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Spectral and Energy Analysis of the Rook Hypergraph
Derived from the 8x8 Chessboard

Abstract

Graphs arising from chessboard movements serve as effective models for analyzing structural and
spectral characteristics of discrete mathematical systems. In this work, we focus on the Rook
hypergraph corresponding to an 8 x 8 chessboard, where each square represents a vertex and
hyperedges are formed by the collection of squares lying in the same row or the same column,
reflecting the movement pattern of a Rook. The adjacency, Laplacian, and Seidel matrices
associated with this hypergraph are constructed and analyzed. Using numerical computations
carried out in Python, the eigenvalues of these matrices are obtained, and the corresponding
adjacency, Laplacian, and Seidel energies are evaluated. The results demonstrate the influence
of row—column incidence structure on the spectral behavior and energy measures of the Rook
hypergraph, and they provide a foundation for comparison with other chessboard-based hypergraph
models.
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1 Introduction

Hypergraphs consist of collections of finite sets and form one of the most general structures studied
in discrete mathematics. Although the concept existed earlier, hypergraph theory developed as an
independent discipline during the 1960s, as documented in (3; 22). Since then, the theory has
expanded significantly, driven by its wide range of applications in computer science, combinatorics,
and network modeling (2; 5; 7; 10).

Graphs and hypergraphs constructed from chessboard movements constitute an important class
of combinatorial models with both theoretical and practical relevance. Classical problems such as the
Knight’s tour have been studied extensively, leading to efficient algorithms and deeper mathematical
understanding (8; 23; 24). These investigations have motivated the study of chessboard-based
graphs, in which the squares of a chessboard are treated as vertices and adjacency is determined
by the legal moves of a specific chess piece. Within this framework, the Rook graph is obtained by
considering the squares of a chessboard as vertices, where two vertices are adjacent if a Rook can
move between them in a single move along the same row or column. Owing to the horizontal and
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vertical movement of the Rook, the resulting graph exhibits a highly regular structure characterized
by row—column connectivity. A natural extension of this construction leads to the Rook hypergraph, in
which a hyperedge consists of a vertex together with all vertices that are reachable from it by a single
Rook move. Such constructions are closely related to classes of uniform and regular hypergraphs
studied in (5; 18). In this paper, we construct the 64 x 64 adjacency matrix of the Rook hypergraph
corresponding to an 8 x 8 chessboard and examine its associated Laplacian and Seidel matrices.
The eigenvalues of these matrices and their corresponding energies are computed numerically using
Python programming. The study of graph energies follows established developments in spectral graph
theory (1; 12; 13; 21; 17), and is further motivated by recent investigations on the spectral properties
of chessboard-based graphs and hypergraphs (24). In contemporary applications, efficient routing
and movement strategies play a central role in areas such as automation, robotics, and intelligent
logistics systems. Movement patterns analogous to those of a Rook on a chessboard naturally arise
in grid-based layouts, where horizontal and vertical motions dominate. The spectral analysis of the
Rook hypergraph presented in this work provides a mathematical framework that can be adapted to
such routing and optimization problems.

2 Preliminaries

This section presents the fundamental definitions and matrix representations associated with the
Rook graph defined on an n x n chessboard. These concepts form the basis for the spectral analysis
carried out in the subsequent sections.

2.1 Rook Graph

Let n be a positive integer. The Rook graph, denoted by G, is a simple undirected graph derived
from an n x n chessboard. The vertex set of G is given by

VI(Gr) ={(,4) [1<i,j <n},

where each ordered pair (4, j) corresponds to a square of the chessboard. Two distinct vertices (3, 5)
and (k, ¢) are adjacentin G if and only if a Rook can move from one square to the other in a single
move. Equivalently, adjacency is defined by

i=k or j=«.

