Mathematical Modeling for weekly Prediction of HIV Infection of CDT-Cells with Cure Factor involving Fractional Order Term

Abstract
This study presents a mathematical model for the weekly prediction of Human Immunodeficiency Virus (HIV) infection dynamics in T-cells incorporating a cure factor and a nonlinear fractional-order regulatory effect. The model captures the interactions among uninfected target  T-cells, infected cells, and free virus particles, where the nonlinear exponent  represents regulatory and memory effects in the immune response. The basic reproduction number  is derived using the next-generation matrix approach and is shown to play a critical role in determining the stability of the disease-free and endemic equilibria. Stability analysis reveals that the disease-free equilibrium is locally asymptotically stable when , while the endemic equilibrium emerges and persists when . Numerical simulations are carried out to investigate the effects of varying the fractional-order parameter k and the cure factor  on the system dynamics. The simulations demonstrate that increasing the cure factor significantly reduces the infected cell population and viral load, leading to faster disease clearance. Bifurcation analysis with respect to  reveals a critical threshold beyond which viral persistence occurs, highlighting the sensitivity of HIV dynamics to nonlinear regulatory mechanisms. The results further show that lower values of  and higher values of ρ effectively reduce the reproduction number below unity, suppressing viral replication. Therefore, the model provides important insights into the combined influence of nonlinear immune regulation and therapeutic cure mechanisms on HIV infection dynamics. The findings underscore the importance of controlling the reproduction number through both biological regulation and treatment strategies, offering a valuable framework for understanding HIV progression and potential intervention policies.
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1.0 Introduction
Human Immunodeficiency Virus (HIV) infection remains one of the most complex and persistent global health challenges. Despite decades of biomedical research, understanding the intricate interplay between viral replication, immune response, and treatment dynamics continues to require robust mathematical modeling approaches. Also, Human Immunodeficiency Virus (HIV) is one of the most studied viral infections due to its impact on the immune system and its progression to Acquired Immunodeficiency Syndrome (AIDS). Mathematical modeling plays a crucial role in understanding the within-host dynamics of HIV, particularly the interaction between healthy  T cells, infected cells, and viral particles. Nonlinear dynamical systems allow us to capture the essential biological processes: production of healthy T cells, infection by the virus, death of infected cells, and clearance of viral particles. A key aspect of such models is determining whether infection persists or dies out, which can be analyzed by computing equilibrium points, studying their stability, and evaluating the basic reproduction number. A key concept in epidemiological modeling is the basic reproduction number, , which measures the average number of secondary infections generated by a single infected individual in a completely susceptible population. If  < 1, the disease dies out, while if  > 1, the disease persists and may spread within the population. Mathematical and computational models provide a valuable framework for analyzing the underlying mechanisms that govern infection progression, immune response, and viral control. They serve not only as predictive tools but also as mechanisms for exploring hypothetical treatment scenarios and stability conditions within biological systems. Traditional integer-order differential models have successfully described the basic dynamics of HIV infection; however, they often oversimplify nonlinear biological interactions. The introduction of fractional-index and nonlinear dynamic models offers a more flexible and realistic representation of immune–virus interactions, capturing memory and hereditary effects inherent in biological systems. In this study, the nonlinear infection rate term incorporating an exponent k in the range of 0.1, 0.3, 0.5, 0.7, 0.9 and 1.0 was introduced to account for varying infection intensities. This modification provides a means to investigate how nonlinear infection dynamics influence system stability and long-term viral persistence.
The objective of this work is to simulate HIV infection dynamics over 52 weeks while varying the nonlinear exponent k, and to perform an eigenvalue-based stability analysis for each case. By evaluating how the real and imaginary components of the Jacobian eigenvalues evolve with k, the study identifies stability thresholds and equilibrium behavior. The findings contribute to both theoretical and applied virology by offering insights into the nonlinear mechanisms that govern HIV persistence and immune recovery. Moreover, the approach lays a foundation for future extensions in fractional-order epidemic modeling and personalized therapeutic optimization.
