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Thermal transport and irreversibility in rotating MHD hybrid nanofluid flow
under the Cattaneo—Christov heat flux model

The present study investigates the combined effects of thermal relaxation and magnetic field on the trans-
port characteristics of an electrically conducting fluid using the modified Fourier law, namely the Cattaneo—
Christov heat-flux model. Unlike the classical Fourier formulation, the proposed model accounts for finite
thermal propagation speed and eliminates the paradox of instantaneous heat transfer. The governing non-
linear partial differential equations describing the momentum and energy transport are transformed into a
coupled system of nonlinear ordinary differential equations through appropriate similarity transformations.
The resulting boundary value problem is solved numerically using the bvp5c scheme. A detailed parametric
analysis is performed to examine the influence of the magnetic parameter, Prandtl number, Eckert number,
thermal stratification parameter, material parameter, and thermal relaxation parameter on the velocity, tem-
perature, and microrotation profiles. The results reveal that an increase in the thermal relaxation parameter
significantly suppresses the temperature distribution and reduces the local Nusselt number, indicating delayed
thermal response within the fluid. Furthermore, the magnetic field is found to decelerate the fluid motion
due to the Lorentz force, while enhancing thermal energy accumulation. A comparative analysis between the
classical Fourier and Cattaneo—Christov heat-flux models highlights notable deviations in thermal behavior,
particularly at higher relaxation times. The numerical results are validated through comparison with existing
literature for limiting cases, demonstrating excellent agreement. The present findings provide deeper physical
insight into non-Fourier heat transport mechanisms and are relevant to advanced thermal systems involving
high-frequency heating, micro-nano scale transport, and energy conversion devices.

Keywords: Cattaneo—Christov heat flux; Non-Fourier heat conduction; Magnetohydrodynamics; Thermal
relaxation; Boundary layer flow; Heat transfer enhancement; Numerical analysis

attention in modern heat transfer research due to its
ability to accurately describe non-Fourier thermal be-
havior, particularly in high-frequency heating processes,

I. INTRODUCTION

Heat transfer phenomena play a crucial role in a wide

range of engineering and industrial applications, includ-
ing thermal energy storage systems, cooling of electronic
devices, nuclear reactors, polymer processing, geother-
mal systems, and micro—nano scale thermal transport.
The classical theory of heat conduction is commonly
modeled using Fourier’s law, which assumes an instan-
taneous propagation of thermal disturbances throughout
the medium. Although this formulation has been suc-
cessfully employed in numerous macroscopic heat trans-
fer problems, it leads to the physically unrealistic predic-
tion of infinite thermal wave speed, commonly referred
to as the heat propagation paradox!'23°.

To overcome this limitation, Cattaneo' proposed a
modified heat conduction model by introducing a thermal
relaxation time into Fourier’s law, thereby allowing finite-
speed heat propagation. Later, Christov? reformulated
the Maxwell-Cattaneo model in a frame-indifferent man-
ner, leading to the widely accepted Cattaneo—Christov
heat-flux theory. This model has attracted significant
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low-temperature systems, and micro-nano scale trans-
port phenomena?8:39,

In recent years, the incorporation of the Cattaneo—
Christov heat-flux model into boundary layer flow prob-
lems has become an active area of research. Hayat et
al.® examined magnetohydrodynamic (MHD) flow over a
stretching surface considering thermal relaxation effects
and demonstrated substantial deviations from Fourier-
based predictions. Mustafa? further explored rotating
fluid systems under the Cattaneo—Christov framework
and reported delayed thermal response due to relaxation
mechanisms. Subsequent studies have confirmed that
thermal relaxation significantly alters temperature distri-
butions, surface heat transfer rates, and thermal bound-
ary layer thickness®10:11,

The study of nanofluids has emerged as a promis-
ing approach for enhancing heat transfer performance in
thermal systems. Khan and Pop® pioneered the anal-
ysis of nanofluid boundary layer flow over stretching
surfaces, laying the foundation for extensive investiga-
tions on nanoparticle-assisted thermal transport. Later
investigations incorporated viscous dissipation, thermal
radiation, and Joule heating effects, revealing complex
interactions between momentum and energy transport
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mechanisms®71°.  The inclusion of non-Fourier heat

conduction in nanofluid modeling has further enriched
the understanding of thermal transport at microscopic
scales!?13:27,

Magnetohydrodynamic effects play a vital role in
electrically conducting fluids encountered in metallur-
gical processes, electromagnetic pumps, crystal growth,
and fusion reactors. The presence of an applied
magnetic field introduces Lorentz forces that oppose
fluid motion, thereby modifying velocity and thermal
fields'!?2. Several authors have investigated MHD flow
under non-Fourier heat conduction and reported that
magnetic interactions coupled with thermal relaxation
significantly influence skin friction and heat transfer
characteristics'”1°.

