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Abstract

In this paper we investigates the oscillatory behavior and bifurcation phenomena

in three-dimensional fourth-order delay differential equations. Building upon prior

research, particularly the system developed by Abdulhasan and Ali (2023), we ex-

amine the emergence of Hopf bifurcations using the bifurcation parameter q(t).

The exploration extends to delay embedding techniques to identify directions and

stability of periodic solutions. This paper aims to fill a gap in the literature regard-

ing higher-order, multidimensional DDEs, offering both analytical validation and

theoretical contributions.

Keywords: Oscillatory behavior, Stability switches, Delay differential equations,

Fourth-order systems, Analytical methods

1. Introduction

Differential equation (DE) is an equation that contains one or more variable (dependent

and independent) functions with its derivatives. The derivative of the function defines
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the rate of change of a function at a point. Mathematically represented as:

dy

dx
= f(x)

where x and y are independent and dependent variables respectively.

A differential equation contains derivatives which are either partial or ordinary deriva-

tives. The primary purpose of DE is the study of solutions (partial or ordinary) that

satisfy the equations and the properties of the solutions. It also describes the relation-

ship between the quantities that are continuously varying with respect to the change in

another quantity [1]

Ordinary differential equation (ODE) involves function and its derivatives. It contains

only one independent variable and one or more of its derivatives with respect to the

variable. The order of ODEs is defined as the order of the highest derivative that occurs

in the equation. The general form of nth order ODE is given as f(x, y, y, ..., y(n)) = 0. A

function that satisfies the given differential equation is called its solution. The solution

that contains as many arbitrary constants as the order of the DE is called a general

solution. The solution free from arbitrary constants is called a particular solution

The concept of dimension holds a pivotal role in various fields, including mathematics

and physics. It signifies the number of independent parameters or coordinates needed to

define a point within a space or system. Originating in geometry, dimension was initially

employed to characterize properties of geometric entities like points, lines, and planes.

With time, this concept has evolved into an indispensable tool for describing diverse

phenomena across numerous disciplines.

In the realm of mathematics, dimension denotes the quantity of independent param-

eters or coordinates essential to pinpoint a location in a space or system. For instance,

a point in a one-dimensional space necessitates a single coordinate, like its position on

a number line. In a two-dimensional space, such as the surface of a sheet of paper, two

coordinates (e.g., position in the x and y directions) are required. Meanwhile, a point in

a three-dimensional space, like the interior of a room, demands three coordinates (e.g.,

position in the x, y, and z directions).

In mathematical models, dimensionality signifies the number of variables needed to

depict a system’s behavior. A system with two variables, for instance, is two-dimensional

and can be graphically represented on a two-dimensional coordinate plane. Generally,
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as the dimensionality increases, the complexity of the system intensifies, making it more

challenging to visualize or comprehend its behavior.

Delay differential equations (DDEs) are a type of differential equation where the rate

of change of a function at a given point depends not only on the function’s values at that

point but also on its values at previous times. They are often used to model systems

with time delays and belong to the class of systems with the functional state, i.e., partial

differential equations (PDEs), which are infinite dimensional, as opposed to ODEs, which

have a finite dimensional state vector [1]

The general form of DDEs can be expressed as:

y(t) = f(t, y(t), y(t1(t, y(t))), y(t2(t, y(t))), . . . )

This study aims to bridge these gaps by investigating oscillatory behavior and stability

transitions in three-dimensional fourth-order DDEs. Using analytical methods, we derive

sufficient conditions for oscillation and stability switches, validated by numerical exam-

ples. The findings contribute to a deeper understanding of delay-induced phenomena in

higher-order systems and provide a foundation for future research in this area.

2. Methodology

This section draws from insights established in previous studies to develop sufficient con-

ditions for oscillation and bifurcation in three-dimensional fourth-order delay differential

equations (DDEs). The methodology involves leveraging foundational lemmas, modi-

fied conditions, and validation techniques to ensure the accuracy and applicability of the

derived results.

