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1. Introduction

The set of natural numbers, including zero, is denoted by N0, and Na = {a, a + 1, a + 2, . . . } for

a ∈ Z. Let u(n) : N0 → R. Consider the following nonlinear Fredholm type difference equation

with iterated sum and order α ∈ (0, 1):

∇αu(n+ 1) = F

(
n, u(n),

β∑
σ=0

k(n, σ, u(σ))

)
(1)

u(0) = u0 (2)

where u, k, F, are the elements of Rm an n dimensional Euclidean space with norm || and k :

E × Rm → Rm, F : N2
α,β × Rn × Rm → Rn in which E =

{
(n, s) ∈ N2

0,β : 0 ≤ s ≤ n ≤ n ≤ β
}
.

The study of fractional differential equations was initiated earlier, and it has recently been es-

tablished that many classes of such equations admit unique solutions [9]. Although the theory

of integro-differential equations has been almost fully developed in parallel with that of differen-

tial equations [8, 14],the literature on fractional integro-differential equations is still less devel-

oped.Moreover, the advancement in the theory of fractional-order difference equations has been

relatively minimal.

By allowing the order of the difference in the usual nth difference expression to be any real or complex

number, Diaz and Osler [5] defined the fractional difference. Later, Hirota [7] used Taylor’s series to

define the fractional order difference operator ∇α, where α is any real number. By altering Hirota’s

definition, Nagai [11] selected a different definition for the fractional order difference operator.
1
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Deekshitulu and Mohan [2] recently modified Nagai’s definition for 0 < α < 1 so that there is no

difference operator in the formula for ∇α.

In 2010, Deekshitulu and Mohan [2] studied the existence and other properties of special version

of equation (1) (see [1, 3, 4, 6, 10, 15] and some of references cited therein. Authors are motivated

by the work of Deekshitulu and Mohan, [2, 4]. Hence, the equation (1) considered in this paper is

in the general spirit of the investigations.

The main objective of this paper is to examine the boundedness, uniqueness, and continuous depen-

dence of solutions to the given equations under various assumptions on the associated functions.

The analysis primarily employs finite difference inequalities, with explicit estimates available in

[2, 12, 13]. We believe that the results, obtained through elementary analysis, offer fundamental

insights and may serve as a valuable reference for future research.

2. Preliminaries

For clarity and consistency, the following notations and definitions are employed throughout the

paper (more information refer [2]). For all n1, n2 ∈ N0 and n1 > n2,

n2∑
j=n1

u(j) = 0,

n2∏
j=n1

u(j) = 1.

In other words, the products and empty sums are taken to be 1 and 0, respectively. If n and n− 1

are in N0, then the backward difference operator ∇ for the function u(n), is defined as follows:

∇u(n) = u(n)− u(n− 1).

We now present some fundamental definitions and findings related to Nabla discrete fractional

calculus.

Definition 1. [2] The extended binomial coefficient
(
a
n

)
, where a ∈ R and n ∈ Z, is defined by

(
a

n

)
=


Γ(a+1)

Γ(a−n+1)Γ(n+1) , if n > 0,

1, if n = 0,

0, if n < 0,

(3)

Definition 2. [6] For any complex numbers α and β, we define
(
α
β

)
as follows:

(
α

β

)
=


Γ(α+1)

Γ(α−β+1) , when α and α− β are neither zero nor negative integers,

1, when α = β = 0,

0, when α = 0, β is neither zero nor negative integer,

undefined, otherwise.

(4)
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Remark: Let α and β be any two complex numbers. If α, β, and α − β are neither zero nor

negative integers, then

(α+ β)n =
n∑

k=0

(
n

k

)
(α)n−k(β)k, (5)

for any positive integer n.

In 2003, Nagai [11] introduced the following definition for fractional order difference operator.

Definition 3. Let α ∈ R and m be an integer such that m− 1 < α ≤ m. The difference operator

∇ of order α, with step length ϵ, is defined as

∇αu(n) =


∇α−m[∇mu(n)] = ϵm−α

∑n−1
j=0

(
α−m
j

)
(−1)j∇mu(n− j), if α > 0,

u(n), if α = 0,

ϵ−α
∑n−1

j=0

(
α
j

)
u(n− j), if α < 0.

(6)

Studying the properties of the solution becomes challenging because the definition of ∇au(n) given

by Nagai [11] includes an∇ operator and the term (−1)j inside the summation index. To circumvent

this, Deekshitulu and Mohan [2, 4] provided the following definition for ε = m = 1.

