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Abstract

Quantum calculus, using in various mathematical disciplines such as combinatorics and special
functions, as well as in numerous applications including fractal analysis, multifractal measures, and
entropy formulations of chaotic dynamical systems, has attracted significant scholarly attention in
recent years. In the present study, we present a new class of Leonardo split quaternions whose
components involve quantum integers into their components. We also present the fundamental
properties and identities related to the ¢-Leonardo split quaternion, including Binet’s formula,
exponential generating functions, binomial sums, as well as d’'Ocagne’s, Vajda’s, Catalan’s, and
Cassini’s identities. Finally, we give different polar representation using Cayley Dickson’s notation
applications for some ¢-Leonardo split quaternions.The applications can be converted into quantum
integer forms under suitable conditions with similar considerations and give a deeper understanding
of their algebraic and geometric interpretations, and transformations.
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1 Introduction

Sequences of positive integers are widely recognized for their mathematical significance and continue
to be an active subject of research. Among these, the most well-known sequences have been exhibited
across various branches of mathematics. Their complex characteristics and profound connections to
multiple mathematical domains have motivated extensive investigations. In particular, the Fibonacci and
Lucas sequences, together with their associated numbers, are regarded as fundamentally important
due to their broad applications in disciplines such as biology, physics, statistics, and computer science.

Furthermore, there is a profound connection between the Golden Ratio and Fibonacci numbers.
The irrational number 1+2\/5, valued at approximately 1.618083..., is defined as the Golden Ratio and is
widely observed across various fields of mathematics and art. This relationship is characterized by
the fact that as n increases, the ratio of successive Fibonacci numbers, F}f , consistently converges
toward the Golden Ratio. '

The Fibonacci number sequence is defined as
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1,1,2,3,5,8,13, 21, 34, 55, 89, 144, ...
The n-th Fibonacci number which denoted by F,, has as the linear reccurence relation
Fo=F, 1+ F, 2 5 77,22,

with the initial conditions Fy = 0,F; = 1.

Fibonacci numbers are closely related to Lucas numbers, which were discovered in 1870 by
the mathematician Frangois Edouard Anatole Lucas. Having conducted extensive research on both
sequences.

The n-th Lucas number has the recursive definition as

2,1,3,4,7,11,18,29,47,76, 123, ....
with the same reccurence relation
Ln = Lnfl + Ln72 N LO = 2,L1 =1.

The Binet’s formulas of the F,, and L,, are as follow:

Fo= 2% and L, ="+,
=1
where
¢:1+2¢5 and w:1*2ﬁ' (1.1)

The properties, relations, results between Fibonacci and Lucas numbers can be found in Bicknell
et al. (1972); Koshy (2001); Park et al. (2020); Vajda (1989); Verner and Hoggatt (1969); Halici (2012);
Horadam (1961, 1963, 1965). In recent years, Catarino and Borges Catarino and Borges (2019)
introduced a new sequence related to Fibonacci numbers known as Leonardo numbers, establishing
several of their fundamental properties alongside various sum and product identities. Building on this
work, Alp and Koger Alp and Koger (2021b) derived further identities and subsequently introduced
hybrid Leonardo numbers, exploring their essential characteristics Alp and Koger (2021a). The
sequence was further expanded by Shannon Shannon (2019) through a generalization of Leonardo
numbers. More recently, Kiiriiz et al. Kiriz et al. (2021) integrated these concepts with hybrid number
theory to investigate Leonardo Pisano polynomials and hybrinomials.

Quaternions represent a four-dimensional extension of the complex number system, originally
formulated by the Irish mathematician W. R. Hamilton in 1843 Hamilton (1853). They have become
essential in virtual reality and gaming for modeling 3D orientations, while also finding critical use
in robotics, control theory, and signal processing. Consequently, they have emerged as a versatile
engineering tool whose applications continue to expand throughout various scientific disciplines
Hamilton (1844); Kuipers (1999); Altmann (1986).

In 1849, Cockle Cockle (1849) introduced split quaternions as an extension of real quaternions.
Unlike their classical counterparts, split quaternions do not constitute a division algebra. Their
multiplication rules deviate in the vector component because they are associated with Minkowski
space rather than the Euclidean 3-space of real quaternions. This fundamental distinction renders
split quaternions particularly significant in spacetime-related theories, such as special relativity Kula
and Yayl (2007).

Split Leonardo quaternions are studied in Atasoy (2025) by Atasoy. Our goal in this paper is to
introduce g-Leonardo split quaternion sequences using notations from quantum calculus and give
some fundamental identities. Additionally, we introduce a new polar representation of g-Leonardo split
quaternion sequences, which are a special type of split quaternions that have an important place in
the representation of rotations in Lorentz space, is obtained. Thus, the representation of complex
expressions is made easier.
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2 Preliminaries

In this part, some basic terms are recollected in relation to split quaternions, Leonardo numbers and
quantum calculus.