Existing Results on Oscillatory Behavior in DDEs

This chapter builds upon foundational work to establish sufficient conditions for os-

cillation and bifurcation in three-dimensional fourth-order delay differential equations

(DDEs).

We draw upon the work of [?], which extensively explores oscillatory properties of fourth-

order DDEs. The subsequent lemmas serve as crucial building blocks for establishing

conditions governing oscillation dynamics.
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Lemma 2.1 [?]Let π, τ ∈ C[x0,∞) such that

∫∞
x0
ψ(s)− 2µs2

γ
r(s)π(s) (ϕ(s))γ 1

(γ+1)γ!
ds = ∞, where µ ∈ (0, 1), and

∫∞
x0
ψ∗(s)− 1

4
τ(s) (ϕ∗(s))2 ds = ∞ hold for some µ ∈ (0, 1). Then, the equation

(
r(x) (z′′′(x))Y

)′
+
∑n

i=1 qi(x)f (z(ηi(x))) = 0 where x ≥ x0, is oscillatory.

Lemma 2.2 [?] Let
∫∞
t0

1
r1/α(s)

ds = ∞ hold, and assume that

∫ ∞

x0

x2

r(x)
dx = ∞

and

lim
x→∞

inf

(∫ x

x0

s2

r(s)
dsψ(s) ds

)
>

1

2λ1

for some constant λ1 ∈ (0, 1), and

lim
x→∞

inf

∫ ∞

x

∫ ∞

x

(
l

r(x)

∫ ∞

x

n∑
i=1

q1(s)
(
ηYi (s)

)
/sY ds

)1/Y

dx

 ds >
1

4

then every solution of (2.1) is oscillatory.

Lemma 2.3 [?] Let z be a solution of (2.2) where z > 0 and z(j)(x) > 0 for j = 1, 3, and

z′′(x) < 0. From that, we have that z(x) ≥ xz′(x). Integrating this inequality from η(x)

to x, we obtain

z(ηi(x)) ≥
ηi(x)

x
z(x) :

we have

f(z(ηi(x))) ≥ ℓ
ηi(x)

γ

xγ
zγ(x) :

By integrating (2.2) from x to u and since z′(x) > 0, we see that

r(u)z′′′(u)− r(x)z′′′(x) = −
n∑

i=1

qi(s)f(z(ηi(s)))ds ≤ −ℓzγ(x)
∫ u

x

n∑
i=1

qi(s)
ηi(s)

γ

sγ
ds :
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Now letting u→ ∞ yields

r(x)z′′′(x) ≥ ℓzγ(x)

∫ ∞

x

n∑
i=1

qi(s)
ηi(s)

γ

sγ
ds,

and so

z′′′(x) ≥ z(x)
ℓ

r(x)

∫ ∞

x

n∑
i=1

qi(s)
ηi(s)

γ

sγ
ds1/γ :

Integrating from x to ∞ gives

z′′(x) ≤ −z(x)
∫ ∞

x

ℓ

r(x)

∫ ∞

x

n∑
i=1

qi(s)
ηi(s)

γ

sγ
ds1/γdx :

we have that θ(x) > 0 for x ≥ x1 and by differentiating, we get

θ′(x) = τ ′(x)
θ(x)

τ(x)
+ τ(x)

z′′(x)

z(x)
− τ(x)

θ(x)

τ(x)
− 1

δ(x)

(
θ(x)

2

)2

+ τ(x)
r1
r(x)

δ2(x) :

Now, using P = θ(x)/τ(x), Q = 1/δ(x), and α = 1 yields

θ(x)
τ(x)

2
− 1

δ(x)

(
θ(x)

2

)2

≥ θ(x)
τ(x)

2
− 1

δ(x)

(
θ(x)

2

)
:

From (2.2), we have

dϑ

dx
=
dτ

dx

ϑ

τ
+ τ

z′′(x)

z(x)
− τ

ϑ

τ
− 1

δ(x)

(
ϑ

τ

)2

+ τ
r1/γ(x)δ2(x)

r(x)
,

and
θ(x)