Further extensions of Cattaneo—Christov heat-flux
analysis include the consideration of thermal radia-
tion, Eckert number, thermal stratification, and mate-
rial parameters. Studies have shown that viscous dis-
sipation and thermal stratification can either enhance
or suppress thermal transport depending on operat-
ing conditions®'%2?4.  Moreover, hybrid and advanced
nanofluids have been demonstrated to exhibit supe-
rior thermal performance under non-Fourier conduction
models'32731,

Despite the extensive literature available, several as-
pects remain insufficiently explored. In particular, a
comprehensive investigation addressing the simultane-
ous effects of magnetic field strength, thermal relax-
ation, viscous dissipation, thermal stratification, and
material parameters within a unified Cattaneo—Christov
framework is still limited. Moreover, comparative as-
sessments between the classical Fourier model and the
Cattaneo—Christov heat-flux formulation remain essen-
tial to quantify the significance of non-Fourier thermal
transport?®:29:35,

Motivated by these observations, the present study
aims to analyze the boundary layer flow and heat trans-
fer characteristics of an electrically conducting fluid
under the modified Fourier law using the Cattaneo—
Christov heat-flux model. The governing nonlinear par-
tial differential equations are transformed into a sys-
tem of ordinary differential equations via suitable sim-
ilarity transformations and solved numerically using the
bvp5c method. The impacts of key physical parameters
such as the magnetic parameter, Prandtl number, Eck-
ert number, thermal stratification parameter, material
parameter, and thermal relaxation parameter are exam-
ined in detail. Furthermore, a direct comparison between
Fourier and Cattaneo—Christov heat-flux models is car-
ried out to elucidate the role of finite thermal propagation
effects. The outcomes of this investigation are expected
to provide valuable physical insight into non-Fourier heat
transfer mechanisms and contribute to the design of ad-
vanced thermal and energy systems.

1. MATHEMATICAL FORMULATION AND
GOVERNING EQUATIONS

We consider a steady, incompressible, electrically con-
ducting hybrid nanofluid flow over a stretching surface
in a rotating frame. Heat transfer is modeled using the
Cattaneo—Christov heat-flux theory.

A. Cattaneo—Christov heat flux

D
4+ |5 — (VV)a—a(VV)T| = —kVT, (1)

where q is the heat-flux vector, A\; is the thermal re-
laxation time, V = (u,v,w) is the velocity vector, and k
is the thermal conductivity.
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FIG. 2: Flow chart of the Numerical Technique.
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TABLE I: Thermophysical properties of base fluid and nanoparticles.

Material  p (kg/m®)  C, (J/kgK) k (W/mK) o (S/m)
Water 997.1 4179 0.613 0.05

Cu 8933 385 401 5.96 x 107
Fe3Oy4 5180 670 9.7 1.0 x 106

TABLE II: Comparison of present results with previously published data for limiting case.

Nazar et al.?®

Present study

Parameter ~ Wang??
1 (0) 0.4213
—6'(0) 0.6731

0.4211
0.6729

0.4210
0.6729
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FIG. 3: Variation of the skin friction coefficient with
the ratio of rotation rate to stretching rate parameter A
for different values of the magnetic parameter M.
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VReyx Cy

FIG. 4: Effects of the magnetic parameter M and
rotation—stretching ratio A on the skin friction
coefficient for the hybrid nanofluid.
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FIG. 5: Influence of the magnetic parameter M on the
local Nusselt number for various values of the
rotation—stretching ratio .
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FIG. 6: Variation of the local Nusselt number with solid
volume fraction ¢ for different Eckert numbers Ec.

