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	This paper systematically investigates a multigrid finite element method and its convergence theory for a class of second-order Laplace eigenvalue problems subject to periodic boundary conditions. First, we establish the variational formulation of the eigenvalue problem in periodic Sobolev spaces and construct a periodic finite element discretization scheme, deriving the corresponding algebraic eigenvalue problem. Based on this, two shifted-inverse iteration algorithms based on multigrid discretizations are proposed: one based on Rayleigh quotient iteration and the other employing a fixed shift strategy. By introducing the solution operator framework and error measure tools, we analyze in detail the approximation properties of the discrete eigenvalues and eigenfunctions. Under certain regularity conditions, we establish error estimates for the eigenfunctions in the energy norm and negative norm, as well as an upper bound for the eigenvalue error. Theoretical results indicate that the proposed multigrid algorithms achieve optimal convergence orders during mesh refinement, and the convergence is independent of the number of grid levels. Numerical analysis validates the effectiveness of the theoretical results and the robustness of the algorithms.
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1. INTRODUCTION 

Eigenvalue problems with periodic boundary conditions are widely encountered in various physical and engineering fields such as waveguide analysis, photonic crystal band structure calculation, and quantum mechanical periodic potential fields. Such problems typically involve the spectral analysis of the Laplace operator over periodic domains, and their numerical solution holds significant theoretical and practical value. The introduction of periodic boundary conditions requires the function and its normal derivative to satisfy matching conditions on the boundary, which not only affects the self-adjointness and spectral properties of the operator but also imposes higher requirements on the construction and theoretical analysis of numerical methods.

The finite element method has become one of the mainstream numerical methods for solving eigenvalue problems of partial differential equations due to its geometric flexibility and high-precision characteristics. However, finite element discretization on traditional single grids often faces challenges such as high computational cost and slow convergence when dealing with large-scale eigenvalue problems. The multigrid method significantly accelerates the numerical solution process through iterative correction on grids of different scales, making it particularly suitable for the efficient computation of eigenvalue problems. In recent years, eigenvalue iteration algorithms based on multigrid discretization have gradually become a research focus, and their applications in elliptic eigenvalue problems have been initially explored.

This paper is dedicated to studying the multigrid finite element method for second-order periodic boundary eigenvalue problems, with a focus on its convergence theory. In Section 2, we systematically introduce the construction of periodic Sobolev spaces, the establishment of variational formulations, the implementation of periodic finite element spaces, and the basic properties of solution operators and projection operators. Section 3 presents two multigrid iteration schemes: a dynamic shift algorithm based on Rayleigh quotient iteration, and a robust scheme with fixed shift after a certain number of iterations. In Section 4, we establish a series of basic conditions and key lemmas, propose the main convergence theorems of this paper, and prove that as the number of multigrid levels increases, the errors of eigenvalues and eigenfunctions can be controlled by the best approximation errors on the grid levels, with a convergence rate independent of grid parameters. Finally, in Section 5, numerical examples are provided to verify the effectiveness and convergence order of the proposed methods.

The main contributions of this paper are as follows: 
(1) Proposing multigrid shifted-inverse iteration schemes suitable for periodic eigenvalue problems; 
(2) Establishing a comprehensive error estimation framework, covering convergence analysis in both energy norm and negative norm; 
(3) Proving the uniform convergence of the algorithms during mesh refinement, providing theoretical guarantees for practical computations.

2. Preliminaries

2.1 Periodic Eigenvalue Problem and Boundary Conditions 

Consider the eigenvalue problem of the Laplace operator on the region :



Here,  is the eigenvalue and  is the corresponding eigenfunction.
To ensure the smooth boundary continuity of the solution, the function  and its first-order normal derivative must satisfy the following periodic conditions,
-direction (period ):



-direction (period ):



2.2 Periodic Sobolev Spaces and Variational Formulation

Let  be an integer, and define the periodic Sobolev space:

,

Here,  is a multiple indicator, with .
In particular,when , the function is required to be periodic. When , it is also required that all partial derivatives of order  satisfy the corresponding periodicity conditions.