Definition 4. The fractional sum operator of order α is defined as.

∇−αu(n) =

n−1∑
j=0

(
j + α− 1

j

)
u(n− j) =

n∑
j=1

(
n− j + α− 1

n− j

)
u(j). (7)

The following definition of the fractional order difference operator of order α.

∇αu(n) =
n−1∑
j=0

(
j − α

j

)
∇(n− j) =

n∑
j=1

(
n− j − α− 1

n− j

)
u(j)−

(
n− α− 1

n− 1

)
u(0). (8)

Remark: Assume that u, v : N+
0 → R and α, β ∈ R are constants such that 0 < α, β, α + β < 1,

and c, d are also constants. Then

(1) ∇α∇βu(n) = ∇α+βu(n),

(2) ∇α[(cu(n) + dv(n)] = c∇αu(n) + d∇αv(n),

(3) ∇−α∇αu(n) = u(n)− u(0),

(4) ∇α∇−αu(n) = u(n),

(5) ∇αu(0) = 0 and ∇αu(1) = u(1)− u(0) = ∇u(1).

3. EXISTENCE OF SOLUTION

The following theorem establishes the existence of a solution to equations (1)–(2).

Theorem 1. There exists a solution u(n) of the initial value problem (1)-(2).
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Proof. The existence of a solution to the Fredholm-type difference equation with an iterated sum is

straightforward, since the solution can be represented as a recurrence relation involving the values

of the unknown function at earlier arguments. It follows from the definition of the fractional sum

operator and the initial condition.Hence, considering equation (7) and replacing u(n) by ∇αu(n),

we obtain

∇−α[∇αu(n)] =

n∑
j=1

(
n− j + α− 1

n− j

)
[∇αu(j)],

or

u(n)− u(0) =

n∑
j=1

(
n− j + α− 1

n− j

)
[∇αu(j)],

or

u(n) = u(0) +

n−1∑
j=0

(
n− j + α− 2

n− j − 1

)
[∇αu(j + 1)], (9)

or

u(n) = u0 +

n−1∑
j=0

B(n− 1, α; j)

[
F

(
j, u(j),

β∑
σ=0

K(j, σ, u(σ)

)]
(10)

where B(n, α; j) =

(
n− j + α− 1

n− j

)
for 0 ≤ j ≤ n. The recurrence relation above indicates that

(1)-(2) has a solution. □

4. UNIQUENESS OF SOLUTION

We now prove that the solutions to the fractional order difference equations (1)-(2) unique. For

this, we need the following results.

Lemma 1. [4] For n ∈ N0,

n∑
j=0

B(n, α; j) =

(
n+ α

n

)
.

For more clarity, we present some basic finite difference inequalities which play crucial role to

establish the fractional difference inequalities.

Theorem 2. [12]: Let u(n), a(n), and b(n) be real non-negative functions defined on N0 and

∆u(n) ≤ a(n)u(n) + b(n)

for n ∈ N0. Then

u(n) ≤ u(0)
n−1∏
j=0

[
1 + a(j)

]
+

n−1∑
j=0

b(j)
n−1∏

k=j+1

[
1 + a(k)

]
,

for n ∈ N0.
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Theorem 3. [3] Let u(n), a(n), and b(n) be real non-negative functions defined on N0. If

u(n) ≤ u(0) +

n−1∑
j=0

[a(j)u(j) + b(j)]

for n ∈ N0, then

u(n) ≤ u(0)

n−1∏
j=0

[
1 + a(j)

]
+

n−1∑
j=0

b(j)

n−1∏
k=j+1

[
1 + a(k)

]

≤ u(0) exp
( n−1∑
j=0

a(j)
)
+

n−1∑
j=0

b(j) exp
( n−1∑
k=j+1

a(k)
)
.

The following corollary is proved by B. G. Pachpatte ([12], p.12).

Corollary 1. Let u(n) and b(n) be real non-negative functions defined on N0, and c ≥ 0 (a

constant). If

u(n) ≤ c+

n−1∑
j=0

[
b(j)u(j)

]
for n ∈ N0, then

u(n) ≤ c
n−1∏
j=0

[
1 + b(j)

]
≤ c exp

( n−1∑
j=0

b(j)
)
.

Finite fractional difference inequalities which provides explicit bounds on the unknown functions

and analysis of various problems in the theory of finite fractional difference equations. So, on similar

line of discrete inequalities mentioned above, we present the finite fractional inequalities.