The n-th Leonardo number is given by Le,. The following recurrence relation, Catarino and
Borges (2019); Alp and Koger (2021b,a),

Len - L€7L71 + L€7L72 + 1, n 2 2

introduces this sequence, and Ley = Le; = 1 are the initial conditions. The Leonardo number are
1,1,3,5,9,15,25,41,67,109, 177,287,465, ...

The relation between the n-th Fibonacci numbers and the n-th Leonardo numbers is given by
Len = 2F, 41 — 1.

Now, we give definitions and facts from the quantum calculus necessary for understanding of this
paper Babadag (2023); Kac and Cheung (2002); Le Stum and Quir6s (2015).
For positive integers n, the quantum integer n or simply the g-integer n is defined by

1-q" —
), =L =1+q+...+q" " 2.1)

1—4q

For non-negative integer numbers m and n, we have

[m+n], = [mlg +¢" [n], and [mn], =[m], [n]m -

q

Using (1.1), If we get

1-+5
¢=Y= , (2.2)
¢ 1++5
where g-integer forms are respectively as follows;
n— n 1 7qn n[2n]q 'n,1 7q2n
Fu(psq) = 9" ]y = , Ln(p;q) = = 2.3
(p3q) = ¢" [nlq i (psa) =¢ P ¢ (2.3)
and
n+1 1— qn+1 n
Len(p;q) = 2Fns1(p59) —1=2¢ o—wq 1=2¢"[n+1]g - 1. (2.4)
A split quaternion Cockle (1849); Kula and Yayh (2007); Atasoy et al. (2017) is defined as the following
quadruple
Y =0 + 71t1 + Y212 + Y313
with 70,71, 72,73 € R ( R is the set of real numbers) and split quatenionic units i1, iz, i3 satisfy
5 = —i5 = —i3 = —1, i1ia = —igi1 = i3, loiz = —i1. (2.5)

Let v and § be split quaternions, then addition and multiplication are
Y +6=(Sy+8s5) + (V5 +V5),

v6 = SySs 4+ (V4, Vs) + S, V4 + SsVs + V,, x Vs,

respectively, where (,) and x are inner and cross products in E} ( E} is Minkowski 3-space). The
conjugate and norm of ~ are defined respectively as

v =0 — Y191 — Y202 — Y3i3
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and
= VIT = /13 +93 — 43 - 31 = VT (2.6)
Here,
I, = () + (i — 7 —3) =Is, +Iv,. 2.7)

For any split quaternion ~ with || # 0, 2 i is a unit split quaternion. The split quaternion - is space-like,

timelike and lightlike if Z, < 0, Z, > 0 and Z, = 0 respectively Kula and Yayh (2007); Ozdemir and
Ergin (2006). The multiplicative inverse of + is given by v~ = gﬁ It is important to note that there is

no inverse for a lightlike split quaternion.

3 Identities for ¢g-Leonardo split quaternions

In this section, we define the ¢-Leonardo split quaternion sequences and present their fundamental
identities and properties using Binet formula.
For positive integer n, the n-th g-Leonardo split quaternion is defined by

Len(p;q) = Len(9;q) + Lent1(p;@)i1 + Lent2(p; q)iz + Lenys(w; q)is

B (P YNE) St i

Y —¥q Y —¥q

1— n+3 1— n+4
_|_2<pn+3 (P_qtpq iz +2@n+4 @_qgoq is — A,

by using (2.4), we can rewrite as
Len(9;q) = 20" [0+ 1]q + 20" [0+ 2]gi1 + 20" %[ + 3]gi2 + 20" P[0 + 4]4i5 — A,

where A =1+ 41 + iz + i3.
Taking ¢ = ”f and g= 1 f, the few ¢g-Leonardo split quaternions are written as follows;

1—q' 1—¢* . 1—¢° 1—q* .
Leo(¢;q):2<p1¢_7gq0(]+22 _q |+ 248 _q + 20 _q is — A

=1+ 121 + 3i9 +5i3,

1—¢? 51 —¢% . 1—q* . s1—¢° .
ﬁel(@;q):2¢2—¢_iq+2“ T |

=1+ 3i1 + 5i2 + i3, ...

Theorem 3.1. The Binet formula for the n-th q-Leonardo split quaternion is

Len(piq) =2 (“" - (@Q)nHﬁ) A 3.1)
©—oq
2 (¢"[nlge + (pq)" ¢) — A

where A =1+ 11 +i2+i3,4p=1+Lpi1+g02i2+g03i3,

¥ =1+ ¢[2)gi1 + @*[3lgiz + ©°[4]q4is and B = 1 + (¢q)ir + (¢q)?iz + (pq)%is
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Proof. By using (2.4), and making the appropriate calculations, we obtain

Len(p;q) = Len(p; q) + Lent1(p; @)in + Lent2(p; )iz + Lents(p; q)is
1— n+1 1— n+2 1— n+3
_ 2@n+1$ + 280n+2 #l& + 2Lpn+3 ¢i2
0 —q ©—q 0 —q
n+4 1— qn+4
=g
SDn+1
=g
n+1
- 2% (14 (p@)i1 + (pg)*iz + (pg)’is) — A

n+l, = n+1
:2(<p ¢ — (q) 6)—,4.