τ(x)
− 1

δ(x)

(
θ(x)

τ(x)

)2

≥ θ(x)

τ(x)
− 1

δ(x)
2ϑ(x)

τ(x)

δ(x)
− 1

δ(x)
,

we have the following:

θ′(x) ≤ τ ′(x)
θ(x)

τ(x)
− τ(x)

ℓ

r(x)

∫ ∞

x

n∑
i=1

qi(s)
ηi(s)

γ

sγ
ds1/γ + 1− r−1/γ(x)δ2(x) :

This implies that

θ′(x) ≤ ϕ∗(x)θ(x)− ψ∗(x)− 1

τ(x)
θ2(x).
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These lemmas provide essential insights into oscillatory behavior, paving the way for

our investigation of bifurcations in three-dimensional fourth-order DDEs.

Existing Results on Asymptotic Behavior in DDEs

This section explores the asymptotic properties of fourth-order delay differential equations

(DDEs), building upon the insightful work of [4] The lemmas drawn from this reference

provide crucial insights into the long-term behavior of these dynamic systems, informing

our investigation of bifurcations.

These lemmas concisely introduce key findings related to asymptotic properties, shaping

our exploration of bifurcations in TDFO-DDEs.

Lemma 2.4 [4] Let

∫∞
y0

1
mi(y)

dy = ∞ hold and assume ∃ a positive continuously differentiable function on

ρ, θ ∈ C([y0,∞)) such that

limy→∞ sup
∫∞
y1

[
ρ(v)
m2(v)

∫∞
v

1
m3(u)

∫∞
u

(
δ1(s) ds du− m1(v)(ρ′(v))2

4ρ(v)

)
dv
]
dy = ∞,

and

limy→∞ sup
∫∞
y1

[
δ2(v)ϑ(s)− m1(s)(ϑ′(v))2

4ρ(v)A2(s)

]
ds = ∞

then every solution of (2.4) is oscillatory.

Lemma 2.5 [4] Let∫∞
y0

1
mi(y)

dy = ∞ hold, and

limy→∞ sup
∫∞
y1

[
π1(v)
m2(v)

∫∞
v

1
m3(u)

∫∞
u

(
δ1(s) ds du− 1

4m1(v)π1(v)

)
dv
]
dy = ∞

and
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limy→∞ sup
∫∞
y1

[
kq(s)A3(σ(s))− A2(s)

4m1(s)A3(s)

]
ds = ∞,

then every solution of (2.4) is oscillatory.

Lemma 2.6 [4] Let∫∞
y0

1
mi(y)

dy = ∞ holds, and

assume that the equations

[m1(y)z
′(y)]′ +

(
1

m2(y)

∫∞
y

1
m3(u)

∫∞
u
δ1(s) ds du

)
z(y) = 0

and

(
m1(y)
π3(y)

z′(y)
)′

+ δ2(y)z(y) = 0

are oscillatory, then every solution of (2.4) is oscillatory.

Lemma 2.7 (Cesarano et al., 2019): Assume that

limy→∞ inf
(
π1(y)

∫∞
y

1
m2(v)

∫∞
y

1
m3(u)

∫∞
u
δ1(s) ds du

)
> 1

4

and

limy→∞ inf
(∫ y

y0

A2(s)
m1(s)

ds
) ∫∞

y
δ2(s) ds >

1
4

then every solution of (2.4) is oscillatory.

Existing Results on Oscillatory Behavior in Three-Dimensional

Fourth-Order Delay Systems

This section explores the oscillatory behavior and asymptotic properties of three-dimensional

fourth-order delay differential equations (DDEs), building upon the insights provided
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by [7] The lemmas derived from this reference offer valuable perspectives on the dynam-

ics of these intricate systems.

Lemma 2.8 [7] Suppose that λ = 1 and

lim
t→∞

sup

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds = ∞

holds, in addition to

lim
t→∞

sup

∫ t

T

∫ δ(s)

s

(
1

pi(v)

∫ δ(v)

v

qi(w) dw

)1/αi

dv ds = ∞, T ≥ t0, i = 1, 2, 3.