Theorem 4. [3] Let u(n), a(n), and b(n) be real valued non-negative functions defined on N0. If

for n ∈ N0, 0 < α < 1,

∇αu(n+ 1) ≤ a(n)u(n) + b(n),

then

u(n) ≤ u(0)

n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)

n−1∏
k=j+1

[
1 +B(n− 1, α; k)a(k)

]
.

Corollary 2. Let u(n), a(n), and b(n) be real valued non-negative functions defined on N0. If for

0 < α < 1, n ∈ N0,

u(n) ≤ u(0) +

n−1∑
j=0

B(n− 1, α; j)
[
a(j)u(j) + b(j)

]
,

then

u(n) ≤ u(0)

n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)

n−1∏
k=j+1

[
1 +B(n− 1, α; k)a(k)

]
.

for n ∈ N0.
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In the literature, some authors used Corollary 2 to study the various properties of solutions of finite

fractional difference equations. But direct use of this corollary leads to some flaws. So, we present

the following fractional inequality to address the issue raised due to the use of Corollary 2.

Theorem 5. Let u(n), a(n), and b(n) be real non-negative functions defined on N0, and c ≥ 0 (a

constant). If for 0 < α < 1 and n ∈ N0,

u(n) ≤ c+

n−1∑
j=0

B(n− 1, α; j)
[
a(j)u(j) + b(j)

]
, (11)

then

u(n) ≤ c

n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)

n−1∏
k=j+1

[
1 +B(n− 1, α; k)a(k)

]
, (12)

for n ∈ N0.

Proof. Define a function z(n) by the right hand side of (12). That is

z(n) = c+

n−1∑
j=0

B(n− 1, α; j)[a(j)u(j) + b(j)], for n ∈ N0. (13)

Then z(0) = c, u(n) ≤ z(n) and

∇αz(n+ 1) = a(n)u(n) + b(n), for n ∈ N0. (14)

As u(n) ≤ z(n), the equation (14) becomes

∇αz(n+ 1) ≤ a(n)z(n) + b(n), for n ∈ N0 (15)

with z(0) = c, and 0 < α < 1.

Now, application of Theorem (4) to (15) yields.

z(n) ≤ z(0)
n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)
n−1∏

k=j+1

[
1 +B(n− 1, α; k)a(k)

]
,

which implies

z(n) ≤ c
n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)
n−1∏

k=j+1

[
1 +B(n− 1, α; k)a(k)

]
, (16)

for n ∈ N0. Hence, using (16) in u(n) ≤ z(n), we get

u(n) ≤ c
n−1∏
j=0

[
1 +B(n− 1, α; j)a(j)

]
+

n−1∑
j=0

B(n− 1, α; j)b(j)
n−1∏

k=j+1

[
1 +B(n− 1, α; k)a(k)

]
. (17)

for n ∈ N0. This is the required inequality. □

The following theorem deals with uniqueness of the solution to fractional order difference equations.
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Theorem 6. Suppose that the functions K,F in equation (1)-(2) satisfy the conditions

|F (n, x, y)− F (n, x̄, ȳ)| ≤ L1 |x− x̄|+ L2 |y − ȳ| (18)

β∑
σ=α

|K(n, σ, v(σ)−K(n, σ, w(σ)| ≤ |v(n)− w(n)| (19)

where L1 and L2 are non-negative constants. Then the initial value problem (1)-(2) has a unique

solution.

Proof. Let v(n) and w(n) be any two solutions of (1)-(2) satisfying v(0) = w(0) = u0.Then recalling

recurrence relation for solution and hypotheses, we get

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)

∣∣∣∣∣F
(
j, v(j),

β∑
σ=α

K(j, σ, v(σ)

)
− F

(
j, w(j), ,

β∑
σ=α

K(j, σ, w(σ))

)∣∣∣∣∣
≤

n−1∑
j=0

B(n− 1, α; j)

[
L1

(
|v(j)− w(j)|

)
+ L2

(
β∑

σ=α

|K(j, σ, v(σ))−K(j, σ, w(σ))|

)]

≤
n−1∑
j=0

B(n− 1, α; j)

[
L1

(
|v(j)− w(j)|

)
+ L2

(
|v(j)− w(j)|

)]

< ϵ+
n−1∑
j=0

B(n− 1, α; j)

(
(L1 + L2) |v(j)− w(j)|

)

Let u(n) = |v(n)− w(n)|. Then the above inequality implies

u(n) < ϵ+
n−1∑
j=0

B(n− 1, α, j)(L1 + L2)u(j) (20)