+ 20 ig — (1 4+ 41 + 42 +143)

=2

(1+ @i + ¢ia + *is)

¥ —¥q
or equivalent

Len(p;q) = Len(p;q) + Lent1(9; q)in + Lent2(05 )iz + Lenys(9; q)is
=2¢"[n+ g + 20" [0+ 2]gi1 + 20" [n + iz
+ 20" [n + 4]gis — (1 + i1 + iz +43)
=2¢" ([n]g +4") + 20" ([n]y +¢" [2)) i
+20" 2 ([nlg +¢" [B]) 2 + 20" ([n]y + ¢" [4]) i3 — A
=2¢"[n]q (1+ pi1 + P2iz + ’iz)
+20"q" (14 ¢[2)gir + ©*[3lqiz + ¢°[4lqis) — A
=2(¢" o + (vg)" ) — A

For example, let us consider the case of n = 1 in (3.1). We will have

Lei(p;q) =2 (W) — (1 +i1 +i2 + i3)
o, [ LE#i+ @i+ % — a (14 (va)is + (9)%i2 + (2)%ia)
7 (1-9
—-A
(U0 +etn (=) + % (=) +e'is (1-4))
(1-9q) ’

by using (2.1), we obtain
Lerlpiq) =2 (p+ ¢ 2, i1 + ¢ (8], 02 + ¢ W], i) — A
Theorem 3.2. The exponential generating function for the n-th q-Leonardo split quaternion is

e pp — elva)z

w(1—q)

wq

oo xn -
;Een(np;q)m:2 — Ae”.
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Proof. Using the Binet formula of the g-Leonardo split quaternion, we will have

n

(Len(9;q) + Lent+1(9; q)in + Lent2(p; q)iz + Lents(p; )is) —

M

o n!
oo}
nl* n+1 " 1— n+2‘ " 1— n+3b n
=2 (% I 2 i 420 “L”) o
oy 1-— 1—¢q 1—gq n!
o 1— n+4 ) ) ) ) xn
+ 7;) <2<pn+317ng3 —(14d1+i2+ 13)) o
oo
nl* n+1 " 1— n+2' " 1— n+3b m'n,
-3 (w e = +2%22) o
n=0 -9 —4q —q n!
o 1— qn+4 ) xn
2 n+3- 49 _ i
’ 2:,; < s e R
7% 290”“£— ()" "'y e
o (Ll —q) n!
P nz" e N, " = 2"
=2 Z_ L Lo
s@(l—Q)nZO n! p(l—gq) ;( S A,; n!
T — elra)w
I kY
1—g¢g
Thus, the proof is completed. O

Theorem 3.3. Let Len(«; q) be n-th g-Leonardo split quaternion. In this case, for non-negative integer
numbers n and j, we can give the following relations:

iy (Z) (—¢a)" " Leanti(psq)

k=0

n

_ (0 —9q)" (Lentj(p;q) +A) — A (1 — @Qq)n , lfniseven
200 — )" ' Lnyjri(piq) —A(1—¥%q)",  ifnisodd

3

ii. (Z) (—1D)*(—¢")" " Learts(5q)

= (—¢[20q)" Lenti(w;0) + (=1)" ((0[20)" + (L + ¢°q)") A

where L, 1;+1(; q) is q-Lucas split quaternion and (—p[2],)" = (—e(1 + )™

Proof. i. By using the binomial coefficients for the Binet formula for ¢-Leonardo split quaternion in
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(3.1), and doing the necessary calculations, we obtain

> (2) (—¢%0)" " Leantj (5 q)
B n n 0 ok 2@2k+j+1£ _ 2(@q)2k+j+1£ B
- <k>(_w 2 < e(1—q) A)

e &Kn e
=23 || (=) e

e(1—q) = \k

J+1 n n
LY > (Z) (=*0)" ()" =AY <Z> (—%g)" "