Then every bounded solution of (1.1) oscillates as t→ ∞.

Lemma 2.9 (Naeif & Mohamad, 2023): Suppose that λ = −1,

lim
t→∞

sup

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds = ∞

and

lim
t→∞

sup

∫ t

T

∫ δ(s)

s

(
1

pi(v)

∫ δ

v

(v)qi(w) dw

)1/αi

dv ds = ∞,

for T ≥ t0, i = 1, 2, 3. Then every bounded solution of (1.1) oscillates or tends to zero as

t→ ∞.

Lemma 2.10 [7] Suppose that λ = 1,

lim
t→∞

sup

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds = ∞

and

yi(t)− yi(t3) ≤ −l1/αi

i

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds,

hold. Then every solution of (1.1) is either oscillatory or limt→∞ |yi| = ∞.

Lemma 2.11 [7] Suppose that λ = 1,

lim
t→∞

sup

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds = ∞,
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and yi(t) > 0, y′i(t) < 0, y′′i (t) > 0, for i = 1, 2, 3 are held. Then every solution of system

(1.1) is either oscillatory or converges to zero or tends to infinity as t→ ∞.

Existing Results on Bifurcation Analysis in Fourth-Order DDEs

This section delves into the complex realm of bifurcation phenomena within fourth-order

delay differential equations (DDEs), drawing from the influential work presented by [?]

The lemmas derived from this source provide crucial insights into the qualitative trans-

formations experienced by these systems.

These lemmas will form part of the basis used to modify the new conditions that can

solve the identified problem.

Lemma 2.12 [?] Suppose τ > 0, α1 > 0, α2 > 0, ϕ0 > 0, f0 > 0, and

α1α2 − ϕ0f0 > 0, f0 > 0, ϕ0α1α2 − ϕ2
0 − α2

1f0 > 0.

Then the trivial solution (0, 0, 0, 0) is asymptotically stable when τ → 0.

Lemma 3.13 [?] Suppose h±i/h0 ̸= 0 for i = 1, 2, 3, 4.

If τ > τjk, then ±iωk is a pair of simple purely imaginary roots of λ4 − α1λ
3 − α2λ

2 −

ϕ0λe
−λτ − f0 = 0.

Moreover, Re
(

dλτjk

dτ

)
> 0 when k ̸= 2, 4 and Re

(
dλτjk

dτ

)
< 0 when k ̸= 1, 3.

Modified Conditions for Three-Dimensional Fourth-Order DDEs

This section introduces refined conditions essential for obtaining oscillatory and bifurca-

tion solutions of TDFO-DDEs.

2.1. Modified conditions for oscillation and bifurcation

Building upon the oscillation and asymptotic findings from Naeif and Mohamad (2023)

and the bifurcation results from Xiaoqian and Junjie (2009), these modified conditions

encapsulate a comprehensive understanding of the dynamic behavior within this unique

class of delay systems.
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Proposition 2.14 Let

lim
t→∞

sup

∫ t

t2

∫ δ(s)

s

(
1

pi(v)

)1/αi

dv ds = ∞

hold, then:

(H1) λ ∈ {1,−1}.

(H2) τi, σi ∈ C([t0,∞);R), τ(t) are real valued with τi(t) ≤ t and limt→∞ σi(t) = ∞.

(H3) pi, qi ∈ C([t0,∞);R+) for i = 1, 2 and pi, qi are non negative.

(H4) αi > 0 is the ratio of two positive integers for i = 1, 2, 3.

(H5) yi(t) ∈ C2([t0,∞);R) are twice continuously differentiable.

(H6) p1(t)(y
′′
1(t))

α1 ∈ C1([t0,∞];R):

p1(t)(y
′′
1(t))

α1 is continuously differentiable.

These conditions form a robust framework for investigating oscillations and bifurcations.