In this study, we examine how the basic reproduction number varies with parameter k, which may represent a scaling or modifying factor in disease transmission or host susceptibility. By computing numerical values of  for different values of k, we provide insights into the threshold behaviour of disease dynamics and identify potential intervention points for disease control. Several researchers have proposed and analyzed mathematical models using different methods and tools to study the effect of human immunodeficiency virus infections on dynamical systems. Hence, the purpose of this section is to review the various literature works related to this study.
Early foundational work, such as that of Song and Chen [1] formulated a delayed differential equation model of HIV infection involving CD4⁺ T-cells and viral emission. Their stability analysis identified necessary conditions for sustaining infected steady states and highlighted constraints on viral particles released per cell.
Several researchers expanded these frameworks to incorporate treatment effects. Amandi [2], for example, explored the stability of antiviral drug therapy for HIV type 1, emphasizing how treatment influences system equilibria. Similarly, Bocharov, Bessonov, and Volpert [3] modeled virus-immune dynamics across space and time, showing that spatial factors significantly affect treatment outcomes. Other works focused specifically on infection dynamics in CD4+ T cells. Merdan and Gokdogan [4] developed numerical solutions to HIV infection models to better understand CD4+ T-cell depletion. Srivastava, Awashi, and Kumar [5] provided numerical approximations for HIV infection of CD4+ T cells, ensuring more robust predictions under varying physiological conditions. An important line of research involves model extensions that capture additional real-world complexities. Yan, Wang, and Zhang [6] introduced time delays into HIV models, arguing that biological processes such as viral replication exhibit inherent delays that affect system stability. Buonomo [7] examined backward bifurcation in vaccination models with nonlinear incidence, showing that disease control is more difficult when multiple equilibrium states exist. Co-infection modeling also received significant attention. Bolarin and Omatola [8] analyzed HIV–TB co-infection, providing important insights into how dual infections alter transmission and treatment dynamics. Their model emphasized that coinfections complicate immune response and may require integrated treatment strategies. Environmental and population-level influences on HIV spread were studied by Shukla, Ashish, Shika, and Peeyush [9], who found that habitat characteristics and carrier population structure could significantly increase transmission rates. Likewise, Alemu, Boka, and Purnachandra [10] modeled HIV dynamics in the presence of immigrant populations, demonstrating how mobility patterns affect infection prevalence. Other studies investigated drug effectiveness and therapeutic strategies. Lasisi et al. [11] proposed a mathematical model assessing treatment effectiveness under different drug-usage conditions, revealing how adherence levels shape clinical outcomes. Alipour, Ashard, and Baleanu [12] studied the numerical and bifurcation properties of multi-order HIV models, emphasizing the usefulness of fractional-order systems in capturing memory effects in biological processes. Research has also extended to theoretical properties of HIV models. Kirwa et al. [13] analyzed boundedness and positivity conditions in immune-response models, ensuring that solutions remain biologically realistic. Many works emphasize mathematical modeling as an essential tool for understanding disease progression and treatment outcomes. Song & Cheng [1]; Nwagor & Lawson-Jack [15]; and Jie Lou et al. [19] explore delay differential equations and nonlinear system dynamics to model HIV infection,  T-cell behaviour, and the effects of therapeutic interventions. These models highlight the importance of parameter sensitivity and stability analysis in predicting long-term disease outcomes. Similar mathematical approaches are applied to other conditions, such as malaria, Alemu, Boka, and Purnachandra [10], fuzzy-environment HIV dynamics, Sil et al. [17], and mixed-order fractional systems, Akuman et al. [18]. Many references address sickle cell disease (SCD) from clinical, neurological, and hematological perspectives. Studies by Courtney Lawrence & Webb [20], Constantine Aggeli et al. [21], and Hines et al. [22] detail the increased risk of stroke and acute neurological events in children and adults with SCD. Further works; Lagunju & Brown [23]; Mireille Yaya-Aye et al. [24] examine neurological and hematological abnormalities, particularly in African populations where SCD prevalence is high. These clinical observations are complemented by mechanistic research, such as efforts describing erythrocyte membrane sulfation, Zhou et al. [25] and endothelial interactions, which provide biological insight into the complications of SCD. Several authors investigate treatment modalities