e(1—q) =

k=0
o (e® —0%q)" — (ea)’ "'y () — ¥%q)" 5 \n
- (1 —q) —All=e)
(e — @) "o — (—pa(p — ©9))" (pg)’ 19 5 \n
- e(1-q) —Al=¢)
=) e 4 (1" (0 — wa) (pa)" Y AL o)
B o(1—q) (1=
Here, if n is chosen even, we obtain
> (Z) (—¢°a)" " Leary;(39)
k=0
e T o+ (D" (0" (0" Y o
B e(1—q) (1-¢%)
ntj+1 ntj+1
_ nf® ® — (vq) P 2 \n
=2( — ¥q) ( o= a) )—A(l—s@q)
n+j+1 ntj+1
" ® v — (¢q) P n
=(¢ — ¢q) <2< o(1—q) >_A+A>_A(1—<PQQ)
=(p — 9q)" (Lens;(p3q) +A) — A(1—¢°q)".
On the other hand, if n is chosen odd, we have
> <Z> (~¢*0)" " Leanrs (i)
k=0
_ n, J+1 _ n j+1
— (Ple = 9a)" 0o + (pale — ¢q))" (vg) ¢ A(1— %)

p(1—q)
ntjt1 ntj+1
=2(p — ¢q)" <S0 i(t (_SOZ; ¢> —A(l-¢%)"

=2(p — pg)" ! (w"”“f + (wq)””“y) —AQ1-¢)"

=2(p — 9q)" Lnsjr1(p;q) — A(1—¢%q)" .
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ii. If we use (8.1) and binomial coefficients, we obtain that
~ (n k 2 \n—k
> (k)(l) (—%q)" * Lear (03 q)
k=0

N (1) gk (2T 20T
- (k)( D*(—¢"q) < e y

= _ZW (k_o (Z) (—qu)”‘k(—sﬁQ)kwj+l<ﬂ>
e 0 (:)(-wQ(J)"k(—(sOQ)Q)k(sOQ)” w)
k=0

) <(—902 -’ "o — (—(pq)” — WQIJ)n(SOQ)jHWHIw)

Y —¥q
—(-1-¢%Q"A
n+j+1, n+j+1
_ <‘” £-10 ’”) (~0)"(1+ )" - (-1 - g A
n+j, . _ n+j
:(2(“0 o w) A+A) (o) (140" ~ (-1 -0 A

By using (2.1), we will have

> (Z) (1) (=) " Lears (5 )

k=0
= (—¢[2la)" Lenti(pa) + (=1)" ((p[21)" + (1 + ")) A.

The proof is completed. O

Theorem 3.4. Letn be a non-negative integer and m be a natural number with n > m, d’'Ocagne’s
identity for q-Leonardo split quaternion is given by

Lem+1(;q)Len(w;q) — Lem(w; @) Lent1(95q)

4 m+n—1 m n
= —% ("¢ B—4"B¢) + AlLenti(p;q) — Len(p;q))
— (Lem+1(w;9) — Lem(p; q))A.

where

© B =2+2pir +2(q)% iz + (¢° + (9)° + ¢ — (¥q))is

and

Bo=2+2(pq)i1 +2¢%2 + (¢* + (9a)® — ¢ + (99))is.
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Proof. Using the Binet formula for the n-th ¢g-Leonardo split quaternion in Theorem (3.4), we find that

Lemt1(p;q)Len(p;q) — Lem(p;q)Lentr(p;q)

_ <2 <@m+2w (¢Q)m+25> —A) (2 (w”“w— (wﬂ"“ﬂ) —A>
0 — g ©— g

B (2 (tpm“so (soq)m“B) A> (2 <s0”+2s0 (soq)”+26> A) .
» — g Y —¥q

In this last equation, by making the necessary calculations, we get

Lemy1(9;q)Len(p; q) — Lem (0 q)Lent1(9;q)

:%@pq)(w(wq)”ﬂw )" Be)
2 2(¢n+l£_(¢q)n+1§) . 2(@n+2£ (90 )n+25)
©—0q ©—0q
(2@ o= (p0)"?B)  2(¢M e — (9g)" 1 B) 1
©—q ©— g
m+n—1

B % (@"B o —q"¢ B) + A(Lent1(0;q) — Len(;q))

— (Lem+1(9;9) — Lem(p;q))A

where p =1+ i1 + Y2ia + p3is, B =14 (¢q)i1 + (apq)Qiz + (apq)3i3. O

Example 3.1. Using (2.5), if we take m = n = 1 in Theorem (3.4), we will have

Lea(p; q)Lex((p;q) — Lea(p; q)Lez(p; q)

g

=1 4 (e B =B )+ AlLea(p; q) — Lei(p; q)) — (Lea(p; q) — Lei(w;9))A

Apq
. (
Aeq
T (
+@1 + i1 + 42 +13)[(3 + 511 + iz + 1543) — (1 + 341 + 5iz + 9iz)]
— [(3 + 5t1 + 919 + 15i3) — (1 + 321 + 5ig + 9i3)](1 + 21+ 12 + ’is)
dpq
—=12
L1y
— (1 + 91 + 12 + 1:3)(—2 — 211 — 4io — 6i3)
— (24 24y + 4i2 + 6i3) (1 491 + 92 + 43).

