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1. Abstract

In this article, we analyzed the electrical operating voltage of a substation in Kinshasa by transforming its classical distribution into a fuzzy distribution. This approach allowed us to estimate fuzzy stochastic parameters, which we classified as total and partial parameters. Total parameters, such as fuzzy expected value and fuzzy variance, have a maximum degree of membership equal to 1. Partial parameters, such as fuzzy autocovariance and fuzzy autocorrelation, have degrees of membership less than 1. This study formalized a fuzzy distribution approach based on Zadeh arithmetic , providing a rigorous framework for modeling imprecision. The integration of fuzzy numbers into estimation methods led to a more robust evaluation of the model parameters. Furthermore, the stationarity criteria were revisited in this fuzzy context, highlighting their theoretical consistency and practical application. The results obtained confirm the value of this approach for the analysis of random phenomena tainted by epistemic uncertainty.
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3. Introduction

More recently, Benimi , CM et al. published article "A fuzzy approach to parameter estimation in autoregressive This article, titled " Models ," deals with fuzzy parameter estimation in autoregressive models, integrating concepts from fuzzy set theory and fuzzy statistics applied to AR processes. Focusing on modeling the operating voltage of an electrical power distribution substation in Kinshasa, the capital of the Democratic Republic of Congo, it proposes an original approach combining probability theory and fuzzy statistics through the fuzzification of time-domain operating voltage data. This methodology allows for the construction of a statistical distribution that incorporates both randomness and measurement imprecision. It leads to the development of a stationary fuzzy stochastic process model suitable for analyzing the electrical grid.
[bookmark: _Toc219836298]N substation                                                
UPN substation is powered by a 30 kV power line , with a voltage of setpoint of 30.5 kV and a maximum overvoltage of 32 kV.
             28kV 30.5kV 32kV

The frequency remains constant at 50 Hz , and the operation reflects the daily consumption of subscribers, which has a periodic character . Given the significant voltage variations, we chose to create a fuzzy distribution based on the substation's operating voltage . The data used corresponds to 24 observations , representing the average monthly voltage over two years of operation.
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Table 1. Average monthly operating voltage of the UPN substation
5. Fuzzification of a statistical series.

The elements of the statistical series are arranged in Table 1. The subsets of are assigned the modality of the element for the maximum frequency of association of pairs , . In other words;
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[bookmark: _Toc203170611][bookmark: _Toc203171971]This procedure results in the definition of a partition according to the characteristics of the character . To make it appear more rigorously, the notations... is the membership function of the character to the nth modality of the character, and we define it with respect to each modality. This implies the following conditions;
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Thus, we have the following table	
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Table 2. Different six-monthly operating voltages
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 Table 3. Frequency of couple association
This gives us the following table
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Starting from which is interpreted as the degree of belonging to the i -th modality of the statistical characteristic X, starting from expression (2) of the Presentation of our statistical series :
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[bookmark: _Toc203170733][bookmark: _Toc203172093][bookmark: _Toc211723075][bookmark: _Toc203170735][bookmark: _Toc203172095]The degree to which statistical units belong to the categories of a characteristic is used to obtain a statistical table in the common sense of the term. A statistical characteristic X is therefore defined as any descriptive fact allowing a partition to be performed on a reference set . We verify that ... gives a first idea of a fuzzy (quantitative and discrete) characteristic denoted by ... The value of any statistical unit does not necessarily correspond to a unique category of X. Moreover, the correspondence is generally imprecise. By definition represents the truth value of the proposition is worth . In what follows, we will choose to estimate the values of by that of . Consequently, the statistical series relating to the fuzzy nature is represented by Table 5 , in which the statistical units are characterized "more or less" by the modalities of . It should be noted that the value 1 is a special case imposed by the number theory that we examine in the following paragraph.                                  
1 , "does not always mean that equals exactly 1, but that according to the definition of , is the most credible value of . In any case, it is possible to assimilate to a vague number whose definition is recalled below. 
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We will agree to call the characteristic diagram of the fuzzy number the graphical representation of the values of the membership function in the most general case. Then it represents the measurement of a quantity within its interval of uncertainty.
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Fig. 1. Representation of and case of Snel / UPN

In this case, it means that is exactly one of the values of . By definition, we have ;

