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ABSTRACT. In this paper, we investigate the existence, uniqueness, and qualitative behavior of
solutions to certain fractional-order Fredholm-type difference equation involving an iterated sum.
The results are established using finite difference inequalities with explicit estimates.

Keywords and phrases: Difference equation, Fractional order, Initial value problem,
Inequality.
2020 AMS Classification: 39A05, 39A22, 39A10, 39A99..

1. INTRODUCTION

The set of natural numbers, including zero, is denoted by Ny, and N, = {a,a + 1,a + 2,...} for
a € Z. Let u(n) : Ng — R. Consider the following nonlinear Fredholm type difference equation

with iterated sum and order o € (0, 1):

B
Veu(n+1)=F <n u(n), Y " k(n,o, u(a))> (1)

o=0
u(0) = uo (2)

where u, k, F, are the elements of R™ an n dimensional Euclidean space with norm || and k :

ExR™ - R™,F: N2 5 x R" x R™ — R" in which E = { (n,s) e N3 ;10 < s <n<n <8}

The study of fractional differential equations was initiated earlier, and it has recently been es-
tablished that many classes of such equations admit unique solutions [9]. Although the theory
of integro-differential equations has been almost fully developed in parallel with that of differen-
tial equations [8, [I4],the literature on fractional integro-differential equations is still less devel-
oped.Moreover, the advancement in the theory of fractional-order difference equations has been

relatively minimal.

By allowing the order of the difference in the usual n*"* difference expression to be any real or complex
number, Diaz and Osler [5] defined the fractional difference. Later, Hirota [7] used Taylor’s series to
define the fractional order difference operator V%, where « is any real number. By altering Hirota’s

definition, Nagai [11] selected a different definition for the fractional order difference operator.
1
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Deekshitulu and Mohan [2] recently modified Nagai’s definition for 0 < o < 1 so that there is no

difference operator in the formula for V<.

In 2010, Deekshitulu and Mohan [2] studied the existence and other properties of special version
of equation (see [1L 1B [l [6] 10} [I5] and some of references cited therein. Authors are motivated
by the work of Deekshitulu and Mohan, [2 4]. Hence, the equation considered in this paper is

in the general spirit of the investigations.

The main objective of this paper is to examine the boundedness, uniqueness, and continuous depen-
dence of solutions to the given equations under various assumptions on the associated functions.
The analysis primarily employs finite difference inequalities, with explicit estimates available in
[2, 12] 13]. We believe that the results, obtained through elementary analysis, offer fundamental

insights and may serve as a valuable reference for future research.

2. PRELIMINARIES

For clarity and consistency, the following notations and definitions are employed throughout the

paper (more information refer [2]). For all ny,ns € Ny and ny > na,

> u()=0, J]ui)=1
Jj=n1 Jj=m

In other words, the products and empty sums are taken to be 1 and 0, respectively. If n and n — 1

are in N, then the backward difference operator V for the function u(n), is defined as follows:
Vu(n) = u(n) — u(n —1).

We now present some fundamental definitions and findings related to Nabla discrete fractional

calculus.

Definition 1. [2] The extended binomial coefficient (%), where a € R and n € Z, is defined by
T'(a+1) .
a Ma=ntDrrn: 1> 0,
<>: 1, if n =0, (3)
n
0, if n <0,
Definition 2. [6] For any complex numbers « and /3, we define (g) as follows:
%, when o and o — 3 are neither zero nor negative integers,
<a>_ 1, when a = 3 =0, (4)
B 0, when o = 0, 8 is neither zero nor negative integer,

undefined, otherwise.
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Remark: Let a and 8 be any two complex numbers. If «, 8, and o — 3 are neither zero nor

negative integers, then

@+ B) z() (B). )

for any positive integer n.

In 2003, Nagai [I1] introduced the following definition for fractional order difference operator.