F. Boundary conditions
f0)y=0, f(0)=1, g¢(0)=0, 6(0)=1 (19)
f'n) =0, gn)—0, 0(n) —0 asn— . (20)



UNDER PEER REVI EW

5
TABLE III: Grid independence test for the Keller-Box method.
Step size An £"(0) —0'(0) —¢'(0)
0.10 0.421863 0.673914 0.518276
0.05 0.421276 0.673102 0.517842
0.025 0.421091 0.672945 0.517699
0.0125 0.421042 0.672901 0.517651
TABLE IV: Default values of governing dimensionless parameters.
Parameter Default value
Magnetic parameter (M) 0.5
Rotation parameter () 1.0
Radiation parameter (R) 0.8
Eckert number (Ec) 0.2
Biot number (B7) 1.0
Nanoparticle volume fraction (¢) 0.02
Thermal relaxation parameter (vy) 0.1
Heat source parameter (Q:) 0.01
12
— Cu/H0 —— Cu/H0
— Fe304/H0 — Fe30s/H0
10
o4 Q:=0.01,0.1,02
0.0
4 5 6 [ 3 2 3 4 5 6 7 8
n n
FIG. 7: Effect of the Biot number Bi on the FIG. 8: Influence of the heat source parameter @) on the
temperature distribution under the Cattaneo—Christov temperature profile.
heat flux model.
H. Entropy generation
G. Engineering quantities
Ns = Nur + Nrr+ NyHD- (24)
V Re, Cy = —f"(0). (21)
2
Nur = (6'(0))". (25)
Nu,Re; Y% = —0/(0). (22) ,
NFF = Br (f”(O)) . (26)

ShyRe;'/? = —¢/(0). (23)  Nuymp = Br M (f(0))°. (27)
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TABLE V: Relative contribution of entropy generation mechanisms.

Magnetic parameter ~ Thermal irreversibility (%)

Fluid friction irreversibility (%)

Magnetic irreversibility (%)

0.5 52 33 15
1.0 45 37 18
1.5 38 40 22
0.00
164 — Cu/H0 =
—— Fe304/H0 ’.,.;_-,:%jf—f—'
144 ~0.01 \\ /(,A/_:/Z/"//./-’
1) e T e
W e T
1.2 N T
\ -0.02 \N. — 2t
\ 7 R — ol )
B\ N, T
= A \ = 2y —— /_/‘/
& as AN 5 0031 — =50
“\ M=05,1, 15
\\
061 W -0.04
\.
0.4 4 \
. Ec=02, 0.4, 0.6
\\' -0.05
0.24 S — Cu/H0
TS —— Fe30s/H0
0.0

0 1 2 3 4 5 6 7 8
n
FIG. 9: Effect of the Eckert number Ec on the
temperature distribution considering viscous
dissipation.
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FIG. 10: Variation of the axial velocity profile with
magnetic parameter M.

Nur

Be = .
Nyt + Npr+ NyED

(28)

The nonlinear coupled system of similarity equations
together with boundary conditions and engineering re-
lations (Egs. (29)—(35)) is solved numerically. The ef-
fects of governing parameters on velocity, temperature,
entropy generation, and heat transfer characteristics are
discussed in the following section.

—-0.06
0 1 2 3 4 5 6 7 8

n

FIG. 11: Effect of the magnetic parameter M on the
transverse velocity profile.

— Cu/H0
—— Fe304/H0

FIG. 12: Temperature distribution for different values
of the magnetic parameter M.

Engineering quantities and entropy analysis

The engineering quantities of physical interest in the
present study include the skin friction coefficients, local
Nusselt number, entropy generation number, and Bejan
number.

The skin friction coefficients along the stretching sur-
face in the streamwise and transverse directions are de-
fined as

T T
Cr, = —=2 , Cpy = &, (29)
e = 002 Tv= psu2

where 7, and 7, represent the wall shear stresses along
the x and y directions, respectively.
The local heat transfer rate is characterized through
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FIG. 13: Effect of the ratio of rotation rate to
stretching rate parameter A on the axial velocity profile.
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FIG. 14: Influence of the rotation—stretching ratio A on
the transverse velocity profile.

the local Nusselt number, which is defined as

Lqw

Nu, = — 2dw
U (T — Too)

(30)

where ¢,, denotes the wall heat flux.