Thus, edges connect pairs of squares lying in the same row or the same column. The order of the
Rook graph R, is n*. For a vertex (i, j) € V(R.), the degree, denoted by d(i, j), is equal to the total
number of squares in the same row and column as (i, 7), excluding the vertex itself.

2.2 Rook hypergraph

The Rook hypergraph associated with an 8 x 8 chessboard is the hypergraph Hr = (V, E), where
V is the set of all board squares and E consists of hyperedges corresponding to each row and each
column of the board, with each hyperedge containing all vertices lying in that row or column.

2.3 Adjacency Matrix
The adjacency matrix of the Rook graph G is defined as

A(GR) = [aud],



where u = (4,7) and v = (k, £) are vertices of G, and

1, ifu#vand (i=korj=1),
Qyy = .
0, otherwise.

Since A(GRr) is a real symmetric matrix, all of its eigenvalues are real. The collection of these
eigenvalues together with their multiplicities is referred to as the adjacency spectrum of the Rook
graph.

2.4 Laplacian Matrix

For a vertex u € V(GRr), the Laplacian degree is defined by

or(u) = Z Guyp-
veV(GR)
The Laplacian matrix of the Rook graph, denoted by L(GRr), is given by
L(Gr) = D(Gr) — A(Gnr),

where
D(GR) = diag(§l(v1), 51(1)2), J. . ,51 ('L)7L2))

is the diagonal matrix of Laplacian degrees. The matrix L(GRr) is real and symmetric, and therefore
all its eigenvalues are real and non-negative. Moreover, zero is always an eigenvalue of L(Gr). The
set of Laplacian eigenvalues, together with their multiplicities, is known as the Laplacian spectrum of
the Rook graph.

2.5 Seidel Matrix
The Seidel matrix of the Rook graph G is defined as

S(Gr) = [suv],
where for vertices v = (i, j) and v = (k, £),
0, ifu=nuv,
Suv =14 —1, ifuzvand(:=korj=1{),

1, ifuz#vand(i#kandj#{).

Hence, adjacent vertices are assigned the value —1, non-adjacent distinct vertices are assigned the
value 1, and diagonal entries are zero. Since S(Gr) is a real symmetric matrix, all its eigenvalues
are real. The eigenvalues of S(Gr) together with their multiplicities form the Seidel spectrum of the
Rook graph.

3 Main Results

3.1 The Rook Hypergraph Hy

This section presents the hypergraph structure that arises naturally from the movement of a Rook on
the standard 8 x 8 chessboard. Throughout this section, we employ the classical algebraic notation
of chess to identify the squares of the board.



3.1.1 Notation and Vertex Labeling
The chessboard is composed of eight vertical files denoted by
a,b,c,d,e, f,g,h,
and eight horizontal ranks labeled by the integers
1,2,...,8.

Each square is uniquely identified by a symbol of the form x;, where = € {a,b,¢,d, ¢, f,g,h} and
1<i<8.

Accordingly, the vertex set of the Rook hypergraph is defined as
V={z;|ze{a,....,h}, 1 <i<8}

For instance, the vertex hs represents the square located at the upper-right corner of the chessboard.

In the Rook hypergraph, hyperedges correspond to the rows and columns of the board. Two
distinct vertices x; and y; are incident with a common hyperedge if and only if they lie in the same file
or the same rank, that is,

r=y Or i=j.

This incidence rule faithfully reflects the horizontal and vertical movement of a Rook.

3.1.2 Local Structure: Interior Vertices

We begin by examining the incidence behavior of vertices corresponding to interior squares of the
board. Consider the square a:. The vertices incident with a; through row and column hyperedges
consist of all squares lying in the same file or the same rank, namely

{az,ag,a4,a5,a67a7,ag, bl,Cl,dl,@hfhgl,hl}-

Thus, the vertex a; is incident with fourteen distinct vertices in the associated adjacency structure.
Since a; lies strictly within the interior of the board, both its row and column extend fully across the
chessboard. Consequently, the degree of a; in the adjacency representation of the Rook hypergraph
is equal to 14.