Definition 3. Let a € R and m be an integer such that m — 1 < a < m. The difference operator
V of order a, with step length ¢, is defined as
Ve VMu(n)] = €m0 (M) (=1 VM u(n — ), if @ >0,
Veu(n) = ¢ u(n), if « =0, (6)
e 05 (uln — j), if a < 0.
Studying the properties of the solution becomes challenging because the definition of V®u(n) given
by Nagai [I1] includes an V operator and the term (—1)7 inside the summation index. To circumvent

this, Deekshitulu and Mohan [2], 4] provided the following definition for e = m = 1.

Definition 4. The fractional sum operator of order « is defined as.
n—1 . n .
- Jta—1 ) n—j+a-—1 ,
AT DI CARME MUEVESD 3f Gl M0} ™
— J — n—j
j= j=
The following definition of the fractional order difference operator of order «.
(ji-a “n—j—a-1 n—a-—1
=3 (7)== ("I - ( Juo®
. j . n—j n—1
Jj=0 7=1
Remark: Assume that u, v : Ng — R and o, 8 € R are constants such that 0 < o, 8, a4+ 8 < 1,
and ¢, d are also constants. Then

1) Vevhu(n) = Vthu(n),

(1)

(2) V[(cu(n) +dv(n)] = cV*u(n) + dV=o(n),
(3) V7oV%u(n) = u(n) — u(0),

(4) VOV~ %u(n) = u(n),

(5) Vu(0) =0 and V*u(1) = u(1) — u(0) = Vu(l).

3. EXISTENCE OF SOLUTION
The following theorem establishes the existence of a solution to equations f.

Theorem 1. There exists a solution u(n) of the initial value problem (1))-(2).
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Proof. The existence of a solution to the Fredholm-type difference equation with an iterated sum is
straightforward, since the solution can be represented as a recurrence relation involving the values
of the unknown function at earlier arguments. It follows from the definition of the fractional sum

operator and the initial condition.Hence, considering equation (@ and replacing u(n) by V%u(n),

we obtain
Carea " n—j4+a-1 o .
VUVAu(m)]) =) L) VruG)l,
— n—j
J
or
“n—j+ta-1 o
utn) —u) =Y ("I ) e
=1 J
or
L —jt+a—2
)=o)+ 3 (" T T v+ ) )
° n—j—1
7=0
or
n—1 B
w(n) =+ Y B(n—1,a3)) F(j, (), Y. K(jso, u<o>)] (10)
7=0 o=0
) n—j+a-—1 . . .
where B(n,«a;j) = ( n— ) for 0 < j < n. The recurrence relation above indicates that
— has a solution. O

4. UNIQUENESS OF SOLUTION

We now prove that the solutions to the fractional order difference equations — unique. For

this, we need the following results.

n
Lemma 1. [4] For n € Ny, ZB(n, a;j) = <n—|—a>‘
n
5=0

For more clarity, we present some basic finite difference inequalities which play crucial role to

establish the fractional difference inequalities.
Theorem 2. [12]: Let u(n), a(n), and b(n) be real non-negative functions defined on No and
Au(n) < a(n)u(n) + b(n)

for n € Ng. Then

u(m) < w0 [ [1+a()] +n§_jlb<y> H [1+a(k),
j=0 j=0 k=j+1

for n € Ny.



UNDER PEER REVI EW

DIFFERENCE EQUATION OF FRACTIONAL ORDER 5

Theorem 3. [3] Let u(n), a(n), and b(n) be real non-negative functions defined on Ny. If
n—1

u(n) < u(0)+ Y [a(G)ulj) + b()]

for n € Ny, then

The following corollary is proved by B. G. Pachpatte ([12], p.12).

Corollary 1. Let u(n) and b(n) be real non-negative functions defined on Ny, and ¢ > 0 (a

constant). If

Weer S [b(3)uts)]
§=0

for n € Np, then
1:[ [1—!—() } §cexp(Zb(j)).

Finite fractional difference inequalities which provides explicit bounds on the unknown functions
and analysis of various problems in the theory of finite fractional difference equations. So, on similar

line of discrete inequalities mentioned above, we present the finite fractional inequalities.