2+ 2¢i1 + 2 (¢q) iz + (¢° + (90)° + ¢ — pq)is)

2+ 2pqi1 + 2¢%12 + (¢ + (99)° — ¢ + ©q)is)

¢ — qp)ir — 2(¢% — (¢q)*)iz + 2(p — pq)is]

In this last equation, we take into account that ¢ = ” V5 and q— f from (1.1) and (2.2), w
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obtain

1+v5 1-V5
2 1445

1+\/5_1—\/5)
2 T1+45
1+v5 1-V5 1+v5 1-V5
2 T1+V5 2 T1+V5

[V/5i1 — V/5ia + V5is] — (=10 — 21 — 2is — 10i3)

Eez(

)Lex(

—Eel(

)Lex( )

-8
VG
— (10 + 6i1 + 10i2 + 6i3)

= —8(i1 — iz +i3) — (=10 — 241 — 242 — 10i3) — (10 + 6i1 + 102 + 6i3)
= —12iy — 4is.

Now, checking the result:

1+v5 1-V5
2 1445

1+v5 1-V5
2 ’1+\/5)
1+v5 1-V5 1+v5 1-V5
2 T1+4V5 2 T1+4V5
:(3 + 571 + 9i0 + 15i3)(1 + 371 + 51 + 9i3)

— (1 + 371 + 5ig + 9i3)(3 + 571 + 919 + 15i3)
=(168 + 8i1 + 24i2 + 40i3) — (168 + 20¢1 + 24io + 44i3)
= — 1221 — 4u3.

Les( )Lex(

- £€1( )£e2( )

Theorem 3.5. For the integers m,n and k such thatn > m > k > 1, then Vajda’s identity is as follows:

Lenyr(;0) Lem—1(w;q) — Len(p; @) Lem(p; q)

4 n+m k no__ m—k
_¥ alk], (?%(2 25 ) + (Lentk(p;q) — Len(p; q))A

+ A(Lem—k(w;q) — Lem(95q))-

where ¢ = 1+ i1 + ¢%ia + ¢%is, B =1+ (¢q)i1 + (vq)’i2 + (pq)’is and A = 1 + iy + iz + is.

10
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Proof. Using (3.1), we get

Lentrk(p; ) Lem—i (95 q) — Len(p; ) Lem(p;q)
20" — 2(pg)" T B 20" o — 2(pg)™ B
= £ E_A - 4

Y —¥q — ¥q
B 2¢n+1£_2(@q)n+1ﬁ_d4 2¢m+1£_2(¢q)771+1§_A
L Y=g
o 490”4’7"“"29& m—k+1 m+1 4¢"+m+2é£ n+k+1 n+1
=3 —q - 3 \4 —q
(¢ — ¥q) (¢ —wq)
B 2wn+k+1£72(wq)n+k+1g B 2tpn+1£*2(tpq)”+lﬁ A
v —@q =g
a4 2¢m7k+1£_2(¢q)m7k+1g B 2¢m+1£_2(¢q)m+1é
Y —$q Y —$Yq
4™ q(1 — ") (B pa" — ¢ Bg™ ")

B (1—-gq)° — (Lentr(p;q) — Len(w;q))A

— A(Lem—k(p;q) — Lem(p;q)),
by using (2.1), we obtain

Lentx (05 ¢) Lem—1(9;q) — Len(p; 9)Lem (95 q)

4 n+m k no_ m—k
- TR QI Z BT ) (e alpia) — Lenlr )

— A(Lem—1(p;q) — Lem(p;q)),

where ¢ = 1+ @it + %z + i3, B =14 (¢q)i1 + (pq)%i2 + (¢q)’iz and
A =141 +i2 +i3. The proof is completed. O

Corollary 3.6. Form = n in Theorem (3.5), the Catalan’s identity is as follows;
Len k(93 q)Len—r(;q) — Lep(;q)

4¢2nqnfk+1 [k/’}q

T 1-q¢

— A(Len—k(p;0)Len(p;q))-

Corollary 3.7. Form =n and k = 1 in Corollary (3.6), we get the Cassini’s identity

(qkﬁf - 5) — (Lentr(p;q) — Len(w; q)) A

Leni1(p;q)Len—1(;9) — Lep (3 q)
2n _n

= 4f_'; (@B ¢ — ¢ B) — (Lent1(piq) — Len(p;q)) A

—A(Len-1(p;9) — Len(p;q))-

4 Applications of the ¢-Leonardo split quaternions

In this section we give some applications of Cayley-Dickson’s form, including split quaternions with
components from some special integer sequences.