An identical argument applies to the symmetric interior square es. The set of vertices incident
with es is given by

{e1,e2,e3,€e4,€6,e7,es8, as,bs,cs,ds, fs, 95, hs},

which again yields a degree of 14.

Hence, every interior square of the chessboard possesses the same degree in the Rook hypergraph,
reflecting the uniform row—column incidence pattern induced by Rook movement.



Figure 1: Rook Reachability Structure

We now formalize the Rook movement structure within a hypergraph framework that captures its
full row and column reach.
The Rook hypergraph is defined as

Hr = (V,E),

where V is the set of all 64 squares of the 8 x 8 chessboard, and each hyperedge corresponds to the
complete row and column passing through a fixed vertex.
For a given vertex z; € V, the associated hyperedge is defined by

Epy ={z:i}U{y; eV |y=worj=i}.

Thus, each hyperedge consists of the chosen square together with all squares lying in the same file
or the same rank.
Accordingly, the hyperedge set is

3.1.3 Explicit Description of Hyperedges

The form of the hyperedges depends on the location of the corresponding square on the chessboard.
Foreachi=1,2,...,8, the hyperedges may be described explicitly.
For the a-file, the hyperedge associated with the vertex a; is

Ea,- = {ai, a1,a2,...,0as, bi, Ci, di, €, fi, gi, hz}
Similarly, for the b-file, the hyperedge corresponding to b; is

Ey, = {bz, bi,b2,...,bs, aiyciydi7ei)fi7gi7hi}'



In the same manner, for the files ¢, d, e, f, g, and h, each hyperedge is obtained by combining
all squares in the same file and all squares in the same rank as the given vertex, subject to the
boundaries of the board.

This construction provides a complete and systematic description of the Rook hypergraph on the
standard 8 x 8 chessboard.

3.1.4 Structural Observations

In the Rook hypergraph, each hyperedge is formed by the union of the entire row and entire column
passing through a given vertex. For interior squares, this results in hyperedges of size 15, consisting
of the vertex itself together with all other squares in the same row and column. For boundary and
corner squares, the size of the corresponding hyperedges is smaller due to the finite extent of the
board.

This hypergraph representation offers a natural setting for the investigation of combinatorial and
spectral properties associated with Rook movement, and it serves as the foundation for the analysis
developed in the subsequent sections.

Figure 2: Adjacency Graph of Rook Moves on the 8 x 8 Chessboard

3.2 The Adjacency Matrix of the Rook Hypergraph Hj

In the Rook hypergraph associated with the standard 8 x 8 chessboard, two vertices are defined to
be adjacent if they belong to at least one common hyperedge. Since each hyperedge consists of all
squares lying in the same row or the same column, two distinct vertices are adjacent precisely when
they share a common row or a common column.

Accordingly, for vertices u = (¢, j) and v = (k, £), adjacency is given by

u~v <<= i=korj=={(.

As any two distinct squares can share at most one row or one column, each adjacent pair
contributes exactly one unit to the corresponding entry of the adjacency matrix.



Consequently, the adjacency matrix of the Rook hypergraph (which coincides with the adjacency
matrix of the Rook graph Hg) is a real symmetric matrix of order 64 x 64 with all diagonal entries
equal to zero.

To illustrate this structure, consider the vertex es. The set of squares adjacent to es consists of
all squares in the same row and the same column, namely

{e1,e2,€3,€e4,€6,€7,€8}

and
{as,bs,¢5,ds, f5, 95, hs}.
Hence, the degree of the vertex e5 in the Rook graph is
deg(es) = 14,

and all remaining vertices of the chessboard have zero adjacency with e5.

3.2.1 The Adjacency Matrix of the Rook Hypergraph Hp

Let A; = A(Hgr) denote the adjacency matrix of the Rook hypergraph on the 8 x 8 chessboard.
We decompose A, into 8 x 8 block matrices according to the eight files of the chessboard, namely
A,B,C,D,E,F,G,and H.