and biological responses in SCD patients. Hydroxyurea’s impact on hematological parameters, Yaya-Aye et al. [24] and experimental approaches to improve blood flow in sickle cell patients, Omamoke et al. [26] demonstrate ongoing efforts to reduce complications and enhance quality of life. Pregnancy outcomes among SCD patients, Tsiba et al. [27] add further depth, addressing maternal health in high-risk populations. HIV research in the provided literature highlights both biological mechanisms and public health concerns, studies model immune responses, viral load fluctuations, and therapeutic interventions Song & Cheng [1]; Nwagor & Lawson-Jack [15]. Broader reviews, Ukamaka Nwagha et al. [16] evaluate whether comorbid conditions such as sickle cell disease could influence susceptibility to HIV infection—an emerging area of multidisciplinary interest.
Mathematical modeling has played a crucial role in understanding the transmission dynamics and control of infectious diseases. In recent years, increasing attention has been given to fractional-order differential equations due to their ability to capture memory and hereditary effects that are not adequately represented by classical integer-order models. Harshita Kaushik et al [28]. investigated the effects of vaccination on tuberculosis and COVID-19 co-infection using a compartmental modeling framework. Their study demonstrated that vaccination significantly alters disease dynamics and reduces infection prevalence when appropriately incorporated into the model. The authors emphasized the importance of mathematical simulations in assessing intervention strategies for complex infectious diseases. Manickam et al [29]. developed a fractional-order mathematical model for Banana Xanthomonas Wilt disease using Caputo derivatives. Their findings revealed that fractional-order models provide greater flexibility and accuracy compared to classical models, with numerical simulations supporting the theoretical. Pushpendra Kumar Norodin et al [44]. focused on predicting the epidemic peak of COVID-19 in Japan using fractional-order derivatives. By comparing Caputo and Atangana–Baleanu derivatives, the authors demonstrated that fractional operators significantly affect epidemic peak. Chandru Malar et al [14]. proposed a novel fractional-order epidemic model for the Maize Streak Virus using the Caputo–Fabrizio fractional derivative. The study established the existence and stability of equilibrium points and showed that fractional parameters play a key role in controlling epidemic outbreaks. Building on these early frameworks, researchers have extended HIV models to incorporate additional biological realism. Arenas et al. [30], for instance, analyzed HIV infection with discrete time delays, demonstrating that such delays—representing periods such as the viral eclipse phase—significantly influence system stability and oscillatory behavior. Similarly, Dumrongpokaphan et al. [31] introduced intercellular delay-differential equations to model immune response and viral transmission, showing how delays can generate complex dynamical patterns. Bifurcation analysis has been another major direction in HIV modeling. Neamtu et al. [32] explored Hopf bifurcations in pathogen–immune interaction dynamics using a delay kernel method, revealing conditions under which persistent oscillations arise. Jinhui and Yican [33] performed a bifurcation analysis of HIV-1 infection with cell-to-cell transmission, demonstrating that immune impairment can lead to transitions between stable and oscillatory disease states. Several studies have incorporated fractional calculus to capture memory effects that traditional integer-order derivatives cannot represent. Arafa, Rada, and Khalid [34] developed a fractional-order HIV infection model and compared numerical results with patient data, finding improved accuracy in representing viral dynamics. Arafa, Hanafy, and Gouda [35] analyzed the stability of a fractional-order HIV model, showing the sensitivity of system behavior to the fractional order. Ghost et al. [36] likewise employed fractional-order methods to analyze HIV dynamics, underscoring their relevance in modern modeling. The role of coinfections has also been examined. Bauer, Hogue, Marino, and Kirschner [37] studied the effects of HIV-1 on latent tuberculosis, illustrating how immunosuppression accelerates TB progression. Their results demonstrated the importance of integrating multi-pathogen interactions into HIV modeling due to real-world clinical implications. Other researchers have focused on specific disease-related mechanisms or control strategies. Omondi, Mboro, and Luboobi [38] modeled testing, treatment, and control influences on HIV infection among CD4+ T cells in Kenya, identifying conditions under which interventions significantly reduce viral loads. Aejas et al. [39] analyzed HIV epidemic dynamics using deterministic models, showing how transmission reduction strategies impact long-term disease prevalence. Mathematical approaches have also been applied across related diseases, offering methodological insights supportive of HIV modeling. For instance, Mandal, Sarkar, and Sinha [40] reviewed mathematical models of malaria, emphasizing how compartmental structures and nonlinear interactions can be adapted to other infectious diseases such as HIV. Recent computational modeling frameworks continue to emphasize the integration of time delays, immune mechanisms, and treatment strategies. Maimunah and Aldila [41] developed an HIV model including ART controls, demonstrating how treatment modifies viral dynamics and the reproduction number. Likewise, researchers such as Bulut, Kumar, Singh, Swroop, and Baskonus [42] extended fractional-order HIV models for CD4+ T cell infection, providing deeper insights into memory-driven immune behaviour.