11
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Atasoy and Babadag; ARJOM, xx(x), XX-XX, 20XX; Article no. ARJOM.xxxxx

4.1 Cayley-Dickson’s form for split quaternions

The Cayley-Dickson’s form of a split quaternion « is v = (yo + y1%1) + (72 + 7y3i1)i2 which is based on
two complex numbers. The classical polar representation of the given split quaternion ~ can be written
as follows.

i. The polar representation for spacelike split quaternion v can be written in the form

~v = |v| (sinh ¢ + p cosh ¢) (4.1)

/2212 . . o . .
where sinh ¢ = 22, cosh ¢ = Y- 17727178 gpg ) = nistreiatisis ig 5 gpacelike unit vector.
1l 171 -3+93+3

ii. The polar representation for timelike split quaternion ~ with spacelike vector part (Iv, < 0 for
V4, = y111 + Y212 + 7313 vector part of v ) can be written in the form

v = || (cosh ¢ + psinh ¢)

/2242 . . . . .
where sinh ¢ = % cosh¢ = 1% and p = WjAtpeli s g spacelike unit vector Kula

and Yayl (2007); Ozdemir and Ergin (2006).
Split quaternions can be rewritten in the form v = ze*2, where = and w are complex numbers. If
P = zi» +wiz = (2 + wi1 )iz be an arbitrary spacelike vector, if e is spacelike then its exponential

form is . w
e’ =sinh |P| + Pl cosh |Pliz + Pl cosh |Plis = ap + a2i2 + azis (4.2)
and if P is timelike, then
P Z . . woo. . . .
e’ =cosh|P|+ m sinh | Pliz + P sinh |Plis = Bo + Baiz + Psis.

That is, it is a split quaternion which does not contain ;.

Quantum calculus approach of Leonardo split quaternion possesses a polar form. This polar
form provides an alternative representation of ¢-Leonardo split quaternion, offering insights into their
geometric and algebraic properties beyond the traditional Cartesian representation. Indeed, the
concept of constructing a polar form for these split quaternions using two complex numbers, and then
applying a specific operation (multiplying the second complex number by i2) bears resemblance to the
Cayley-Dickson construction. However, there are notable distinctions between this approach and the
traditional Cayley-Dickson method.

Proposition 4.1. The norm of q-Leonardo split quaternion is given

[Len(w; @)l = 2\/|<p2"+2[2n +3]q — @20 2n + T]g + "3 [n + 44|
where Le, (p;q) = 2¢"[n + 1]q — 1 is n-th ¢ Leonardo number.

Proof. Using (2), (2.4), (2.5), (2.6) and Proposition 1 in Atasoy (2025), we obtain

[Len(w; D)l = V| Zze, (¥59)]

=12 (Lean+2(9;q) — Leanyo(950) + Lenys(p;q) + 1)

= V(4> +2[2n + 3]g — 2) — (49" +6[2n + T]g — 2) + (4" 3 [n + 4], — 2) + 2
= V(402220 + 3];) — (49> H6[2n + 7)) + (49" 3 [n + 4]y

= 2/]¢>"+2[2n + 3]q — P2 T6[2n + 7]y + "3 [n + 4.

12
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Proposition 4.2. The vector part of g-Leonardo split quaternion Le, (p; q) is
Vien(oa) = 20" T ([n + 2]qi1 + @[n + 3giz + ¢" 20+ 4]gis) — A+ 1
and
Tve., iy = 4™ ([0 + 215 — [0 +3]5 — ¢ In +4]9)
4" (In+2)g — pln+ 3] — ¢[n +4]g) — 1
where A =1+ 41 + 12 + i3.

Proof. Using (2.4) and (2.7), we get Ve, (5:9) and Ty, (i0)

Veen(pia) = Lent1(0;@)in + Lent2(p;q)iz + Len+3(¢; q)is
= (20" n+2]g — 1) i1 + (20" [0+ 3] — 1) ia
+ (20" P+ 4]y — 1) 43
= 20" n + 2401 4 20" [0+ 3giz + 20" P[0 + 4]4i3
— (i1 +i2 +i3)
= 20" ([0 + 2]gi1 + @[n + 3lgiz + " P[0 + 4gi3) — A+ 1
and

IVCEM“,.TQ) = Leiﬂ(ﬁp; q) — Leiﬁ((ﬁ; q) — L€3L+3(80; q)
( n+1 [n+2], — 1) ( "+2[n+3] )2

— (2" + 4], 1)

= (4™ P+ 2] — 4" [+ 2)g + 1)

— (4™ I+ 32 — 49" PP+ 3] + 1)

— (4" [+ 4)7 — 40" P[0+ 4]y + 1)

=40 (n+ 25 — P’ +3); — ' [n+4]7)
- 4@n+1([n +2]g — p[n +3]q — ‘PQ[n +4]q) -

Proposition 4.3. Every q-Leonardo split quaternion Le. (y; q) is spacelike.