Theorem 4. [3] Let u(n), a(n), and b(n) be real valued non-negative functions defined on Ng. If
forneNy,0<a<l,

V%(n +1) < a(n)u(n) + b(n),

then
_ n—1 n—1
H [1 Y B(n -1, a;j)a(j)} +3 B - Laii) [] [1 + B(n —1,a:k)a(k)].
=0 =0 k=j+1

Corollary 2. Let u(n), a(n), and b(n) be real valued non-negative functions defined on Ny. If for
0<a<l,néeN,

n—1
u(n) <u(0) + Y Bln—1,039) [a()u(i) +b(3)|.
7=0
then
n—1 n—1 n—1
u(m) <u(0) [T [1+ B —1,0:)a)| + 3 B = 1,a5000G) [ [1+ B0 = 1,a3k)a(k)|.
7=0 j=0 k=j+1
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In the literature, some authors used Corollary 2 to study the various properties of solutions of finite
fractional difference equations. But direct use of this corollary leads to some flaws. So, we present

the following fractional inequality to address the issue raised due to the use of Corollary

Theorem 5. Let u(n), a(n), and b(n) be real non-negative functions defined on Ny, and ¢ > 0 (a
constant). If for 0 < a <1 and n € Ny,

u(n) < e+ Y B(n ~1,0:4)[ali)uls) + b)) (1)
then B
1:[ 14 B(n—1,055)a(j)| +§B(n— 1,0; 1)b(5) ﬁ 1+ B(n—1Lask)a(k)], (12)
forn e No.i B o

Proof. Define a function z(n) by the right hand side of (12). That is
2(n) =c+ Y _ B(n—1,a;5)[a(j)u(j) + b(j)], for n € No. (13)
Then z(0) = ¢,u(n) < z(n) and
Ve%(n+1) = a(n)u(n) + b(n), for n € Ny. (14)
As u(n) < z(n), the equation becomes
V%%(n+1) <a(n)z(n) 4+ b(n), for n € Ny (15)

with 2(0) = ¢, and 0 < o < 1.
Now, application of Theorem to ((15)) yields.

— n—1
2(n) < 2(0 H[1+B( “Laja }+ZB ~Laij() I] [1+ B -1 a5k)a(k)],
j=0 k=j+1
which implies
— n—1 n—1
H [14 B —1,0:))a(i)] + Y Bl —1,as)b(7) T [1+Bn—1,a:k)a(k)], (16)
j=0 j=0 k=j+1
for n € Ny. Hence, using in u(n) < z(n), we get
n—1 n—1 n—1
um) < ¢ [T [1+ Bn = 1,a:)a(i)| + > B —1,00i0G) T] [1+ B =1, 05k)a(k)|. (17)
=0 5=0 k=j+1
for n € Ngy. This is the required inequality. O

The following theorem deals with uniqueness of the solution to fractional order difference equations.
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Theorem 6. Suppose that the functions K, F' in equation — satisfy the conditions

[F(n,z,y) — F(n,z,5)| < Ly |z — 2| + La |y — 7 (18)
B
Y 1K(n,0,0(0) = K(n,0,w(o)| < [o(n) —w(n)] (19)

where L1 and Lo are non-negative constants. Then the initial value problem — has a unique

solution.

Proof. Let v(n) and w(n) be any two solutions of (I))-(2)) satisfying v(0) = w(0) = ug.Then recalling
recurrence relation for solution and hypotheses, we get

B B
F (j,vu), > K3, aw(o)) - F (j, w(f), Yy K, mw(o))) ‘

n—1

[v(n) —w(n)] < )  B(n—1,a;7)

j:() o=
n—1 B
<> B(n—-1,0;j) | Ly ( [v(j) — w(j)] ) + Lo (Z |K(j,0,v(0)) — K (4, U,w(ff))|>]
=0 o=
-
<) Bn—-1a;j) [Ll ( lv(j) — W(j)|> + Lo ( [v(7) —w(j) )]
=0
! n—1
<e+ > B(n—1,0;)) ((L1 + Lo) |v(j) — w(i)l)
=0
Let u(n) = |v(n) — w(n)|. Then the above inequality implies
n—1
u(n) < e+ B(n—1,0,§)(L1 + La)u(j) (20)
j=0
Hence, by application of Theorem to , we get
n—1
u(n) < e H {1 + (L1 + Ly)B(n — l,a;j)}
=0
’ n—1
< €exp {ZB(n— 1,a57)(L1 +L2)] (21)
=0
Using Lemma in , we obtain
u(n) < eexp [(Ll + L) <n :L_ f I 1)] (22)