On the space , the variational form of problem (1) is: Find  and  such that:



The bilinear form is defined as:



Remark 2.1 The periodic boundary conditions ((2), (3)) adopted in this paper play the following key mathematical roles:
(1) Self-adjointness: Ensure that  is a self-adjoint operator on , with real eigenvalues and orthogonal eigenfunctions.
(2) Ensure positivity: The boundary terms cancel out during the partition integration, making the bilinear form  symmetric and coercive, thus guaranteeing the existence and uniqueness of solutions to the variational problem (4).
(3) Defining the function space: This establishes the foundation for defining  (with  order partial derivatives satisfying periodicity), thereby creating a rigorous framework for higher-order convergence analysis.

2.3 Discrete Finite Element Method and Discrete Eigenvalue Problem

Let the region  be subdivided into a uniform triangular mesh, with the mesh parameter  representing the maximum triangle side length. Regular triangulation can be employed, such as dividing the rectangular region into two triangles along the diagonal, or a finer Delaunay triangulation can be used.

Define the standard piecewise degree Lagrange finite element space:


where  denotes the space of polynomials of degree at most  on element , and  is the collection of triangular mesh elements.

To impose periodic conditions on the discrete space, define the periodic finite element space:

In implementation, periodic constraints are enforced by equating the function values and their derivatives (if ) at the corresponding boundary nodes, thereby ensuring .

Consider the approximation of problem (4) in: Find  and  such that:



Let  be a basis of . Setting  (where  are unknown coefficients) and substituting into (7) yields the following generalized algebraic eigenvalue problem:



Where , and the elements of the stiffness matrix and mass matrix are respectively:



Remark 2.2 Due to the symmetry and coercivity of  and being preserved at the discrete level, we have:  is a symmetric positive semidefinite matrix, and  is a symmetric positive definite matrix; the eigenvalues are all non-negative real numbers and can be ordered as: .

2.4 Properties of Bilinear Forms and the Solution Operator Framework

For subsequent convergence analysis, we establish the following framework. Let , with norm . The bilinear forms  and  satisfy the following fundamental properties:
Boundedness and coercivity of: There exist constants  such that





In this paper, we adopt the energy norm, which is equivalent to.
Define the norm induced by:

Define the solution operator, such that for any  satisfies:



By the Lax-Milgram theorem,  is a positive definite bounded linear operator.
Define the discrete solution operator , such that:



Define the Ritz projection operator , such that:



It can be easily shown from [15] that , and as , .
Since  (i.e., the energy space embeds compactly into its dual), there exists a constant  such that



By the definition of the negative norm, the above inequality implies:



Furthermore, for the discrete solution operator , for any , there exists  with the following estimates:





The continuous eigenvalue problem (4) is equivalent to the operator eigenvalue problem:



The discrete eigenvalue problem (7) is equivalent to:



Theorem 2.1 (Operator Error on the Eigenspace)
Let be the eigenfunction space corresponding to the continuous eigenvalue , and.
Define the best approximation error of the eigenfunction in the discrete space as:



Then the following estimate holds:



Proof: For any , from the eigen-equation, we obtain: .
Consider the discrete solution operator . We have:

.

On the other hand, by the definition of the Ritz projection (15):

.

Therefore:

.

That is:

.

Hence:

.

So:

.

Taking the supremum over  on both sides, and noting that , we obtain:.

2.5 Error Measures
This paper introduces two error measures related to the mesh parameter  to quantitatively analyze the convergence of the multigrid algorithms:  is used to characterize the overall approximation capability of the solution operator, and  is used to describe the best approximation error of the eigenfunction. We will prove that the eigenvalue error can be controlled by the square of , and  itself is controlled by , thereby constructing a complete chain of error estimates.
Approximation error:



Eigenfunction approximation error:



Where , and is the eigenfunction space corresponding to the eigenvalue. When the mesh is sufficiently fine, we have:



These error quantities will play a crucial role in the subsequent error estimates.
Proof: For any, from the proof of Theorem 2.1, we know and . Therefore:

,

Taking the supremum yields:.

3. Shifted-Inverse Iteration Methods Based on Multigrid Discretizations

Let  be a family of nested periodic finite element spaces, satisfying:

,

where     … are mesh parameters (e.g., mesh size, with smaller  indicating finer meshes); as , . Typically,  is the coarse grid space, and subsequent spaces are obtained through adaptive or uniform refinement.

We propose the following two shifted-inverse iteration algorithms based on multigrid discretizations.