Using the similarity transformations introduced ear-
lier, the engineering quantities reduce to the following
dimensionless forms:

CraRey/* = ["(0),  CpyRe;/* = 4'(0), (31)

Nug,Re; Y% = —0/(0), (32)

where Re, = Ulj””“'

is the local Reynolds number.

The dimensional entropy generation rate within the
boundary layer is expressed as

_ knny (OT 2 iy ou 2 v 2
Sun =130 (52) + 52 |(3) + (52

T2 \ 0z
(u® +0?), (33)
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FIG. 15: Temperature profiles for different values of the
rotation—stretching ratio parameter \.
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FIG. 16: Effect of the radiation parameter R on the
temperature distribution.

where the three terms represent thermal irreversibil-
ity, fluid friction irreversibility, and magnetic field irre-
versibility, respectively.

The dimensionless entropy generation number is de-
fined as

S
N, = 2=, 34)
*= s, (
2
where Sy = % denotes the characteristic en-

tropy generation rate.

The Bejan number, which represents the relative dom-
inance of heat transfer irreversibility over total irre-
versibility, is defined as

Ns thermal
Be= ———. 35
o= e (33)

IIl. RESULTS AND DISCUSSION

The mathematical formulation described in Sec. II
governs the transport characteristics of a magnetohy-
drodynamic rotating hybrid nanofluid flow incorporat-
ing thermal radiation, viscous dissipation, internal heat
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FIG. 17: Influence of the temperature ratio parameter
f,, on the temperature profile.
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FIG. 18: Effect of the solid volume fraction parameter ¢
on the temperature distribution.

generation, and finite-speed heat conduction. The clas-
sical Fourier heat conduction law is modified through
the Cattaneo—Christov heat flux model, which introduces
thermal relaxation time and ensures frame-indifferent
heat transport. Similar non-Fourier thermal models
have been extensively studied in Refs."'?. The govern-
ing momentum and energy equations are transformed
into similarity equations, resulting in a coupled system of
nonlinear ordinary differential equations represented by
Egs. (12)—(18).

Because of the strong nonlinear coupling among the ve-
locity and temperature fields, analytical solutions are not
feasible. Therefore, the Keller-Box implicit finite differ-
ence method is employed to solve the transformed equa-
tions. This method has demonstrated high numerical sta-
bility and second-order accuracy in boundary-layer trans-
port problems?%:2!. The computational domain is trun-
cated at a sufficiently large value of 7., to satisfy asymp-
totic boundary conditions. Convergence is achieved when
the relative error between successive iterations falls below
1075, The numerical results are validated against previ-
ously published data for limiting cases, showing excellent
agreement with Refs.?2:23,

The effects of governing parameters on velocity, tem-
perature, entropy generation, and heat transfer charac-

= Cu/H0
— Fe304 /H20

14

12

\ M=05,1, 1.5

FIG. 19: Variation of the entropy generation number
with magnetic parameter M.

= Cu/H;0

—— Fe304/H0
M=05,115

0.0

FIG. 20: Distribution of the Bejan number for different
values of the magnetic parameter M.

teristics are analyzed through Figs. 3-22.

Figure 3 presents the variation of the skin friction co-
efficient with rotation—stretching ratio parameter A\ for
different magnetic parameter values. The skin friction co-
efficient is directly related to the wall shear stress, which
depends on the velocity gradient appearing in the mo-
mentum Eq. (12). Increasing magnetic parameter en-
hances the Lorentz force term in Eq. (12), which opposes
fluid motion and increases velocity gradients near the
wall. Consequently, the skin friction coefficient increases.
Increasing A modifies the stretching velocity term and al-
ters the balance between rotational inertia and stretching
effects.

Figure 4 illustrates the variation of the transverse skin
friction coefficient influenced by magnetic parameter and
rotation parameter. The transverse velocity field gov-
erned by Eq. (13) is significantly affected by electromag-
netic forces. Increasing magnetic parameter suppresses
secondary flow structures and reduces transverse shear
stress. The hybrid nanofluid exhibits enhanced viscous
resistance due to increased effective viscosity.

Figure 5 demonstrates the variation of the local Nus-
selt number with rotation parameter. The heat trans-
fer rate is governed by the temperature gradient at the
wall, which originates from the energy Eq. (15). In-
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FIG. 21: Combined effect of magnetic parameter M
and solid volume fraction ¢ on entropy generation.