Since the arbitrary nature of ¢, inequality conclude that u(n) — 0 as n — oo and hence, we

have v(n) = w(n). This proves the uniqueness of the solutions. O

5. BOUNDEDNESS OF SOLUTION

The following Theorem shows boundedness of solution to the problem —.
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Theorem 7. Suppose that the functions F, K in equation — satisfy the conditions (18) and
respectively. If u : Ng — R is a solution of the Fredholm difference equation with iterated sum

—, then
fu(n)] < (Juo| + L) H[1+L1+L2>B<n—1,a;j>} (23)

forn € Ng.

Proof. From the equation (10) and hypotheses, we estimate

B B
F (j,uw'), > K@, a,u(a») - F (j, 0,  K(j,0, 0)) ‘
o=0

n—1

u(n)| < |uol + > B(n—1,0;5)
j=0

B
F (j,O,ZK(j,a, 0)>|

o=0

o=0

_l’_

r B
<!uo|+ZB — Losj) | Ly [u(i)| + L2 Y |K(j,0,u(0) — K(j,0,0)| + Ls
L o=0

<]u0|+ZB —1,0;5) | (L1 + La) [u(4)| + L3

(24)

where
B

F(4,0,>  K(j,0,0)

o=0

)

L3 = max (
0<j<n—1
Using the Theorem to the inequality , we get

n—1

fu(m)] < Juol TT [(1+ Bln = 1,03 )(L1 + Ly)]
j=0

n—1
—i—ZB( —1,057)L3 H
j=0

k=j+1

14+ B(n—1,a;k) (L1 + Ly)|, (25)

which is the required result. O

6. CONTINUOUS DEPENDENCE

In this section , we shall deal with continuous dependence of the problem — on the initial data,

function induced therein and also on parameters.

6.1. Dependence on initial data. We first discuss dependence of solution on given initial data.

Theorem 8. Suppose that the [18)-(19) hold . If v(n) and w(n) are solutions of (I)-([2) with

initial data v(0) = vy and w(0) = wq respectively, then

(L1+L2)<n;;f;1>].

[v(n) —w(n)] < Jvo — wol exp




UNDER PEER REVI EW

DIFFERENCE EQUATION OF FRACTIONAL ORDER 9

Proof. By using the fact that v(n) and w(n) are solutions of —. Hence, by hypotheses and
looking at the proof of Theorem @, we have

n—1

[0(n) = w(n)| < |vo —wol + Y B(n— 1,05 §)(L1 + La) |v(j) — w(j)| - (26)
j=0

Using the Theorem to the inequality , we obtain

jon) = w)| < foo — wol [T |1+ (B + L)Bn ~ 1,:)

N -
< |vo — wolexp | Y (L1 + Lg)B(n — 1,03 4) . (27)
L j=0 1
Using Lemma in , we obtain
n+a-—1
[v(n) —w(n)| < |vg —wo|exp | (L1 + Lg)( n 1 )] : (28)

This demonstrates how the equation’s solutions rely continuously on the initial data . ]

6.2. Dependence on function. Consider the equation — and the corresponding equation

Veu(n+1) = ( anau > (29)
with condition , where F and K are defined as F and K.

The following theorem present the closeness of solutions.

