 
2.2. Properties of Relations:
	2.2.1. Reflexive: ∀
	2.2.1 Symmetric: if  
	2.2.3. Transitive: if 
3. Friendship Networks as Binary Relations
Definition 3.1 (Friendship Relation)
Let  be the set of individuals. A friendship relation is a binary relation such that  if individual  consider a friend of individual  Friendship relation may be directed or undirected depending on whether symmetry is assumed.
Proposition 3.1: Let  be a finite set of individuals and let  be a friendship relation on . If  is reflexive, then every individual is a friend of themselves, and in the corresponding graph representation, each vertex contains a self-loop.
Proof: Since, the friendship relation  on the non-empty set  of individuals is reflexive, so by definition of reflexivity,

This implies that each individual in set  is related to themselves. i.e. every individual is their own friend. 
Now consider the graph representation of this relation F. We define a graph , where
· The set of vertices 
· Set of edges is defined by

Since 

Thus every vertex in the graph contains a self loop.
Proposition 3.2: If the friendship relation  is transitive, then for any two individuals connected by a path of length greater than one implies that there exists a direct friendship between them.
Proof: Let  be any two individuals. Suppose that  a path 

of length greater than one . Then for consecutive vertices, we have

Since is transitive,	
			
Again since, 		
By repeating applying the transitivity along the path, it follows that  .
Hence any indirect friendship gives rise to a direct friendship. That means that if two individuals are connected through other members of the network, then a direct friendship necessarily holds between them.
Proposition 3.3: If the friendship relation  is symmetric, then every friendship connection in the network is mutual, and the corresponding graph representation is undirected.
Proof: Let  be any non-empty finite set of individuals and le  be a friendship relation on  since,  is symmetry, so by definition of symmetry, 

Now let  be arbitrary individuals 
Then by symmetry of F,

This means that whenever individual  is related to individual  through the friendship relation F, then the individual  is also related to the individual with respect to the same relation. Hence, friendship between any two individuals is mutual.
Now consider the graph representation of this relation F. We define a graph , where
· The set of vertices 
· Set of edges is defined by

Since, F is symmetry, 

In graph theory, an undirected edge between two vertices  and  is represented by an unordered pair , where

Thus the existence of both  in F corresponds to a single undirected edge between  and  Hence, the graph is undirected.
4. Community Formation via Equivalence Relations
Definition 4.1 (Equivalence Relation): 
A binary relation which is reflexive, symmetric and transitive is said to be an equivalence relation.
Proposition 4.1: Let  be a finite set of individual’s and let  be a friendship relation on  If  is an equivalence relation, then  partitions the set  into disjoint friendship communities. Equivalence relation produces community partition.
Proof: Since  is an equivalence relation on the set of individuals  So the friendship relation F is reflexive, symmetric and transitive.
For any define the equivalence of class as
 
Now we have to prove the properties of partition.
i. , Since  is reflexive, so 
Therefore, 
Hence every element of  belongs to at least one equivalence class. i.e. each equivalence class is non-empty
ii. Let 
Suppose 
	Then  such that
			 and 
	Thus,  and 
Since F is symmetry, so, 
	Now using transitivity of F, 
		 
	Now let 
		Then 
           Since F is symmetry, so from  we have,
                                   
                       Again since F is transitive, so from 
                              
		Thus, 
		Since, . Hence, . 
	Similarly we can prove	.
	Since,  .
	Thus, any two equivalence classes are either identical or disjoint.
iii.   Since every elements belongs to some equivalence class, so

i.e. union of all equivalence classes is the set itself.
iv. Since the equivalence class F are non-empty, mutually disjoint, and covers the entire set A, so, F partitions A into disjoint friendship communities. 
5. Social Connectivity Analysis
Social connectivity analysis examines how individuals within a friendship network are structurally linked through a chain of direct and indirect relationships and how these connections influence communication patterns, social influence, and the community formation. When friendship network are modeled as binary relations, connectivity can be rigorously studied using graph-theoretic concepts and relation theory. This analysis provides the formal characterization of reachability of individuals, emerge of cohesive communities, and the emerge of distinct social groups.
Let  represent a binary friendship relation defined a finite set of individuals  The corresponding graph representation includes vertices that denote individuals and the edges indicate mutual friendship between them. Within this framework, connectivity describes how any two individuals can be joined through a finite sequence of friendship connections.
5.1 Degree of an Individual:
The degree of an individual is quantifies the number of direct friends that the individual possesses. For an individual  the degree of  is denoted by  and is defined by:

Degree of individuals serves as a fundamental quantitative measure of social participation. Those individuals who have higher degree values are typically at the core of the network, serving as hubs connecting points of multiple individuals in the network. Such individuals usually play key responsibility in information dissemination, coordinating activities, and the exercise of influence. Higher degree individuals generally play significant roles in disseminating information, coordinating activities, and the exertion of influence. On the other hand, individuals with low degree are often socially peripheral and potentially prone to becoming isolation. In friendship networks, degree distribution commonly indicates structural characteristics, including the existence of highly connected leaders or uniformly connected peer groups. 
5.2 Path and Reachability:
Let A be the set of individuals and  be a friendship network on. A path from an individual  to an individual  is a finite sequence of individuals

Such that,
 .
Paths formalize the notion of the representation of indirect friendship, often referred to as “friends of friends” and define reachability within the network. The existence of a path indicates that information, support, or influence may potentially move from one person to another, despite no direct connection exists between them. Path plays a central role in understanding how persons can reach one another within a social network (social reachability). When the path length is small, it indicate close social proximity, whereas longer path indicate weaker or more remote connections. In real-world contexts, path length is often used to measure how rapidly information spread or how closely two individuals are related within the network.
5.3 Connected Components:
Let  be any set of individuals. A Connected component is a maximal subset  such that for every pair  there exists a path connecting  Thus, a connected components represents a maximal group of individuals where each member can be reached from every other member via one or more chain of friendship relations. Connected components naturally correspond to social communities. Within connected components, interaction and sharing information are possible among all individuals through direct friendship or through intermediate members. Between distinct components, no such path exists, indicating social isolation and the lack of communication channels. In networks containing multiple connected components, each component constitute an internally cohesive friendship group. Information can flow easily among individuals of the same component, but it cannot pass between different components, reflecting the existence of distinct social communities. 
5.4 Implications for Community Structure
Social connectivity analysis provides a mathematical framework for explaining how community structures emerge within friendship network. By examining degrees, paths, and connected components, it is possible to detect isolated individuals, highly prominent influencers, and closely connected groups. Individuals with high degree often act as a central connectors, whereas those bridge distinct components serves as intermediaries between communities. Furthermore, connected components provide a mathematical framework for community formation. Every component represents a unified social cluster characterized by mutual reachability. Integrating with binary properties like symmetry and transitivity, these components align closely with equivalence classes formed by binary relations, strengthening the connection between relational structure and social grouping. Overall, social connectivity analysis reshapes formal binary relations into meaningful interpretations of social interactions. It allows for a systematic study of cohesion, fragmentation, and influence within friendship network, offering meaningful insights for applications to areas including social media analysis, organizational structuring, and community detection.  
6. Comparative Analysis with Real Social Networks
To evaluate the practical validity of the proposed binary relation framework, it is necessary to compare the abstract theoretical model with structures observed in real-world social networks. Social platforms like Facebook, Twitter (now X) along with academic collaboration networks, provide empiral examples of large-scale relational structures that can be analyzed within the framework of relation theory and graph theory.
Let  be a finite set of individual’s and let  be a friendship relation on  In Facebook-type networks, friendship are generally mutual, meaning that if user  is connect to user  then user  is likewise connect to the user  Formally, 

So the relation approximates symmetry and associated graph representation is therefore undirected. Although self-relation are not explicitly included, and thus reflexivity is not represented, the property of symmetry remains consistent with the classical concept of undirected friendship networks outline in proposition 3 of the framework.  
Unlike mutual friendship networks, Twitter-type networks are inherently directed in nature. If  denote that individual, it does not necessarily imply that  Such structures are inherently represented by digraph (directed graph), illustrating that many real-world networks commonly align with non-symmetric binary relations.
In the theoretical network, transitivity requires:
 
If this property is strictly satisfied, then any indirect friendship must imply a direct friendship, as established in proposition 2. However, empirical observation shows that real social networks rarely exhibit global transitivity. Individuals who have a mutual friend does not necessarily mean that they are directly connected. Nevertheless, numerous empirical studies based on real-world data reveal that networks tend to exhibit high clustering coefficients. In other words, the probability that two individuals with a common neighbor are themselves connected is considerably higher than random expectation. This behavior indicates local or approximate transitivity. i.e. 
 
Thus, even though strict transitivity does not hold globally, social networks commonly exhibit transitive patterns within local neighborhoods, leading to cohesive clusters.
7. Conclusion:
In conclusions, the paper proposes a rigorous mathematical framework for analyzing friendship networks using the structure of binary relations on finite sets. By analyzing the relational properties of reflexivity, symmetry, and transitivity, the study highlights a clear connection between algebraic relations theory and graph-theoretic structures of social networks. The findings indicate that when a friendship relation possesses the characteristics of an equivalence relation, it naturally partitions individuals into disjoint communities, thereby providing a rigorous framework for understanding community formation. By analyzing of degree, paths, and connected components also reveals how structural connectivity influences social cohesion, information flow, and influence within networks. Overall, the proposed framework bridges abstract mathematical concepts with structural behaviors seen in real-world social networks, providing a useful foundation for future studies in network science and study of community detection.    
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