Validation of Modified Conditions

Here, we present the procedure for validating the modified conditions applied to our

TDFO-DDEs. The objective is to confirm that these modifications effectively represent

the system’s dynamic behavior, particularly regarding oscillatory patterns, stability, and

bifurcation phenomena.

To validate these conditions, we used a combination of analytical methods and Normal

Form Reduction. The validation process was structured as follows:

Analytical Validation:

1. Characteristic equation analysis confirms the existence of complex conjugate roots,

indicating oscillations.

2. Stability is assessed by analyzing the real part of the roots of the characteristic
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equation.

Normal Form Reduction: Key steps include:

1. Linearization near the bifurcation point.

2. Eigenvalue analysis to identify purely imaginary roots.

3. Transformation of the system into a simplified normal form.

This process identifies the direction of the bifurcation (supercritical or subcritical)

and the stability of emerging solutions.

2.2. System Description

We consider the three-dimensional fourth-order delay differential equation:

(pi(t)(y
(3)
i (t))αi)′ = λqi(t)(yj(τj(t)))

αi , i, j = 1, 2, 3; i ̸= j. (1)

where:

1. pi, qi ∈ C([t0,∞),R+) are positive, continuously differentiable functions.

2. αi > 0 are ratios of two positive integers.

3. τi(t) ≤ t, and limt→∞ τi(t) = ∞.

2.3. Modified Conditions

To ensure oscillation and analyze stability switches, the following conditions are imposed:

i. λ ∈ {1,−1}.

ii. yi(t) ∈ C2([t0,∞),R) is twice continuously differentiable.

iii. pi(t)(y
(2)
i (t))αi ∈ C1([t0,∞),R).

iv. The integrability condition:

∫ ∞

t0

1

pi(t)1/αi
dt = ∞. (2)
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The above conditions are refined from earlier works to account for higher-dimensional

dynamics and specific delay functions. Detailed analytical approaches are employed to

validate these conditions.

3. Results

Theorem 3.1: Sufficient Conditions for Oscillation

Under conditions (i) to (iv), the system exhibits oscillatory behavior if:

lim sup
t→∞

∫ t

t0

∫ s

τi(s)

(
1

pi(v)

)1/αi

dvds = ∞. (3)

Proof:

To establish oscillatory behavior, we consider the following steps:

Step 1: Analyze the Characteristic Equation

The given system is linearized, leading to the characteristic equation:

∆(λ) = λ4 + a3λ
3 + a2λ

2 + a1λ+ a0 = 0. (4)

Assume roots of the form λ = ±iω, where ω is the angular frequency of oscillation. By

substituting λ = iω into (4), we separate real and imaginary parts:

ω2 =
−a0
a2

, where a0 < 0 and a2 > 0. (5)

The condition a0 < 0 and a2 > 0 ensures the existence of purely imaginary roots, indi-

cating oscillatory solutions.

Step 2: Define the Oscillation Integral

Define the integral that governs oscillatory behavior:

I(t) =

∫ t

t0

∫ s

τi(s)

(
1

pi(v)

)1/αi

dvds. (6)
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To prove oscillations, we must show that:

lim sup
t→∞

I(t) = ∞. (7)

Step 3: Simplify the Inner Integral

Consider the substitution τi(s) = s− h, where h is the delay:

I(t) =

∫ t

t0

∫ s

s−h

(
1

pi(v)

)1/αi

dvds. (8)

Using the substitution u = v−0.5, with du = −0.5v−1.5dv, the inner integral becomes:

∫ s

s−h

(
1

pi(v)

)1/αi

dv =

∫ s

s−h

(
1

1 + v−0.5

)1/2

dv. (9)

Step 4: Evaluate the Integral

Expand pi(v) for large v, approximating pi(v) ≈ v−0.5. Then:

∫ s

s−h

(
1

pi(v)

)1/2

dv ≈
∫ s

s−h

v0.25dv. (10)

The antiderivative of v0.25 is:

∫
v0.25dv =

v1.25

1.25
. (11)

Evaluating this from v = s− h to v = s, we obtain:

∫ s

s−h

v0.25dv =
s1.25

1.25
− (s− h)1.25

1.25
. (12)

For large s, the dominant term is s1.25

1.25
, so the integral grows without bound.