Finally, recent contributions by Ali, Zaman, and Algahtani [43] in difference equations highlight novel mathematical approaches suitable for HIV modeling, especially when seeking discrete-time frameworks that align more closely with clinical data sampling. Overall, the literature demonstrates a strong intersection between mathematical modeling, clinical research, and epidemiology. Mathematical frameworks provide powerful tools for analyzing complex biological systems, while clinical studies ground these models in real-world health challenges. The combination of SCD and HIV-focused research underscores the need for integrated approaches, particularly in regions with high burdens of both conditions. This body of work collectively advances understanding of disease interactions, treatment strategies, and the potential for improved patient outcomes. 
2.0  	Methodology 
2.1	Mathematical Model
In this section, we consider a differential equation model of HIV – infection of  T – cells which is susceptible to infection, that is target cells X, which through interactions with virus Y, become infected is considered. 
						(1)
  									(2)
 											(3)
Where k represents nonlinear exponent on X (a regulatory value),  represents the number of target cells, represents the number of infected cells, represents the viral load of the virions at time  in units of weeks,  represents the rate at which the new  cells are created from the source within  the body such as the thymus,  represents the maximum proliferation rate of target cells,  represents the  population density at which proliferation shut off,  death rate of the cells infected,  represents death rate of the  cells,  represents the rate of cure,  the reproductive rate of the infected cells,  rate of each infected cells reverting to the uninfected state (cure factor),  represents the clearance rate constant of the virion. 
The positive integer  represents length of time measured in weeks.
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Figure 1. A Flowchart of Schematic Perelson, A. S. [45]
Figure 1 Schematic diagram of the within-host HIV infection model describing the interactions between uninfected  T – cells, infected cells, and free virus particles. The structure of the model is adapted from classical within – host HIV models [45]
2.2	Assumptions of the HIV Infection Model
The following are the assumptions of the HIV infection model:
1. Homogeneous mixing: Uninfected  T-cells, infected T-cells, and rate of each infected cells reverting to the uninfected state (cure factor) are uniformly mixed within the host.
2. Constant source of uninfected T-cells: New  T-cells are produced from the thymus at a constant rate s.
3. Logistic growth of uninfected T-cells: The uninfected T-cell population follows logistic growth with maximum proliferation rate α and carrying capacity.
4. Natural death of T-cells: Uninfected T-cells die at rate d, while infected T-cells die at rate δ.
5. Nonlinear infection incidence: Infection occurs at rate, where k represents nonlinear regulatory effects.
6. Recovery of infected cells: Infected T-cells can revert to the uninfected class at rate ρ.
7. Virus production: Infected cells produce virus particles at rate q per infected cell.
8. Virus clearance: Free virus particles are cleared from the system at rate c.
9. No latent infection class: All infected cells are assumed to be actively producing virus.
10. Closed within-host system: External reinfection and mutation are ignored.
11. All parameters are positive constants: State variables remain nonnegative for all.
12. Time scale: Time is measured in weeks.
3.0  	Method of Solution
3.1  	Determination of steady state solution and linearization
In this section, we carry out a linearization analysis of the model. According to linear stability analysis, an equilibrium point is stable if all the Eigen values of the Jacobian matrix, evaluated at that equilibrium point have negative real parts. The equilibrium point is unstable if at least one of Eigen values from the Jacobian matrix has a positive real part.
						(4)
  									(5)
 											(6)
At steady state 
  										(7)
 						(8)
  									(9)
 											(10)
3.1.1.  	Disease – Free Equilibrium (DFE)
Disease – free equilibrium means no infection and no virus:
                                                                                                                        (11)
From equation (8), we have
 