Hence, by application of Theorem (5) to (20), we get

u(n) < ϵ
n−1∏
j=0

[
1 + (L1 + L2)B(n− 1, α; j)

]

< ϵ exp
[ n−1∑
j=0

B(n− 1, α; j)(L1 + L2)
]

(21)

Using Lemma (1) in (21), we obtain

u(n) < ϵ exp

[
(L1 + L2)

(
n+ α− 1

n− 1

)]
(22)

Since the arbitrary nature of ϵ, inequality (22) conclude that u(n) → 0 as n → ∞ and hence, we

have v(n) = w(n). This proves the uniqueness of the solutions. □

5. BOUNDEDNESS OF SOLUTION

The following Theorem shows boundedness of solution to the problem (1)-(2).
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Theorem 7. Suppose that the functions F,K in equation (1)-(2) satisfy the conditions (18) and

(19) respectively. If u : N0 → R is a solution of the Fredholm difference equation with iterated sum

(1)-(2), then

|u(n)| ≤ (|u0|+ L3)
n−1∏
j=0

[
(1 + L1 + L2)B(n− 1, α; j)

]
(23)

for n ∈ N0.

Proof. From the equation (10) and hypotheses, we estimate

|u(n)| ≤ |u0|+
n−1∑
j=0

B(n− 1, α; j)

[ ∣∣∣∣∣F
(
j, u(j),

β∑
σ=0

K(j, σ, u(σ))

)
− F

(
j, 0,

β∑
σ=0

K(j, σ, 0)

)∣∣∣∣∣
+

∣∣∣∣∣F
(
j, 0,

β∑
σ=0

K(j, σ, 0)

)∣∣∣∣∣
]

≤ |u0|+
n−1∑
j=0

B(n− 1, α; j)

[
L1 |u(j)|+ L2

β∑
σ=0

|K(j, σ, u(σ)−K(j, σ, 0)|+ L3

]

≤ |u0|+
n−1∑
j=0

B(n− 1, α; j)

[
(L1 + L2) |u(j)|+ L3

]
(24)

where

L3 = max
0≤j≤n−1

(∣∣∣∣∣F (j, 0,

β∑
σ=0

K(j, σ, 0)

∣∣∣∣∣
)

Using the Theorem (5) to the inequality (24), we get

|u(n)| ≤ |u0|
n−1∏
j=0

[
(1 +B(n− 1, α; j)(L1 + L2)

]

+

n−1∑
j=0

B(n− 1, α; j)L3

n−1∏
k=j+1

[
1 +B(n− 1, α; k)(L1 + L2)

]
, (25)

which is the required result. □

6. CONTINUOUS DEPENDENCE

In this section , we shall deal with continuous dependence of the problem (1)-(2) on the initial data,

function induced therein and also on parameters.

6.1. Dependence on initial data. We first discuss dependence of solution on given initial data.

Theorem 8. Suppose that the (18)-(19) hold . If v(n) and w(n) are solutions of (1)-(2) with

initial data v(0) = v0 and w(0) = w0 respectively, then

|v(n)− w(n)| ≤ |v0 − w0| exp

[
(L1 + L2)

(
n+ α− 1

n− 1

)]
.
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Proof. By using the fact that v(n) and w(n) are solutions of (1)-(2). Hence, by hypotheses and

looking at the proof of Theorem (6), we have

|v(n)− w(n)| ≤ |v0 − w0|+
n−1∑
j=0

B(n− 1, α; j)(L1 + L2) |v(j)− w(j)| . (26)

Using the Theorem (5) to the inequality (26), we obtain

|v(n)− w(n)| ≤ |v0 − w0|
n−1∏
j=0

[
1 + (L1 + L2)B(n− 1, α; j)

]

≤ |v0 − w0| exp

[
n−1∑
j=0

(L1 + L2)B(n− 1, α; j)

]
. (27)

Using Lemma(1) in (27), we obtain

|v(n)− w(n)| ≤ |v0 − w0| exp

[
(L1 + L2)

(
n+ α− 1

n− 1

)]
. (28)

This demonstrates how the equation’s solutions rely continuously on the initial data . □

6.2. Dependence on function. Consider the equation (1)-(2) and the corresponding equation

∇αu(n+ 1) = F

(
n, u(n),

β∑
σ=0

k(n, σ, u(σ))

)
(29)

with condition (2), where F and K are defined as F and K.

The following theorem present the closeness of solutions.