[bookmark: _Toc203170742][bookmark: _Toc203172102]            
[bookmark: _Toc203170743][bookmark: _Toc203172103][bookmark: _Toc211723081][bookmark: _Toc212911183][bookmark: _Toc216082104][bookmark: _Toc216211702][bookmark: _Toc219762453][bookmark: _Toc219833903][bookmark: _Toc219834569][bookmark: _Toc219835570][bookmark: _Toc219836470]
The membership function takes the value 1 for the most credible value of the fuzzy number; we can then understand the reason why the membership functions are currently estimated by the ratio . 
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Fig. 2. Representation of Snel /UPN case
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[bookmark: _Toc203170749][bookmark: _Toc203172109][bookmark: _Toc211723087][bookmark: _Toc212911189][bookmark: _Toc216082110][bookmark: _Toc216211708][bookmark: _Toc219762459][bookmark: _Toc219833909][bookmark: _Toc219834575][bookmark: _Toc219835576][bookmark: _Toc219836476]Fuzzy expectation is, in other words, an arithmetic mean of , denoted . It is expressed by the expression ;

                 	  denotes the "fuzzy sum" operator
The addition of two fuzzy numbers and is the fuzzy subset  such as :
	            
zadet 's extension theory , we can write:
                           
                                     With 
The different y-values found are related to the different paths found in our trees. Each tree has 64 paths, and in our trees, there are some paths that are similar in terms of y-values. We will use the part tree to make it easier to accurately calculate the expected value.
                           
For​ 
   
           Hence 
For 
     
=  . Hence         
For 
     
= . From where
For 
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Starting from , each path found gives us a value of which may or may not resemble each other with different degrees of belonging.
For example, the first path gives us; 
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After several paths per iteration, we have a total of 64 paths; we can conclude with this path: For 

   
                        .
                          
Hence

The summons is valid;
                              .
.

Of all our different fuzzy sums, the one with the most precise degree of membership is because the degree of membership is 1 for the sum of 121. The mathematical expectation is given by the expression;

                      
=   
From this we can form a fuzzy triangular number of fuzzy mathematical expectation, thus we have;
                           
                           
7. Concept of fuzzy variance

Fuzzy variance is a dispersion parameter of a fuzzy distribution (a distribution made up of fuzzy numbers) of a random variable.
Noted . It is expressed by the expression:	
.
                                                                      With is the fuzzy mean
Starting from the illustration, our fuzzy mathematical expectation has a mode of 30.25Kv because the value of the mean whose membership function is 1. We will calculate the fuzzy variance for each .
	      
	
	
	
	

	28kV
	v/0.332
	v/0
	v/0.332
	v/0

	29.5kV
	 Kv/0.666
	Kv/0.666
	Kv/1
	Kv/0.332

	30.5kV
	Kv/1
	 Kv Kv/1
	Kv Kv/0.332
	Kv Kv/1

	32kV
	Kv/0
	Kv/0.332
	Kv/0.332
	Kv/0.666


	Table 6. Different voltage of
Starting from the expression  
                                      
                                                                            Gold 
Thus, the expression for variance can be written;
                                  
We have the distribution
	      

	
	
	
	

	28kV
	v/0.332
	v/0
	v/0.332
	v/0

	29.5kV
	0.5625 kV / 0.666
	0.5625 kV / 0.666
	0.5625 Kv /1
	0.5625 kV / 0.332

	30.5kV
	0.0625 kV /1
	0.0625 kV /1
	0.0625 kV / 0.332
	0.0625 kV /1

	32kV
	3.0625 Kv /0
	3.0625 kV / 0.332
	3.0625 kV / 0.332
	3.0625 kV / 0.666


Table 7. Different voltages of
Our distribution is a fuzzy number distribution, which always requires that we be able to associate each value with its degree of membership. Referring to the membership function, and using the part tree to calculate the fuzzy mean, we will now use the tree to calculate the fuzzy variance. Thus, here are the different sums of the expression we will find using the membership function. This will allow us to determine the fuzzy variance.
Thus, the result of the expression is;

   .
          
But the variance is ;                             
        = 
Of all our different fuzzy variances, the one with a membership degree of 1 is of interest to us . We are dealing with a unimodal fuzzy variance, which explains why it is a triangular number.	
8. Fuzzy autocovariance and autocorrelation function
Fuzzy autocovariance function

Autocovariance is a function that studies the relationship between the process and the process shifted by step ( ) . Hence, the autocovariance function is represented by the expression : 
                            					            
autocovariance function is said to be fuzzy if it studies the relationship that exists between the process and the process . Hence, the processes are forms of fuzzy numbers.
                                             
Which gives:
                         
Let's ask 
From our illustration, we can calculate the autocovariance of our fuzzy distribution using Zadet 's extension method for multiplication and addition.
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	Kv
	