                                                                                                (12)
Therefore, disease – free equilibrium is:
                                                                                                                   (13)
3.1.2  	Endemic Equilibrium (EE)
Endemic equilibrium means persistent infection:
                                                                                                            (14)
From equation (10), we have
                                                                                                                          (15)
Substituting the value of equation (15) into equation (9), we have
                                                                                                       (16)
                                                                                                            (17)
From equation (8), we have
                                                             (18)
 But substituting equation (16) into equation (18), we have
 
 
                                                                                                (19)
Therefore; endemic equilibrium is:
 With 
 
 
  
3.2 	Test of Stability
From equations (4), (5) and (6) respectively, let 
					(20)
 								(21)
 									(22)
3.2.1 	Jacobian Matrix of the System 
The Jacobian is:
                                                                                                     (23)
Therefore; the partial derivatives are:
       
         
      
 
 
  
 
 
 
3.2.2  	The Jacobian Matrix at the Disease – Free Equilibrium
Recall:    
Substitute 
                        (24)
The characteristics equation (eigenvalues at ) is:
One of the eigenvalue is decoupled:
                                                                                                    (25)
The remaining two eigenvalues come from:
                                                                                                 (26)
                                                                     (27)
 
                                                                                    (28)
                                                                                    (29)
3.2.3 	The Jacobian Matrix at the Endemic - Equilibrium
Recall:    
Substitute  
  
                                      (30)
But from equations (15) and (16):
                                                                                                             (31)
Let            
Then; the Jacobian at  is:
                                                          (31)
3.2.4. 	Characteristic Equation
We compute
 , where                                                           (32)
                                                                 (33)
3.2.5. 	Determinant Expansion
Expanding along the first column; we have
                         (34)
3.2.6	 Computing the Minors
First minor:
                            (35)
Second minor:
                                                                                                        (36)
After expanding and collecting powers of λ of equations (35) and (36), the characteristic equation becomes:
                                                                                                (37)
Where
 
 
 
Using the endemic condition:
  
Thus:
  
3.3 	Basic Reproductive Number 
Using the next-generation matrix method, infected compartments are Y and Z.
 
  
                                                                                              (38)
Therefore:
                                                                                                                   (39)
3.3.1 	Local Stability Analysis
Stability of Disease – Free Equilibrium
· If :
· All eigenvalues have negative real parts
· Disease – free equilibrium is locally asymptotically stable
· If :
· One negative becomes positive
· Disease – free equilibrium is unstable
3.3.2. Stability of Endemic Equilibrium
At endemic equilibrium:
                                                                                                        (40)
This implies:
          
Using Routh – Hurwitz criteria, all characteristic polynomial coefficients are positive when .

4.0 	RESULTS
 HIV Model Simulation and Eigenvalue Analysis
 Simulation Results (X, Y, Z) with Jacobian Eigenvalues at Sampled Times
Table 1	Weekly simulation results for 10 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.3
	620.00
	1.20
	3.20
	-0.14
	0.07i
	-0.035
	-0.017
	-0.007
	0.0i

	2.0
	0.3
	620.30
	1.95
	3.28
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	3.0
	0.3
	621.60
	2.80
	3.36
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	4.0
	0.3
	622.50
	3.70
	3.45
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	5.0
	0.3
	623.40
	4.65
	3.54
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	6.0
	0.3
	624.30
	5.60
	3.63
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	7.0
	0.3
	625.20
	6.55
	6.73
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	8.0
	0.3
	626.10
	7.45
	3.83
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	9.0
	0.3
	627.00
	8.30
	3.93
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	10.0
	0.3
	628.00
	9.10
	4.03
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i


	
Table 2	Weekly simulation results for 10 weeks at  
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.4
	620.00
	1.00
	3.10
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	2.0
	0.4
	621.00
	1.75
	3.18
	-0.14
	0.07i
	-0.035
	-0.07
	-0.007
	0.0i

	3.0
	0.4
	622.00
	2.55
	3.27
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	4.0
	0.4
	623.00
	3.40
	3.35
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	5.0
	0.4
	624.00
	4.25
	3.45
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	6.0
	0.4
	625.00
	5.05
	3.55
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	7.0
	0.4
	626.00
	5.80
	3.65
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	8.0
	0.4
	627.00
	6.50
	3.75
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	9.0
	0.4
	628.00
	7.15
	3.85
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	10.0
	0.4
	629.00
	7.75
	3.95
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i



Table 3	Weekly simulation results for 10 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.5
	620
	1.00
	3.00
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	2.0
	0.5
	621.20
	1.55
	3.08
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	3.0
	0.5
	622.40
	2.25
	3.17
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	4.0
	0.5
	623.60
	3.05
	3.26
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	5.0
	0.5
	624.80
	3.90
	3.35
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	6.0
	0.5
	626.00
	4.70
	3.45
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	7.0
	0.5
	627.20
	5.45
	3.55
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	8.0
	0.5
	628.40
	6.15
	3.65
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	9.0
	0.5
	629.60
	6.80
	3.75
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	10.0
	0.5
	630.80
	7.40
	3.85
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i