Thus, the matrix A can be written in block form as

o I I I 1 T I I

I o0 I I I I I I

I 1 0 I I I I 1
Ay = I I I -0 I I I I

I I 1 I 0 I I I}’

I I I I I 0 I 1

I I I I I I 0 I

I I I I I I I O

Let X and Y be two files, and define
d=|X-Y]|

Then the entries of the block matrix [XY] are given by

(XY, = {(1), ifi = J.and d#0,
, otherwise.
This reflects the fact that vertices lying in different files are adjacent only when they share the
same rank, while vertices within the same file are never adjacent through column-based connections.
Consequently, the adjacency matrix of the Rook graph is fully described by a finite collection of
block matrices determined by the relative positions of the files.

3.2.2 Explicit Block Types

The block structure of the adjacency matrix of the Rook graph is significantly simpler than that of
diagonal-move graphs. Adjacency between vertices in different files occurs only when they lie in the
same rank. As a consequence, all non-diagonal blocks share an identical structure.



Block Type d =0

When X =Y, the block [ X X] corresponds to vertices lying in the same file. Since a Rook cannot
move between two distinct squares in the same file without changing ranks, there is no adjacency
within a file. Hence, the diagonal blocks are zero matrices of order 8:

By =

OO OO OO oo
OO O OO o oo
OO OO OO oo
OO OO OO OO
OO O OO o oo
OO OO OO oo
SO O OO O OO
OO O OO o oo

Block Type d # 0

For two distinct files X # Y, the block [XY] represents adjacency between squares lying in
different files. In this case, a Rook can move between two squares if and only if they share the same
rank. Therefore, each such block is an identity matrix of order 8:

OO O OO OO
[eNeoNeoNeNeNelN ™
[eNeoNeBeBel S 2=l
[eNeNeNel ol eNe]
[N el =Rolliele]
OO~ OO OO0
O OO OO oo
— O O OO o oo

Thus, the adjacency matrix of the Rook hypergraph consists of zero diagonal blocks and identical
identity matrices in all off-diagonal positions. This block uniformity reflects the regular row—column
connectivity induced by Rook movements on the chessboard.



A BO Bl Bl Bl Bl Bl Bl Bl
B Bl BO Bl Bl Bl Bl Bl Bl
c Bl Bl BO Bl Bl B1 Bl B1
D Bl Bl Bl BO Bl Bl Bl Bl
E Bl Bl Bl Bl BO Bl Bl Bl
F Bl Bl B1 Bl Bl BO Bl B1
G Bl Bl Bl Bl Bl Bl BO Bl
H Bl Bl Bl Bl Bl Bl Bl BO

A B c D E F G H

Figure 3: Adjacency Matrix Representation of block type

3.2.3 Symmetry Properties

The adjacency matrix Aq of the Rook hypergraph is symmetric, since the hypergraph is undirected.
In block form, all diagonal blocks are zero matrices, while every off-diagonal block is an identity matrix
of order 8, reflecting row-based adjacency. Each row of A(Hr) has 14 nonzero entries, confirming
that the Rook graph is regular.

3.3 The Adjacency Energy of Rook Hypergraph Hp

Theadjacency matrix A(Hgr) of the Rook hypergraph on the 8 x 8 chessboard is a real symmetric
matrix. Consequently, all eigenvalues of A(Hr) are real.

Using numerical computation, the eigenvalues of the adjacency matrix were obtained along with
their multiplicities. The resulting adjacency spectrum of the Rook hypergraph is presented in Table 1.

Table 1: Adjacency Eigenvalues of the Rook hypergraph Hpr
Eigenvalue Multiplicity

14 1
6 14
-2 49




The energy of the Bishop’s graph is defined by

64
B(Ag) =Y Al
=1

Using the computed spectrum,
E(Aq) = 196.