Theorem 9. Suppose that the - hold. Furthermore, assume that there exist constants
€ > 0, for which

B B

F (jvw(j)7ZK(ja U,W(U))> - F (j,w(j),ZK(j,a,w(o))>
o=0 o=0

If v(n) and w(n) are respectively solutions of and with (2), then

n—1 n—1

lo(n) —w(n)| <> Bn—1,a;5) [[ [1+B(n—1,0;5)(L1+ L] (30)
Jj=0 k=j+1

<€

forn € Ng.

Proof. Let v(n) and w(n) be the solutions of (I)-(2) and with respectively. Then by

hypotheses, we have

n—1 M B B
[o(n) — wn)| < 3 Bln—1,a:)| |F (j,vm,zf«j, a,u<a>>) ( S E o, )
7=0 L o=0 o=0
n—1 i B B
<Y B(n-1Lay)| |F (j,vm,ZK(j, a,u<a>>> ( k(jy o, )
7=0 L o=0 cr:O
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B o B
+|F (j,w(j), > kG, mw(o))) —F <j,w<j>, > kG, mw(o))) H
o=0 =0
n—1 r B B
< B(n—1,0;5) | L1 [v(f) = w(i)| + L2 Y _ |k(j, 0,0(0)) = E(j, 0, w(0))| + €
j=0 L o=0
n—1 B
<) _B(n—1a;j) | (L1 + L) [v(j) —w(j)| + e (31)
Jj=0 L
The subsequent equation is the result of applying .
n—1 n—1
lv(n) —w(n)| <Y B(n-Laje [[ [1+Bn—1,0;5)(L1 + L] (32)
Jj=0 k=j+1
The solutions to problems and with condition are close to one another, as can be
inferred from , if F and K are, respectively, close to F and K. O

6.3. Dependence on Parameters. We next consider the following Fredholm difference equations

B
Vou(n+1) = F (n u(m), > k(n, 0, u(0), m) (33)
o=0
and
B
Veu(n+1) = F (n u(n), 3" k(n, 0, u(0), m) (34)
o=0

with initial condition , where u, k, F, are the elements of R™ an n dimensional Euclidean space
with norm || and k& : E x R™ — R™ F : Ngﬁ X R" x R™ x R — R™ and puj, uo are arbitrary
constant. In which F = {(n, s) € Ngﬁ 0<s<n<n< B}.

Theorem 10. Suppose that the functions F satisfying the condition

B g
F(”vv(n)sz(na U7U<O—)3U1)> —F(n,w(n),ZK(n, U,?U(U),,Ll,l))‘
o=0 o=0

B
< Ly |v(n) — w(n)| + Lo Z |K(n,o,v(0)) — K(n,o,w(o0))|

o=0

B B
F(n,w(n), Z K(n,0,w(0)), 1) — F(n,w(n), Z K(n,o,w(0)), u2)
o=0 o=0

[

where Ly, Lo, Ly are non negative constants. If v(n) and w(n) are respectively solutions of
and with condition , then

) < L3 |p1 — pol

n—1 n—1
o(n) —w(n)| <> Bn—1,0;5) gl —pa| [ |1+ Bn—=1e55)(L1+La)|,  (3)
=0 k=j+1

for n € Np.
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Proof. From the assumptions, it follows that
[v(n) —w(n)]
n—1 i B B
<Y B(n—1,0;j) Z (G,0,0(0),m) | = F Z (j, 0 w(0), p2)
Jj=0 L
n—1 i B B
<Y B(n—1,0;j) Z (j, 0, 0(0), ) | — Z (4,0, w(0), 1)
=0 L =0 =
B B
+|F(4,w0), Y K o,w(o), m) | = F4,w(), Y K(j,0,w(0), p2)
o=0 o=0
n—1
< ) Bn—1,0;j) | (L1 + L2) [v(j) = w(j)| + La(|p1 — pel (36)
§=0
With the help of Theorem and the inequality , we get
n—1 n—1
[o(n) —w(n)] <> B(n—1,a;§) Lyl —po| [ |1+ Bn—1,0;5) (L1 + La) |, (37)
5=0 k=j+1

This demonstrates how the parameters p; and po affect the solution of equations and

with condition .
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O
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