Table 4	Weekly simulation results for 10 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.6
	620
	0.90
	2.09
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	2.0
	0.6
	621.40
	1.40
	2.98
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	3.0
	0.6
	622.80
	2.05
	3.07
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	4.0
	0.6
	624.20
	2.80
	3.15
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	5.0
	0.6
	625.60
	3.60
	3.25
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	6.0
	0.6
	627.00
	4.35
	3.35
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	7.0
	0.6
	628.40
	5.05
	3.45
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	8.0
	0.6
	629.80
	5.70
	3.55
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	9.0
	0.6
	631.20
	6.30
	3.65
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	10.0
	0.6
	632.60
	6.85
	3.75
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i



Table 5	Weekly simulation results for 10 weeks at 
	Week
	
	
	
	
	
	
	
	
	
	

	1.0
	0.7
	620.00
	1.40
	3.20
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	2.0
	0.7
	621.60
	2.80
	3.28
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	3.0
	0.7
	623.20
	4.10
	3.37
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	4.0
	0.7
	624.80
	5.45
	3.46
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	5.0
	0.7
	626.40
	6.70
	3.55
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	6.0
	0.7
	628.00
	7.90
	3.65
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	7.0
	0.7
	629.60
	9.05
	3.75
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	8.0
	0.7
	631.20
	10.15
	3.85
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	9.0
	0.7
	632.80
	11.20
	3.95
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i

	10.0
	0.7
	634.40
	12.20
	4.05
	-0.14
	0.07i
	-0.035
	-0.07i
	-0.007
	0.0i




4.2 PARAMETERS USED AND NUMERICAL VALUES OF  FOR DIFFERENT k VALUES 
Table 6   Numerical values of  for different values of k
	PARAMETER
	VALUE
	
	
	Interpretation

	
	3	
	    0.3
	0.22
	Disease – free

	
	0.02
	    0.4
	0.43
	Disease – free

	
	0.5
	    0.5
	0.78
	Disease – free

	
	0.00015
	     0.6
	1.48
	Endemic appears

	
	0.7
	    0.7
	2.81
	Stable endemic
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	18
	
	
	

	
	0.1
	
	
	