Theorem 9. Suppose that the (18)-(19) hold. Furthermore, assume that there exist constants

ϵ > 0, for which∣∣∣∣∣F
(
j, w(j),

β∑
σ=0

K(j, σ, w(σ))

)
− F

(
j, w(j),

β∑
σ=0

K(j, σ, w(σ))

)∣∣∣∣∣ < ϵ

If v(n) and w(n) are respectively solutions of (29) and (1) with (2), then

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)ϵ
n−1∏

k=j+1

[
1 +B(n− 1, α; j)(L1 + L2

]
(30)

for n ∈ N0.

Proof. Let v(n) and w(n) be the solutions of (1)-(2) and (29) with (2) respectively. Then by

hypotheses, we have

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)

[ ∣∣∣∣∣F
(
j, v(j),

β∑
σ=0

K(j, σ, u(σ))

)
− F

(
j, w(j),

β∑
σ=0

k(j, σ, w(σ))

)∣∣∣∣∣
≤

n−1∑
j=0

B(n− 1, α; j)

[ ∣∣∣∣∣F
(
j, v(j),

β∑
σ=0

K(j, σ, u(σ))

)
− F

(
j, w(j),

β∑
σ=0

k(j, σ, w(σ))

)∣∣∣∣∣
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+

∣∣∣∣∣F
(
j, w(j),

β∑
σ=0

k(j, σ, w(σ))

)
− F

(
j, w(j),

β∑
σ=0

k(j, σ, w(σ))

)∣∣∣∣∣
]

≤
n−1∑
j=0

B(n− 1, α; j)

[
L1 |v(j)− w(j)|+ L2

β∑
σ=0

∣∣k(j, σ, v(σ))− k(j, σ, w(σ))
∣∣+ ϵ

]

≤
n−1∑
j=0

B(n− 1, α; j)

[
(L1 + L2) |v(j)− w(j)|+ ϵ

]
(31)

The subsequent equation (32) is the result of applying (5).

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)ϵ
n−1∏

k=j+1

[
1 +B(n− 1, α; j)(L1 + L2

]
(32)

The solutions to problems (1) and (29) with condition (2) are close to one another, as can be

inferred from (32), if F and K are, respectively, close to F and K. □

6.3. Dependence on Parameters. We next consider the following Fredholm difference equations

∇αu(n+ 1) = F

(
n, u(n),

β∑
σ=0

k(n, σ, u(σ), µ1)

)
(33)

and

∇αu(n+ 1) = F

(
n, u(n),

β∑
σ=0

k(n, σ, u(σ), µ2)

)
(34)

with initial condition (2), where u, k, F, are the elements of Rm an n dimensional Euclidean space

with norm || and k : E × Rm → Rm, F : N2
0,β × Rn × Rm × R → Rn and µ1, µ2 are arbitrary

constant. In which E =
{
(n, s) ∈ N2

0,β : 0 ≤ s ≤ n ≤ n ≤ β
}
.

Theorem 10. Suppose that the functions F satisfying the condition∣∣∣∣∣F
(
n, v(n),

β∑
σ=0

K(n, σ, v(σ), µ1)

)
− F

(
n,w(n),

β∑
σ=0

K(n, σ, w(σ), µ1)

)∣∣∣∣∣
≤ L1 |v(n)− w(n)|+ L2

β∑
σ=0

|K(n, σ, v(σ))−K(n, σ, w(σ))|

(∣∣∣∣∣F (n,w(n),
β∑

σ=0

K(n, σ, w(σ)), µ1)− F
(
n,w(n),

β∑
σ=0

K(n, σ, w(σ)), µ2

)∣∣∣∣∣
)

≤ L3 |µ1 − µ2|

where L1, L2, L3 are non negative constants. If v(n) and w(n) are respectively solutions of (33)

and (34) with condition (2), then

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)L3 |µ1 − µ2|
n−1∏

k=j+1

[
1 +B(n− 1, α; j)(L1 + L2)

]
, (35)

for n ∈ N0.
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Proof. From the assumptions, it follows that

|v(n)− w(n)|

≤
n−1∑
j=0

B(n− 1, α; j)

[ ∣∣∣∣∣F
(
j, v(j),

β∑
σ=0

K(j, σ, v(σ), µ1)

)
− F

(
j, w(j),

β∑
σ=0

K(j, σ, w(σ), µ2)

)∣∣∣∣∣
]

≤
n−1∑
j=0

B(n− 1, α; j)

[ ∣∣∣∣∣F
(
j, v(j),

β∑
σ=0

K(j, σ, v(σ), µ1)