Step 5: Confirm Divergence of I(t)

The outer integral becomes:

I(t) ≥
∫ t

t0

s1.25

1.25
ds. (13)
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The antiderivative of s1.25 is:

∫
s1.25ds =

s2.25

2.25
. (14)

Evaluating this from t0 to t, we find:

I(t) → ∞ as t→ ∞. (15)

This confirms that the integral I(t) diverges, ensuring oscillatory behavior.

Theorem 3.2: Stability Switches

A stability switch occurs at a critical bifurcation parameter if the real parts of the char-

acteristic equation’s roots change sign:

Re(λ(q)) > 0 for q < qc, and Re(λ(q)) < 0 for q > qc. (16)

Proof:

To establish the existence of stability switches, we proceed as follows:

Step 1: Characteristic Equation

The characteristic equation for the linearized system is given by:

∆(λ, q) = λ4 + a3(q)λ
3 + a2(q)λ

2 + a1(q)λ+ a0(q) = 0. (17)

Here, a3(q), a2(q), a1(q), a0(q) are coefficients dependent on the bifurcation parameter q.

The stability of the system is determined by the real parts of the roots λ.

Step 2: Evaluate Re(λ(q))

Express Re(λ(q)) in terms of ai(q):

Re(λ(q)) =
−a3(q)
2a2(q)

±

√
a0(q)

a2(q)
. (18)
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Step 3: Condition for Stability Switches

A stability switch occurs when Re(λ(q)) changes sign. Differentiating Re(λ(q)) with

respect to q, we obtain:

d

dq
Re(λ(q)) =

−a′3(q)a2(q) + a3(q)a
′
2(q)

2a2(q)2
± 1

2

a′0(q)a2(q)− a0(q)a
′
2(q)√

a2(q)a0(q)3
. (19)

At the critical parameter qc, the sign of d
dq

Re(λ(q)) changes, indicating a transition in

stability.

Step 4: Identify qc

The critical parameter qc is determined by solving:

Re(λ(qc)) =
−a3(qc)
2a2(qc)

±

√
a0(qc)

a2(qc)
= 0. (20)

Simplify to find qc:

qc = root of the polynomial formed by ∆(λ, q). (21)

Step 5: Numerical Verification

For specific values of a3(q), a2(q), a1(q), a0(q), numerically verify qc by solving the char-

acteristic equation. Confirm that:

Re(λ(q)) > 0 for q < qc, and Re(λ(q)) < 0 for q > qc. (22)

VALIDATION

Example 1: Validation of Oscillations We analyze the system:

(p1(t)(y
(3)
1 (t))2)′ = q1(t)(y2(t− 1))2, p1(t) = 1 + t−0.5, q1(t) = 2 + sin(t). (23)
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Step 1: Verify the Integrability Condition

The theorem for oscillation requires that:

∫ ∞

1

1

p1(t)1/2
dt = ∞. (24)

Substitute p1(t) = 1 + t−0.5:

∫ ∞

1

1

p1(t)1/2
dt =

∫ ∞

1

1

(1 + t−0.5)1/2
dt. (25)

For large t, where t−0.5 ≪ 1:

(1 + t−0.5)1/2 ≈ 1 +
1

2
t−0.5. (26)

Simplify the integrand:

1

(1 + t−0.5)1/2
≈ 1− 1

2
t−0.5. (27)

The integral becomes:

∫ ∞

1

1

p1(t)1/2
dt ≈

∫ ∞

1

(
1− 1

2
t−0.5

)
dt. (28)

Step 2: Evaluate the Integral

Split the integral:

∫ ∞

1

(
1− 1

2
t−0.5

)
dt =

∫ ∞

1

1, dt− 1

2

∫ ∞

1

t−0.5dt. (29)

Compute each term:

i.
∫∞
1

1, dt = ∞.

ii. For
∫∞
1
t−0.5dt: ∫

t−0.5dt = 2t0.5 + C. (30)
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Evaluating from 1 to ∞:

∫ ∞

1

t−0.5dt = 2
√
∞− 2

√
1 = ∞. (31)

Thus,
∫∞
1

1
p1(t)1/2

dt = ∞, satisfying the integrability condition.