3.1 Multigrid Scheme Based on Rayleigh Quotient Iteration
Step 1. Solve the eigenvalue problem (4) on the coarse grid space  to obtain the initial approximate eigenpair , such that , and



Step 2. Set , ,.
Step 3. Solve the linear system on the current grid space  to find , such that:



Set .
Step 4. Compute the Rayleigh quotient: .
Step 5. If(prescribed number of iterations), output ; otherwise set  and return to Step 3.
Remark 3.1 When is too small, (26) becomes a nearly singular linear equation, which can cause difficulties in practical computation. This motivates us to consider choosing a suitable integer  to establish the following scheme.

3.2 Multigrid Scheme with a Fixed Shift
Given the number of iterations and a parameter.
Steps 1—4 are the same as Steps 1—4 in Scheme 3.1.
Step 5. If  (prescribed threshold), set ,  and proceed to Step 6; otherwise set  and return to Step 3.
Step 6. Solve the linear system on  to find , such that:



Set .
Step 7. Compute the Rayleigh quotient .
Step 8. If, output; otherwise set and return to Step 6.
Let  be the  eigenpair of (25). Then  obtained from Algorithm 3.1 or 3.2 is the approximation to the  eigenpair of (4). In the following, we will also denoteand .

4 THEORETICAL ANALYSIS
In the following discussion, let and  denote the  eigenpairs of problems (4) and (7), respectively, and set , ,  (the eigenspace for eigenvalue ),  (the discrete eigenspace). Denote  (the distance from function to set  in the  norm). To clarify that the constants in the error estimates are independent of the mesh size and the number of iterations, we introduce positive constants and conditions as follows:
Condition 4.1 There exists  such that: , where  is an approximate eigenvalue of ,  is the approximate eigenfunction obtained via Algorithm 3.1 or Algorithm 3.2, and is the separation constant for the eigenvalue .
Condition 4.2 (Mesh Convergence Order Condition)
Assume there exist constants  and sequences , such that: .
Remark 4.1 This condition indicates that as the mesh refines (increases), both the eigenfunction approximation error  and the approximation error  decay at a polynomial rate, consistent with the usual error decay patterns of finite element mesh refinement.
Condition 4.3 For any given , there exists  such that: .
Condition 4.4 For any given number , there exist  such that:.
Remark 4.2 If Condition 4.4 holds, then Condition 4.3 also holds; the converse is not true.
First, we introduce the basic lemmas required for the analysis.
Lemma 4.1 Let  and  be the  eigenvalues of problems (4) and (7), respectively. Then there exists a positive constant such that when, the following conclusions hold,
(Discrete approximates continuous) For any eigenfunction  corresponding to (satisfying ), there exists a continuous eigenfunction  (satisfying), such that:





(Continuous can be approximated by discrete) For any continuous eigenfunction , there exists a discrete eigenfunction such that:



where the constants  and  are positive and depend only on the continuous eigenvalue .
Proof: The proof can be found on page 699 of [15], as well as in Lemma 3.7 and Equation (3.29b) of [16].
Lemma 4.2 Let be an eigenpair of (4) with . Then for any  satisfying , the Rayleigh quotient  satisfies:



Proof: The proof can be found on page 699 of [15].
Lemma 4.3 (Normalized Error Estimate) For any non-zero , it holds that:



Proof:




Similarly, the second inequality can be derived in the same way.
Lemma 4.4 (Rayleigh Quotient Error Estimate)
Let  (where  is the eigenspace corresponding to the eigenvalue  in (4)),  with ,and  (where  is the embedding constant satisfying  for all ). Then the Rayleigh quotient  satisfies:



where , and  depends only on  and .
Proof: From Lemma 4.2 (Rayleigh Quotient Representation), we have:



Using the condition , together with (17) and Lemma 4.3, we obtain:



In (4), set . After normalizing , we obtain , which yields:

.

From (17), we know: .
Therefore:



Let , then:



This completes the proof.

Next, we will prove the error estimates and convergence of  derived from Algorithm 3.1 and Algorithm 3.2. We will analyze that the constants appearing in these estimates are independent of not only the mesh parameter  but also the iteration number .
Theorem 4.1 (Error Estimate Between Two Consecutive Iteration Steps)
Let  be the approximate eigenpair obtained by Algorithm 3.1 or Algorithm 3.2. Suppose that Lemma 4.1 and Condition 4.1 hold, where for Algorithm 3.1 we have , and for Algorithm 3.2 we have . Then there exists  such that:





where  is a constant independent of the mesh parameter and .