This quantity was evaluated numerically using Python.

3.4 The Laplacian Matrix of the Rook Hypergraph Hy

Let Hr denote the Rook hypergraph associated with the standard 8 x 8 chessboard. The vertex set
consists of the 64 squares of the board. For convenience, the vertices are indexed row-wise as

op = (6,7),  k=8(i—1)+j,

where i,j € {1,2,...,8}. In the Rook hypergraph, two vertices are adjacent if they belong to at
least one common hyperedge. Since each hyperedge consists of all squares lying in the same row or
the same column, adjacency occurs precisely when two squares share a common row or a common
column.

For a square (4, j), the number of adjacent vertices is determined by the remaining squares in its
row and column. Hence, the degree of the vertex (i, 7) is given by

8(6,7) = (8 — 1)+ (8 — 1) = 14,

independent of the position of the square on the board. Thus, the degree distribution of the Rook
hypergraph is uniform and may be represented by the constant matrix

14 14 14 14 14 14 14 14
14 14 14 14 14 14 14 14
1414 14 14 14 14 14 14
14 14 14 14 14 14 14 14
14 14 14 14 14 14 14 14
14 14 14 14 14 14 14 14
14 14 14 14 14 14 14 14
14 14 14 14 14 14 14 14

Let A(Hg) denote the adjacency matrix of the Rook hypergraph and let
D(HR) = diag(d(vl), 5(’02), ceey 5(1)64))

be the corresponding diagonal degree matrix.
The Laplacian matrix of the Rook hypergraph is then defined as

L(Hg) = D(Hg) — A(Hg).

Accordingly, for 1 < p, g < 64, the entries of L(Hr) are given by

5(Up), if p=gq,
lpg = q —1, ifv, and v, are adjacent,
0, otherwise.

10



Hence, for 1 < p,q < 64, the entries of the Laplacian matrix of the Rook hypergraph Hr are
given by

0(vp), ifp=yq,
Lpg =14 —1, if v, and v, lie in the same row or the same column,
0, otherwise.

Thus, the Laplacian matrix L(Hg) is a real symmetric matrix of order 64 x 64 whose diagonal
entries are equal to the vertex degrees, while the off-diagonal entries are equal to —1 whenever two
vertices are adjacent through a common row or column. A schematic form of the Laplacian matrix is
illustrated below:

(14 -1 -1 -+ -1 0 .-~ 0]

-1 14 0 -+ 0 -1 - 0
LHr)= |21 g 0 oo 14 0 .o 21

0 -1 0 - 0 14 - -1

L0 0 0 o ST -1 14

Since any square on the chessboard can be reached from any other square using a sequence
of Rook moves, the Rook hypergraph is connected. Consequently, the Laplacian matrix of the Rook
hypergraph has exactly one zero eigenvalue.

3.5 The Laplacian Energy of Rook Hypergraph Hp

The Laplacian spectrum of the Rook hypergraph Hg consists of 64 real eigenvalues. Since the
Rook hypergraph is connected, the Laplacian matrix has exactly one zero eigenvalue. Owing to the
regular row—column structure of the chessboard, the remaining eigenvalues appear with multiplicities
determined by the symmetry of the graph.

The Laplacian eigenvalues of the Rook hypergraph are listed in Table 2.

Table 2: Laplacian Eigenvalues of the Rook Hypergraph
Eigenvalue Multiplicity

0 1
8 14
16 49

For a graph or hypergraph G with n vertices and m edges, the Laplacian energy is defined as

n

2m
LE(G):Z IM—T )
=1
where p1, p2, ..., un, denote the Laplacian eigenvalues. For the Rook hypergraph on the 8 x 8
chessboard, we have
2m

n = 64, m = 448, — = 14.
n

11



Using the Laplacian spectrum given above, the Laplacian energy is computed as

64
LE(Hr) = |ui — 14].
i=1

Hence, the Laplacian energy of the Rook hypergraph is

LE(Hg) = 196.