Proof. For any g-Leonardo split quaternion

Len(w;q) = Len(9; q) + Lent1(0; @)in + Lent2(0; )iz + Lents(0; q)is

= 20" [n+ 1]g + 20" [n + 2]gi1 + 20" [n + 3]s
+ 20" 3 n 4 445 — A,

we can write that Z,., (,.q) < 0, where

Tien(oia) = Len(0;q) + Leni1(93q0) — Leaia(p;q) — Leni3(5q)
= 40" ([n+ 105 - P’ [n+ 3]; — ' [n +4]7)
— 40" ([n 4+ 1]g — @ln + 3lq — ¢ [n + 4],).

So, Le, is spacelike.

13
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Theorem 4.4. The classical polar representation of q-Leonardo split quaternion is
Len(p;q) = [Len(p; q)| (sinh ¢ + pin cosh én)

where (., = Veeneiw) s g spacelike unit vector. Le,(p;q) is n-th Leonardo number, ¢., is a angle

T
‘ Veen (9:a)

20" [n+1]g—1

such that ¢,, = tanh ™! and

T
’ VLE?L(LPZ‘Z)

A=1+141 + 12 +1i3.

Proof. Using (4.1), for Le.(y; q) is a spacelike g-Leonardo split quaternion, polar representation is

written as
Len(p;q) = [Len(p; q)| (sinh ¢ + pin cosh ¢n).
We obtain sinh ¢, = 2289 cosh ¢, = m = Yeentei  Here, by using (2.4)
SR On = TZc, (wia)? n = Zente @ Hr = ' » Dy UsIng (£.4),
‘Ivllcn(cpﬂ)
we obtain
’IVCMW;Q) = Lepis(p;9) + Lenia(#3q) — Lenya(959)
40" 2 (n+ 2] — ©°[n+ 3)5 — ' [n + 4]3)
+40" ([ + 2]y — pln + 3] — P’[n + 4] + 1,
Vien(oiq) = Lent1(@;q)in + Lenya(p; )iz + Lenys(p; q)is
= 20" ([0 + 2)gir + p[n + 3Jgiz + ¢°[n + 4]gis) — A+ L.
tanh ¢, = 220Ul Thys we get ¢, = tanh~* | 2e-lnttla=l | O

z T
‘ Veen (pia) ‘ Veen (¢ia)

Proposition 4.5. For every spacelike q-Leonardo split quaternion vector
Po(;q9) = Len(9;q)i2 + Lent1(9; q)is = (Len(p; @) + Lent1(p; q)in )i, ePr (%9 js written as follows;

Len(#;9)
|Pn(;q)

cosh | P (3 q)lis

"7 = sinh | P (g3 )| + cosh | Py (5 q) iz

Len1 (‘P; Q)
| P05 9)]
= bp + bny2i2 + bnyais,

where b,, is constant.

Proof. ltis seen From (4.2). O

Theorem 4.6. Every q-Leonardo split quaternion Le. (5 q) can be expressed in the form Le,(; q) =
AneBn2  where A,, and B, are complex numbers with components including q-Leonardo numbers,
that is

20" N+ 1] — 14 (2¢"  n+2],— 1)

V&,

i1
An = [ £en (@5 )l

14
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Hn

0, V\ % i

A, < 2

1

Figure 1: The representations of A,,, u, and e

and
yn + Znil —1 Xn
B, = “————tanh —_—
VY2 + 22 VY2 + 22
where

X, = 49" 20 + 3]y — 49" P[0+ 3], + 2
V=407 20 + 5] — 20" [n + 3] — 20" [0 + 5]y + 2
Zn, = 44P2n+3[” +1]q[n + 4l — 20" [n + 1], — 24Pn+3[n +4]q
— 40”4 204 [n + 3]g + 20" 0 + 2]4 + 20" P[0+ 3], + 2.

Proof. If An = an + any1i1 and e®7%2 = b, + by, 4202 + bnysis, Wwe can write that

»Cen (Soy q) = f%neJBni2 = anbn + an+lbnil + (anbn+2 - an+1bn+3)i2
+ (anbn+3 + an+1bn+2)i3v

Taking b,, # 0, we obtain a complex number
Wn = anbn + an+1bni1 - Len(@% q) + L€n+1(§0§ q)ih

where A,, and B,, are complex nhumbers with components including ¢—Leonardo numbers. We can

15
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write that A,, = 22 || Len(v;9)||- SO, ||An|| = ||Len(v;q)|| - By using (2.4), we get

Jwn |

A Len(;q) + Lent1 (5 q)in
\/Le%(cp; q) + Lez 1 (p59)

|Len(w; )l

Len(p; q) + Lenti (93 @)ia
V2(Leant2(0;q) — Lenta(p;q) + 1)

|Len(w; )l

_ an[n'i_l]q -1+ (2§0n+1[n+2]q_ 1) i1 ||Een(<,0;q)||
V2207 220 + 3] — 1 — (29" 2[n+ 3], — 1) + 1)

S R e G el (h Tk LT ) AN
V(42220 + 3] — 2 — (dp"2[n + 3], — 2) +2)
20"+ 1] =1+ (2" [n+2]g— 1) iy