Proof: The proof can be found in [4].
Theorem 4.2 (Error Estimate for Multigrid Method Based on Rayleigh Quotient Iteration)
Let  be the approximate eigenpair obtained by Algorithm 3.1. Suppose that Condition 4.2 holds. Then there exists  and  such that if , Lemma 4.1 and the following estimates hold:







Proof: The proof is completed by induction and Theorem 4.1 (where ).
Note that  as ; then there exists a sufficiently small  such that if , Lemma 4.1 and the following inequalities hold:







When , we have , which is an eigenpair on the coarse mesh . From Lemma 4.1 and Lemma 4.4, we know that there exists  such that:

,

Moreover, , Condition 4.1 is satisfied.
Therefore, by Theorem 4.1 (taking ), we obtain:

,

Furthermore, due to Condition 4.2:  with , and , we obtain:



,

Since , we have:  Therefore, from (37), we obtain:




Next, for , we take . The negative norm estimate is given by (32) in Theorem 4.1:

,

From (24), we know that , so it follows that .
From , we can deduce that .
Since , we have:

,

Therefore, combining with (38), we obtain:



That is, (33) and (34) hold for ; combining (33) with Lemma 4.4 yields (35):

,

Assume that Theorem 4.2 holds for , i.e., there exists  such that:

,

Then, due to (36), we have:  and , which means the conditions of Theorem 4.1 are satisfied.
Since the mesh is refined and the error decreases, we have: .
Similarly, we obtain . For , we derive from (31) and (37):



Furthermore, we derive from (32) and (38):


That is, (33) and (34) hold. Furthermore, from (33) and Lemma 4.4, we obtain (35).
This completes the proof.

Remark 4.3 In Theorem 4.2, when , when  is of the same order as , we have . In fact, by taking , , and  in Lemma 4.2, we obtain:

,

Note that from (17), we have:

,

Thus, we obtain: 
Remark 4.4 In Theorem 4.2, if we replace Condition 4.2 with the following Condition 4.3, then (33) and (35) still hold.
Theorem 4.3 (Error Estimate for Multigrid Method with Fixed Shift)
Let  be the approximate eigenpair obtained by Algorithm 3.2. Assume that Condition 4.3 holds for  and Condition 4.4 holds for . Then there exists  and  such that the following inequality holds if :





Proof: The proof is completed by using mathematical induction and Theorem 4.1 (where ). Note that ; then there exists a sufficiently small  such that if , Lemma 4.1 and the following inequality hold:





When , from Theorem 4.2 and Remark 4.2, we know that there exists  such that:

,

Assume that Theorem 4.3 holds for  (where ), i.e., there exists  such that:

,

Then we can deduce from (41) that the conditions of Theorem 4.1 are satisfied.
From Condition 4.4, we have:.
Thus: .
Moreover, since  is finer than or equal to , we have: .
Therefore, for , we note from (16) that: , and since , we derive from (31) that:



,
Combining this with (42), we immediately obtain (39):

,

Equation (40) follows from (39) and Lemma 4.4.
This completes the proof.
Corollary 4.4 (Convergence) Under the conditions of Theorem 4.2 and Theorem 4.3,  and  are positive constants independent of the mesh parameter and l. We have proved the convergence of the shifted inverse iteration based on multigrid discretization. That is, as the iteration number  (i.e., the mesh parameter ):

.

Proof:
From Theorem 4.2 and Theorem 4.3, we have:

 and .

Thus: .
At the same time: .
The convergence is thus proved.

5 NUMERICAL EXPERIMENTS

In this section, we verify the effectiveness and convergence of the two proposed multigrid shifted inverse iteration algorithms by numerically solving the Laplace eigenvalue problem with periodic boundary conditions on the square domain . The smallest non-zero eigenvalue in the analytical solution of this problem is known to be: , which we take as the reference exact value.

The experimental parameters are set as follows: A uniform triangular mesh partition (as shown in Figure 1) is adopted in the computation, with successive uniform refinement. Here,  denotes the coarse mesh size, and the maximum number of mesh levels is set to , i.e., we refine from level 2 to level 7 step by step. For Algorithm 3.2, a fixed shift threshold  is set, meaning that the fixed shift strategy is employed when the iteration level .In the following tables and figures, dof denotes the degrees of freedom,  denotes the approximate eigenvalue, cond denotes the condition number,  denotes the absolute error, and  denotes the order of convergence.