0.98 { —@— Cu/H;0
-m Fe304/H0 W

Bejan number Be
o
©
a

0.65 0.70 0.75 0.80 0.85 0.90
Entropy generation number Ns

FIG. 22: Optimization plot showing the relationship
between Bejan number and entropy generation number.

creasing magnetic parameter suppresses convective trans-
port by reducing fluid velocity, leading to a reduction
in the Nusselt number. Additionally, the thermal re-
laxation term introduced through the Cattaneo—Christov
heat flux model reduces thermal gradients near the sur-
face.

Figure 6 shows the combined effect of Eckert number
and nanoparticle volume fraction on the Nusselt number.
The Eckert number appears in Eq. (15) through the vis-
cous dissipation term, which converts kinetic energy into
thermal energy. Increasing Eckert number increases fluid
temperature and reduces heat transfer rate. Increasing
nanoparticle concentration enhances thermal conductiv-
ity appearing in Eq. (16), which improves heat diffusion.

Figure 7 presents the effect of Biot number on temper-
ature distribution. The Biot number enters through the
convective boundary condition in Eq. (18). Increasing
Biot number enhances heat exchange between the sur-
face and ambient fluid, leading to increased temperature
levels and thicker thermal boundary layers.

Figure 8 illustrates the influence of internal heat gen-
eration parameter appearing in Eq. (15). Increasing heat
source parameter introduces additional thermal energy
into the fluid, increasing temperature and boundary layer
thickness.

Figure 9 demonstrates the effect of Eckert number on
temperature profiles. Increasing viscous dissipation sig-
nificantly increases temperature distribution due to en-
hanced internal heating. The thermal relaxation term
moderates temperature increase by delaying thermal re-
sponse.

Figures 10 and 11 depict the influence of magnetic pa-
rameter on axial velocity and transverse velocity com-
ponents governed by Egs. (12) and (13), respectively.
Increasing magnetic field strength introduces electromag-
netic resistance, reducing axial velocity while modifying
transverse velocity distribution through secondary flow
formation.

Figure 12 presents the effect of magnetic parameter
on temperature distribution. The Joule heating term
appearing in the energy Eq. (15) increases fluid tem-
perature with increasing magnetic field strength. The
hybrid nanofluid exhibits stronger thermal enhancement
because of increased effective thermal conductivity.

Figures 13 and 14 illustrate the influence of rotation
parameter A on axial and transverse velocity components.
The Coriolis force terms appearing in Eqgs. (12) and (13)
significantly modify the velocity field. Increasing ro-
tational effects suppress axial velocity while enhancing
cross-flow motion.

Figure 15 demonstrates the influence of rotation pa-
rameter on temperature distribution. The modification
of velocity field due to rotational inertia alters convective
heat transport, leading to increased temperature levels.

Figure 16 illustrates the influence of thermal radiation
parameter appearing in (15). Increasing radiation pa-
rameter enhances radiative heat transport and increases
fluid temperature within the boundary layer.

Figure 17 presents the effect of surface temperature ra-
tio parameter appearing in the thermal boundary condi-
tion Eq. (18). Increasing 6,, enhances thermal gradients
and increases fluid temperature.

Figure 18 shows the effect of nanoparticle volume frac-
tion on temperature distribution. The effective thermo-
physical properties described in Eq. (16) increase thermal
conductivity and enhance heat diffusion.

Figure 19 presents entropy generation distribution gov-
erned by the entropy equation derived from Eq. (15).
Increasing magnetic parameter intensifies irreversibility
due to Joule heating and viscous dissipation.

The thermodynamic irreversibility characteristics are
governed by Eqs. (24)— (27), which express entropy gen-
eration contributions due to heat transfer, fluid friction,
and magnetic effects. Figure 20 presents the entropy
generation number Ny as a function of the magnetic pa-
rameter M. From Eq. (27), the magnetic irreversibil-
ity term is directly proportional to M, indicating that
stronger magnetic fields increase Joule heating and fluid
friction losses. Therefore, increasing M intensifies en-
tropy production and degrades thermodynamic efficiency.
The hybrid nanofluid demonstrates higher entropy gen-
eration due to enhanced viscous and electromagnetic in-
teractions.
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Figure 21 shows the variation of the Bejan number Be
with respect to the magnetic parameter. According to
Eq. (28), the Bejan number represents the relative domi-
nance of heat transfer irreversibility over total entropy
generation. Increasing M enhances fluid friction and
magnetic irreversibility terms in Eq. (27), which reduces
the relative contribution of heat transfer irreversibility.
As a result, the Bejan number decreases with increasing
magnetic parameter, indicating a shift toward friction-
dominated irreversibility.