= Len(;
\/4¢2n+2[2n+3]q — 40" 2 [n + 3], + 2 I (¢ Q)H

B U T B s U TR VLIRS,
= VoA n(¥P;4q

where A, € Sp{1,:1} and 6, is argument of A,,. Therefore,

AL
" Al
_ Len(p5q) = Lenta(95q)in
£en(es )l \/LeA (i) + L2 (i)
_ Len(;q) — Lent1(0; q)in
 Len(w; @)l V2(Leanta(p;q) — Lensa(p;q) + 1)
20"+ 1] —1— (20" n+ 1]y — 1)@
a 1 Len(p;q)|l VX

where A,;* and A} are the inverse and the conjugate of A,,, respectively . So, we get

16
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et = AL Len(piq)
_ (Len(psq) + Lenia(#39)
|Len(p; @)l y/Lek(93.0) + Le2 1 (¢50)
(Len (o5 @) Lenta(p;q) + Lenta (05 q) Lents(p;q))iz

|Len(e; 0)ll /LR (93.0) + Le2 1 (#50)
(Len (s q) Lents(p; q) — Lenv1(p; 9) Lenta(9; ))is

Jr
[1Len(p; g \/Lei(so; q) + Leq i (959)
_ 2(Leznt2(p5q) — Lenta(p3q) +1)
[1Len (5 )l v/2(Leznt2(0;q) — Lent2(p5q) + 1)
(2Lean+4(w;9) — Leny2(p;q) — Lenta(p; @) + 2)in
1Len (@3 @)l v/2(Lean+2(9; q) — Len+2(p;q) + 1)
(Len(w; @) Lents(9;q) — Lent1(p; q) Lent2(9; ))is
[1Len (5 Q) v/2(Lezni2(0;q) — Lent2(p5q) + 1)
_ X + Yniz + 2513
 [1€en(w; )l VA9 220 + 3], — 49 P2 + 3], + 2

where

Xy = 49”20 + 3]y — 49" P[0+ 3]y + 2
V=220 20+ 5]g — 1) — (20" [n+3]g — 1) — (2" [+ 5]y — 1) +2

= 40”20 + 5], — 20" [n + 3]y — 20" 0 + 5], + 2
Zn=(2¢"n+1], - 1) (2" PP+ 4], — 1)
— (20" n+2lg — 1) (20" [0+ 3]y — 1)
=40 P4 1][n + 4]g — 20" [0+ 1],
= 20" [+ 4]g — 49" [n + 2] [n + 3,
+ 20" M n 4 2]y + 20" P[0 + 3], + 2.

In this case, we have |e""?| = 1, and Len(p;q) = Ane®** and B, is unimportant. Since e”*

is a unit spacelike ¢g-Leonardo split quaternion, its classical polar form is written €% = sinh ¢,, +
‘XTL p—
= Tze,y> coshon =

1n cosh ¢, Where, ¢,, is a Lorentzian angle. Therefore, it can be shown sinh ¢,, =
Fim, U = 3’"’;%\/%%3 where ¢, is argument of ., € Sp{ia, i3} (see Figure 1). Then, tanh ¢,, =
\/ﬁ and ¢, = tanh™* (\/%) and we obtain

B, = % tanh~! ﬁ) Because, it is Bniz = findn.

17
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Example 4.1. Forn = 1 in Theorem (4.6), and by making the necessary calculations, we obtain

2020, — 1+ (20°[3), — 1) s
A = L ;
1 \/Z H e1(y Q)H
2-1)+(A4-1)i
=2 1[5], — 5914 + ¢*5
1o Ve Blg — 98[9q + ©*[5lq
2—%—6@'1\/7 2+ 611 2 + 641 48 432 .
= 5—34+5 = V24 = VIZ = 2 4 204
V10 | | V10 V5 5 5
and
Vi + Ziia —1 Xy
B, = ——————tanh  ———
VYE+Z2 VYE+ 22
_32-6i o0 10 16-3i o1 [5
1/1040 1/1060 V265 53
16 1 5 . 3 1 5
= ——— tanh — —1 tanh —
V265 53 /265 53
where

X =495y — 40°[4], +2=20—12+2 =10

Vi = 40°%[7]q — 20°[4]q — 20°[6]4 +2 =52 — 6 — 16 + 2 = 32

zZ = 4@5[2]<I[5]q - 2901[2111 - 2904[5}11 - 4‘P5[3}q[4}q + 2902 3l + 2903[4]q
=20-2-10-24+4+6=—6.

5 Conclusions

In this study, ¢-Leonardo split quaternion sequences are introduced using notations from quantum
calculus. Some fundamental identities, numerical examples and applications are given for these
quaternion sequences. We obtain a new perspective on the structure of ¢g-Leonardo split quaternions
and give a deeper understanding of their geometric and algebraic interpretations and transformations.
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