3.6 The Seidel Matrix of the Rook Hypergraph Hy
Let Hr denote the Rook hypergraph associated with the standard 8 x 8 chessboard, with vertex set
V(HR) = {1)17 v2,... ,’064}.

Let A(Hr) be the adjacency matrix of Hr. For a simple graph or hypergraph G of order n, the Seidel
matrix is defined by

S(G) = J — T —2A(G),

where J denotes the all-ones matrix and I is the identity matrix of order n. In the case of the Rook
hypergraph (n = 64), this gives

S(HR) = Jea — I¢s — 2A(HR).
Equivalently, the entries of the Seidel matrix S(Hr) = [si;] are given by
0, i=yj,
si; = & —1, if v; and v; are adjacent, 1<4,j <64

1, otherwise,

Thus, S(Hr) is a real symmetric matrix of order 64 x 64 with zero diagonal entries. The off-
diagonal entries are equal to —1 whenever two vertices lie in the same row or the same column of
the chessboard, and take the value 1 otherwise. This representation captures the contrast between
adjacency and non-adjacency induced by Rook movements.

A schematic form of the Seidel matrix is shown below:

(0 -1 1 .- 1 1 - 1]
-1 0 1 1 1 1
1 1 0 -1 1 1
SHr)= | 4 0 1 1
11 1 1 -1
I S BT B B LU P

3.7 The Seidel Energy of Rook Hypergraph Hpy

Since the Seidel matrix S(Hr) of the Rook hypergraph is real and symmetric, all its eigenvalues are
real. The Seidel spectrum consists of 64 eigenvalues, whose multiplicities reflect the high degree of
symmetry inherent in the 8 x 8 chessboard and the uniform row—column adjacency induced by Rook
moves.

12



Using the relation S = J — I — 2A, the Seidel eigenvalues of the Rook hypergraph are obtained
from the adjacency spectrum. The resulting eigenvalues and their multiplicities are presented in
Table 3.

Table 3: Seidel Eigenvalues of the Rook Hypergraph
Eigenvalue Multiplicity

35 1
-13 14
3 49

The large multiplicities arise from the regular structure of the Rook hypergraph and the symmetry
of the chessboard. The Seidel energy of a graph or hypergraph Hp is defined as

n

ES(HR) = Z |U’i|7

i=1

where o1, 02, ..., 0, denote the Seidel eigenvalues.
For the Rook hypergraph on the 8 x 8 chessboard, the Seidel energy is therefore

Es(Hg) = |35| +14|-13| + 49]3].
Hence, the Seidel energy of the Rook hypergraph is

Es(Hp) = 364.

4 Conclusion

In this study, we examined the Rook hypergraph constructed from the standard 8 x 8 chessboard by
treating each square as a vertex and forming hyperedges from complete rows and columns. This
approach naturally reflects the horizontal and vertical movement of a Rook and results in a highly
symmetric and uniformly structured hypergraph.

We developed the adjacency, Laplacian, and Seidel matrix representations of this hypergraph
and analyzed their spectral properties. The results show that the structure is regular of degree 14
and connected. The eigenvalue distributions obtained for all three matrices clearly demonstrate how
the row—column arrangement of the chessboard governs the algebraic behavior of the model. The
calculated adjacency energy and Laplacian energy are both 196, while the Seidel energy is 364,
highlighting consistent structural symmetry across different matrix representations.

Overall, this work illustrates how a simple movement rule on a grid can lead to rich and well-
organized spectral properties. The Rook hypergraph provides a clear mathematical framework for
studying grid-based connectivity patterns and can serve as a reference model for related chessboard
graphs, larger boards, or other piece-movement hypergraphs. Future research may extend these
ideas to generalized n xn boards, weighted structures, or applications in routing, network optimization,
and combinatorial design.
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