)
− F

(
j, w(j),

β∑
σ=0

K(j, σ, w(σ), µ1)

)∣∣∣∣∣
+

∣∣∣∣∣F
(
j, w(j),

β∑
σ=0

K(j, σ, w(σ), µ1)

)
− F

(
j, w(j),

β∑
σ=0

K(j, σ, w(σ), µ2)

)∣∣∣∣∣
]

≤
n−1∑
j=0

B(n− 1, α; j)

[
(L1 + L2) |v(j)− w(j)|+ L3(|µ1 − µ2|

]
(36)

With the help of Theorem (5) and the inequality (36), we get

|v(n)− w(n)| ≤
n−1∑
j=0

B(n− 1, α; j)L3 |µ1 − µ2|
n−1∏

k=j+1

[
1 +B(n− 1, α; j)(L1 + L2)

]
, (37)

This demonstrates how the parameters µ1 and µ2 affect the solution of equations (33) and (34)

with condition (2). □

References

[1] R.P. Agarwal, Difference Equations and Inequalities, Marcel Dekker, New York, 1992.
[2] G. V. S. R. Deekshitulu and J. J. Mohan, Fractional difference inequalities, Communications in Applied Analysis,

vol. 14, No. 1 (2010), 89–97,
[3] G. V. S. R. Deekshitulu and J. J. Mohan, Some new fractional difference inequalities, Proceedings of the Inter-

national Conference on Mathematical Modeling and Scientific Computation (ICMMSC 12), Communications in
Computer and Information Science, Vol. 283, (2012), 403–412. doi:10.1007/978-3-642-28926-2 44.

[4] G. V. S. R. Deekshitulu and J. J. Mohan, Fractional Order Difference Equations, International Journal of
Differential Equations, Vol. 2012, (2012), Article ID 780619,11 pages doi:10.1155/2012/780619.

[5] J. B. Diaz and T. J. Osler, Differences of fractional order, Mathematics of Computation, Vol. 28, No. 125 (1974),
185–202. doi:10.1090/s0025-5718-1974-0346352-5

[6] H. L. Gray and N. F. Zhang, On a new definition of the fractional difference, Mathematics of Computation, Vol.
50, No. 182 (1988), 513–529.

[7] R. Hirota, Lectures on Difference Equations, Science-sha, Tokyo, Japan, 2000.
[8] V. Lakshmikantham and M. R. M. Rao, Theory of Integro-Differential Equations, Vol. 1, Gordon and Breach

Science Publishers, Lausanne, Switzerland, 1995.
[9] V. Lakshmikantham, S. Leela, and J. V. Devi, Theory of Fractional Dynamic Systems, CSP, Cambridge, UK,

2009.
[10] J. Jagan Mohan and G. V. S. R. Deekshitulu, Solutions of Nabla Fractional Difference Equations Using N-

Transforms, Commun. Math. Stat., 2(2014),1-–16. doi:10.1007/s40304-014-0027-9.
[11] A. Nagai, Discrete Mittag-Lefler function and its applications, New developments in the research of integrable

systems: continuous, discrete, ultra-discrete, RIMS Kokyuroku, No. 1302 (2003), 1–20.
[12] B. G. Pachpatte, Inequalities of Finite Difference Equations, Marcel Dekker, New York, 2002.
[13] B. G. Pachpatte, Integral and Finite Difference Inequalities and Applications, North-Holland Mathematics Stud-

ies, Elsevier Science B.V., Amsterdam, Vol. 205, 2006,
[14] I. Podlubny, Fractional differential equations, Academic press, San Diego, 1999.

UNDER PEER REVIEW

https://doi.org/10.1007/978-3-642-28926-2_44
https://doi.org/10.1155/2012/780619
https://doi.org/10.1090/s0025-5718-1974-0346352-5
https://doi.org/10.1007/s40304-014-0027-9


12

[15] D. N. Purnima, G. V. S. R. Deekshitulu, M. Vijaya Saradhi, Boundary value problems for Nabla fractional
difference equations of order less than one, International Journal of Scientific & Engineering Research, Vol. 6,
10(2015), 1569–1578.

UNDER PEER REVIEW


	1. Introduction
	2. Preliminaries
	3. EXISTENCE OF SOLUTION
	4. UNIQUENESS OF SOLUTION
	5. BOUNDEDNESS OF SOLUTION
	6. CONTINUOUS DEPENDENCE
	6.1. Dependence on initial data.
	6.2. Dependence on function
	6.3. Dependence on Parameters.

	References