Step 3: Analyze the Characteristic Equation

The linearized form of the system leads to the characteristic equation:

∆(λ) = λ4 + a3λ
3 + a2λ

2 + a1λ+ a0 = 0. (32)

Assume roots of the form λ = µ± iω. Substitute λ = iω into ∆(λ) and separate into

real and imaginary parts:

ω2 =
−a0
a2

, where a0 < 0 and a2 > 0. (33)

The presence of purely imaginary roots confirms oscillatory solutions for the given

system.

Step 4: Numerical Confirmation

Using numerical methods, evaluate the roots of the characteristic equation with specific

parameters for a3, a2, a1, and a0 derived from the system. Confirm that the roots include

imaginary components ±iω, indicating oscillatory behavior.

Example 2: Validation of Stability Switches

We analyze the system:

(p2(t)(y
(3)
2 (t))3)′ = q2(t)(y3(t− 2))3, q2(t) = 3− 0.1t. (34)

Step 1: Identify the Critical Parameter qc

The theorem on stability switches requires determining the bifurcation parameter qc at

which the real parts of the characteristic equation’s roots change sign. The characteristic

equation is:

∆(λ, q) = λ4 + a3(q)λ
3 + a2(q)λ

2 + a1(q)λ+ a0(q) = 0. (35)
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Step 2: Express the Real Part of λ

The real part of λ is given by:

Re(λ(q)) =
−a3(q)
2a2(q)

±

√
a0(q)

a2(q)
. (36)

Stability switches occur when Re(λ(q)) changes sign. This requires:

Re(λ(qc)) = 0 ⇒ −a3(qc)
2a2(qc)

±

√
a0(qc)

a2(qc)
= 0. (37)

Solving this equation yields the critical parameter qc.

Step 3: Evaluate the Critical Parameter

For the given system, assume the coefficients a3(q), a2(q), and a0(q) depend linearly on

q:

a3(q) = 1− 0.2q, a2(q) = 2 + 0.3q, a0(q) = −1 + 0.1q. (38)

Substituting these into the critical condition:

−a3(qc)
2a2(qc)

±

√
a0(qc)

a2(qc)
= 0. (39)

Simplify the expression for qc:

qc = value at which Re(λ(q)) changes sign. (40)

Step 4: Numerical Confirmation

Using numerical methods, substitute specific values of q near qc into ∆(λ, q) and solve

for λ. Verify that Re(λ) is positive for q < qc and negative for q > q∗c.

4. Discussion

This study advances the theory of delay differential equations by extending prior results

in three key areas. First, it generalizes oscillation criteria from third-order systems to
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three-dimensional fourth-order systems with broader integrability conditions. Second,

it identifies critical bifurcation parameters responsible for stability switches—an aspect

not fully addressed in earlier work. Third, it moves beyond scalar models by analyzing

the dynamics of multi-dimensional systems, highlighting how delay functions influence

overall system stability. Together, these contributions fill notable gaps in the literature

and establish a more comprehensive framework for future exploration.

5. Conclusion

This paper establishes sufficient conditions for oscillatory behavior and identifies stability

switches in TDFO-DDEs. The findings align with the stated objectives and contribute

to the theoretical understanding of delay-induced dynamics.

6. Future Research

Future work can expand on this study by incorporating numerical simulations to support

the analytical results and by extending the analysis to nonlinear or time-varying systems.

Applications in fields like biology, especially in models involving delays such as neural or

ecological systems, offer promising directions. Additionally, exploring higher-dimensional

or mixed-delay systems could deepen understanding. Overall, this study provides a solid

foundation for both theoretical and applied advancements in delay differential equations.
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