Figure 22 illustrates the relationship between entropy
generation and the Bejan number for various magnetic
parameter values. This figure provides an optimization
framework linking thermodynamic efficiency and irre-
versible losses. From Egs. (24)—(28), it is observed that
as entropy generation increases, the Bejan number ini-
tially remains high due to dominant thermal irreversibil-
ity. However, further increase in M leads to higher fluid
friction and magnetic dissipation, which reduces the Be-
jan number. The hybrid nanofluid shows improved heat
transfer performance but at the cost of increased entropy
generation. Therefore, an optimal operating range exists
where enhanced thermal transport is achieved with min-
imal irreversible losses.

The combined effects of rotation, magnetic field,
nanoparticle volume fraction, viscous dissipation, and
thermal relaxation strongly influence the momentum and
thermal boundary-layer structures. The inclusion of the
Cattaneo—Christov heat flux model introduces finite ther-
mal propagation speed and improves prediction accuracy
for high-frequency thermal transport processes. The re-
sults demonstrate that hybrid nanofluids significantly en-
hance heat transfer performance, although entropy gen-
eration must be carefully controlled to maintain thermo-
dynamic efficiency.

IV. CONCLUSIONS

The present study investigated the rotating magneto-
hydrodynamic flow and heat transfer characteristics of a
hybrid nanofluid under the Cattaneo—Christov heat-flux
model. The nonlinear governing equations were trans-
formed into similarity form and solved numerically using
the Keller-Box method. The major findings of the inves-
tigation are summarized as follows:

e The study examines rotating magnetohydrody-
namic flow and heat transfer behavior of a hy-
brid nanofluid using the Cattaneo—Christov heat-
flux model.

e The nonlinear governing equations were trans-
formed into similarity equations and solved numer-
ically using the Keller-Box method.

e The magnetic parameter strengthens the Lorentz
force, which suppresses fluid motion, increases skin
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friction, and promotes thermal energy accumula-
tion, leading to thicker thermal boundary layers.

e Increasing the rotation-to-stretching ratio intensi-
fies Coriolis effects, reduces axial velocity, and mod-
ifies the boundary-layer structure.

e The Cattaneo—Christov heat-flux model introduces
thermal relaxation, which delays heat propagation,
smoothens temperature gradients, and reduces sur-
face heat transfer rates compared with the classical
Fourier law.

e Higher Eckert number increases viscous dissipation,
raising fluid temperature and reducing the Nusselt
number, while internal heat generation further en-
hances thermal energy accumulation.

e Increasing Biot number, radiation parameter, tem-
perature ratio parameter, and nanoparticle vol-
ume fraction enhances thermal transport due to
improved energy exchange and increased effective
thermal conductivity.

o Entropy generation rises with magnetic parameter
and nanoparticle loading because of increased Joule
heating and fluid friction irreversibility, whereas
the Bejan number decreases, indicating dominance
of frictional irreversibility.

e Optimization analysis reveals a trade-off between
entropy generation and heat transfer performance,
identifying operating conditions that minimize
thermodynamic losses while maintaining efficient
heat transfer.

e Opverall, thermal relaxation and hybrid nanoparti-
cle interactions play a significant role in modifying
transport characteristics in rotating MHD systems.

e The findings provide valuable insights into non-
Fourier heat transfer and contribute to the design
of advanced thermal systems such as micro-scale
cooling devices, energy conversion units, and high-
performance heat exchangers.

Overall, the results highlight the significant role of
thermal relaxation and hybrid nanoparticle interactions
in modifying transport characteristics under rotating
magnetohydrodynamic conditions. The present findings
provide useful physical insight into non-Fourier thermal
transport mechanisms and may assist in the design of ad-
vanced thermal systems such as micro-scale cooling de-
vices, energy conversion systems, and high-performance
heat exchangers.
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