[image: ]

Fig. 1 Schematic diagram of uniform triangular mesh partition

The numerical results show that both Algorithm 3.1 and Algorithm 3.2 proposed in this paper exhibit excellent convergence performance. As can be seen from Table 1 and Table 2, as the mesh level  increases, the approximate eigenvalue  gradually approaches the exact solution , and its absolute error  shows a systematic decreasing trend. For example, when , the eigenvalue errors obtained by both algorithms are reduced to approximately , and the convergence order  is close to 2. Specifically, the convergence order of the eigenvalue error from  to  remains stable between 1.922 and 1.999, e.g.,  at  and  at , which clearly demonstrates the second-order convergence behavior, consistent with the theoretical analysis that the eigenvalue error is controlled by .Figure 2 further verifies that both algorithms achieve the optimal convergence order for the periodic boundary eigenvalue problem.

Table 1 Eigenvalue Convergence Results of Algorithm 3.1

	
	dof
	
	cond
	
	

	2
	1024
	10.898719204918017
	
	
	-

	3
	4096
	10.877286290967096
	
	
	1.922219710483540 

	4
	16384
	10.871566130626238
	
	
	1.969335131245879 

	5
	65536
	10.870098307918330
	
	
	1.989815329992716 

	6
	262144
	10.869728148985640
	
	
	1.996834916646213 

	7
	1048576
	10.869635358395389
	
	
	1.999052163799567 



Table 2 Eigenvalue Convergence Results of Algorithm 3.2

	
	dof
	
	cond
	
	

	2
	1024
	10.898719204918017
	
	 
	-

	3
	4096
	10.877286290967096
	
	 
	 1.922219710483540

	4
	16384
	10.871566130626238
	
	 
	 1.969335131245879

	5
	65536
	10.870098308131151
	
	 
	 1.989814708345642

	6
	262144
	10.869728149059149
	
	 
	 1.996834681300632

	7
	1048576
	10.869635358418289
	
	 
	1.999051953590051



[image: ][image: ]
2a Rayleigh Quotient Iteration                                  2b Fixed Shift Strategy
Fig. 2 Eigenvalue Error Convergence Curves of Algorithm 2a (Left) and Algorithm 2b (Right)

Regarding the stability of the algorithms, the trend of the condition number cond in Figure 3 is particularly noteworthy. Although the two algorithms perform similarly in terms of convergence accuracy, Algorithm 3.2 exhibits a significantly slower growth rate of the condition number after reaching the fixed shift threshold ,i.e., compared to Algorithm 3.1. For instance, at , the condition number of Algorithm 3.1 is as high as 3.664×1010, while that of Algorithm 3.2 is only 4.444×108, differing by nearly two orders of magnitude. This indicates that the fixed shift strategy effectively alleviates the ill-conditioning of the linear system, enhancing the numerical robustness of the algorithm in deep-level mesh iterations, especially suitable for large-scale or high-precision computing scenarios.

[image: ]
Fig. 3 Comparison of Condition Number Growth Curves for Algorithm 2a and Algorithm 2b

6 CONCLUSION

In summary, this paper proposes two multigrid shifted inverse iteration algorithms for the second-order periodic boundary eigenvalue problem, systematically establishes their convergence theory, and verifies the effectiveness and reliability of the algorithms through numerical experiments. Theoretical analysis shows that the errors of eigenvalues and eigenfunctions can be controlled by the optimal mesh approximation error, and the convergence order is independent of the number of mesh levels. Numerical results further confirm that both algorithms achieve second-order optimal convergence. Among them, Algorithm 3.2 based on the fixed shift strategy significantly improves the condition number growth issue while maintaining the same convergence accuracy, exhibiting better numerical stability. This study provides a reliable multigrid method framework for the efficient and high-precision numerical solution of periodic boundary eigenvalue problems, with clear mathematical guarantees and promising application prospects. Tables should be explanatory enough to be understandable without any text reference. Double spacing should be maintained throughout the table, including table headings and footnotes. Table headings should be placed above the table. Footnotes should be placed below the table with superscript lowercase letters. Sample table format is given below. 
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