	
	
	

	
	30.5kv
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	32kv
	Kv
	
	
	
	

	

	28kv
	Kv
	

	28kv
	Kv
	5.0625kV

	
	29.5kv
	Kv
	
	29.5kv
	Kv
	0.5625kV

	
	30.5kv
	Kv
	
	30.5kv
	Kv
	0.0625kV

	
	32kv
	Kv
	
	32kv
	Kv
	3.0625kV

	

	28kv
	Kv
	

	28kv
	Kv
	5.0625kV

	
	29.5kv
	Kv
	
	29.5kv
	Kv
	0.5625kV

	
	30.5kv
	Kv
	
	30.5kv
	Kv
	0.0625kV

	
	32kv
	Kv
	
	32kv
	Kv
	3.0625kV

	

	28kv
	Kv
	
	28kv
	Kv
	5.0625kV

	
	29.5kv
	Kv
	
	29.5kv
	Kv
	0.5625kV

	
	30.5kv
	Kv
	
	30.5kv
	Kv
	0.0625kV

	
	32kv
	Kv
	
	32kv
	Kv
	3.0625kV


Table 8. First-order autocovariance
We will determine the degree of membership for each value found relative to the fuzzy number with  
.
And
Starting from the empirical expression of the autocovariance function with respect to the result, we have;
.
	 .
Hence
                         
When we consider our results, there is no value with a membership degree of 1. The highest degree is 0.332. Therefore, we will take the partial autocovariances with a membership degree of 0.332 to calculate the different autocorrelation functions.    

When we take into account our results, there is no value with a membership degree of 1. The highest degree is 0.332. Hence, we will take the partial autocovariance with a membership degree of 0.332 to calculate the different autocorrelation functions.    
8.2. Fuzzy autocorrelation function

The autocorrelation function is a function that studies the relationship between the process and the process shifted by a step size ( ) . Hence, the autocorrelation function is represented by the expression :                                                                                                                                                                                                                                                                           
                                        .
Gold    
· 
Searching for the membership function,
                       
·     
Searching for the membership function,
                       
· 
Searching for the membership function ,
                       
·        
Searching for the membership function,
                       
· .
Searching for the membership function,
                       
·    
Searching for the membership function,
                       
· 
Searching for the membership function,
                       

We observed that all the different autocorrelation functions have a membership degree greater than 0.332. Our model is made up of partial autocorrelation functions because there is no total autocorrelation function, i.e., no autocorrelation function whose membership degree is 1.
[bookmark: _Toc212911190][bookmark: _Toc219835577][bookmark: _Toc219836477]9. Fuzzy parameter estimation of the fuzzy autoregressive model

Starting from the fuzzy autocorrelation function, we can determine the fuzzy parameter of the fuzzy autoregressive part. The expression that allows us to calculate it is as follows, while respecting the membership function of each autocorrelation function, which will allow us to determine the membership function of each parameter found for each model and explains the different partial model that we will estimate. Now, we have a fuzzy model with a single fuzzy variance that has a membership degree of 1. This explains the number of lags in the process, which forms the partial model;

We will determine the value of by the following expression for all the different coefficients of the model.
                 
For : 
Hence
For : 
Hence
For : 
Hence
For : 
Hence
For : 
Hence
For : 
Hence
For : 
Hence

autocovariance functions of the fuzzy autoregressive process of order
1. The expression of the model;

Which gives;                        
  
10. Conclusion
Based on our study, we estimated the fuzzy stochastic parameters and the coefficient of the fuzzy model. Among the estimated fuzzy stochastic parameters, the expected value and variance are triangular fuzzy subsets of mode 1, while the fuzzy autocovariance and fuzzy autocorrelation are triangular fuzzy subsets of mode 0.332. This explains the partiality of our fuzzy autoregressive process model.

We concluded that the fuzzy autocovariance function , fuzzy autocorrelation function, and fuzzy variance are essential stochastic parameters for estimating the coefficients of a fuzzy model of the autoregressive process, which even explains the stationarity of a stochastic process. In the fuzzy environment, we distinguish two types of fuzzy autoregressive process models; this distinction takes into account the degree to which fuzzy stochastic parameters are included. Thus, we have:

· The partial model of the autoregressive process and
· The complete model of the autoregressive process

In the classical model, parameter estimation resulted in a single model with the estimated parameter, whereas in a fuzzy model, estimation leads to several models of the same order, with the parameter and coefficient of the model being fuzzy numbers and their degree of membership. The fuzzy model allows us to estimate any practical reality adapted to our realities.
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