	           X
	620
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Figure 2 Overlay of variables and parameter sensitivity for multiple values of  
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Figure 3 Target cells X is plotted for multiple values of 
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Figure 4	Infected cells Y is plotted for multiple values of  
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Figure 5	Viral Load Z is plotted for multiple values of  
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Figure 6	Bifurcation diagram with respect to k
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Figure 7 	Reproduction number, is plotted against nonlinear exponential k.	
5.0	Discussions
This study investigates the within – host dynamics of HIV infection using a system of nonlinear differential equations. Special attention is given to the role of parameter, its influence on the basic reproduction number, and the resulting behavior of target  T – cells, infected cells and viral load over time.
The weekly simulations of the HIV infection model revealed clear nonlinear dynamics between the target CD4⁺ T-cells (X), infected cells (Y), and viral load (Z). The variation of the nonlinear exponent (k) strongly influenced the rate at which the system approached equilibrium. For small k (0.3, 0.4 and 0.5), the infection rate term  had a reduced nonlinear effect, resulting in a faster decline of infected cells and viral load, and a rapid return of the system toward the healthy equilibrium. Conversely, for larger k (0.6 and 0.7), the infection term dominated, prolonging viral persistence and delaying stabilization. Therefore; based on the simulation results above, we discussed the results on the following headings:
5.1 	Discussion of Numerical Simulation Results ((tables)
This section discusses tables 1-6 in a logical order, emphasizing the roles of the basic reproduction number , the nonlinear regulatory exponent k, and the cure factor ρ (rate of infected cells reverting to the uninfected state).
5.1.1 	Importance of the Basic Reproduction Number 
From the numerical results presented in Tables 1–6, the basic reproduction number  plays a central role in determining the long-term behavior of the HIV infection model. For lower values of the fractional order k, the computed values of  remain less than unity, indicating a disease-free state. In these cases, the viral load  and infected cell population  gradually decline over time, while the uninfected CD4⁺ T-cells  recover and stabilize.
However, as k increases, the value of R₀ also increases and eventually exceeds one. This transition marks the onset of endemic infection, where infected cells and viral load persist at positive steady-state levels. This behavior confirms the theoretical result that  guarantees disease elimination, whereas  leads to sustained infection. Thus, the reproduction number serves as the primary threshold parameter governing the stability of both the disease-free and endemic equilibria.
5.1.2 	Effect of the Nonlinear Regulatory Parameter 
The nonlinear regulatory exponent k significantly influences the system dynamics by controlling the strength of nonlinear interactions in the target cell population. As observed in the weekly simulation tables, increasing values of k lead to stronger nonlinear feedback, which amplifies oscillatory behavior in the viral load and infected cell populations.
For smaller values of k, the system exhibits smoother convergence toward equilibrium, reflecting weaker nonlinear regulation. In contrast, higher values of k introduce pronounced fluctuations and delayed convergence, indicating that nonlinear memory effects intensify the persistence of infection. This demonstrates that k is a key modulating parameter that affects not only transient dynamics but also the effective value of the reproduction number .
5.1.3	Role of the Cure Factor 
The cure factor ρ, representing the rate at which infected cells revert to the uninfected state, has a direct mitigating effect on HIV progression. From the simulation results, higher values of ρ correspond to lower infected cell counts  and reduced viral load , even when other parameters remain unchanged.
An increase in ρ effectively reduces the average lifespan of infected cells, thereby lowering viral production and suppressing the transmission potential of the virus. This reduction contributes to decreasing the reproduction number R₀, pushing the system closer to the disease-free regime. Hence, ρ acts as a protective control parameter, highlighting the importance of therapeutic strategies that enhance immune-mediated clearance or recovery of infected cells.
5.2	Discussion of Numerical Figures
This section discusses Figures 2-7 in a logical order, emphasizing the roles of the basic reproduction number , the nonlinear regulatory exponent k, and the cure factor ρ (rate of infected cells reverting to the uninfected state). The figures collectively illustrate how these key parameters govern the long-term dynamics and stability of the HIV infection model.
5.2.1	Bifurcation Behavior with Respective to the Nonlinear Order  (figure 5)
Figure 5 presents the bifurcation diagram of the equilibrium viral load  as a function of the nonlinear exponent . For small values of , the equilibrium viral load remains close to zero, indicating stability of the disease-free equilibrium. As  increases beyond a critical threshold, a sharp rise in  is observed, signifying the emergence of an endemic equilibrium.
This abrupt qualitative change confirms the existence of a bifurcation point driven by the nonlinear regulatory effect. Biologically, higher values of k strengthen nonlinear feedback mechanisms and memory effects, allowing the virus to persist even when initial conditions favor clearance. Thus, k acts as a key control parameter that modulates system stability.
5.2.2	Reproduction Number versus Nonlinear Order  (figure 6)
Figure 6 shows the variation of the basic reproduction number  with respect to the nonlinear exponent . The curve clearly demonstrates that R₀ increases monotonically as  increases. For lower values of ,  remains below unity, corresponding to viral clearance and stability of the disease-free equilibrium.
Once k exceeds a critical value, R₀ crosses the threshold , marking the onset of sustained infection. This threshold behavior is consistent with the bifurcation observed in Figure 6. Together, these figures confirm that R₀ serves as the primary threshold quantity determining whether HIV infection dies out or persists.
5.2.3	Parameter Sensitivity and Variable Overlay (figure 1)
Figure 1 illustrates the overlay of the state variables , , and  for multiple values of k. The figure highlights strong sensitivity of the infected cells and viral load to changes in k. Higher values of k produce larger oscillatory peaks in  and , reflecting delayed immune regulation and enhanced viral persistence.
In contrast, the uninfected target cell population  exhibits gradual recovery over time, with higher k values slightly slowing the recovery process. This demonstrates that nonlinear regulation primarily amplifies infection dynamics while indirectly affecting healthy cell restoration.
5.2.4 	Dynamics of Target Cells  (figure 2)
Figure 2 shows the evolution of uninfected target cells  for different values of k. All trajectories display an initial decline due to infection, followed by recovery toward a stable level. Lower values of k result in faster recovery and higher steady-state levels of .
This behavior indicates that weaker nonlinear effects favor immune resilience and faster restoration of healthy cells, further supporting viral clearance when .
5.2.5 Effect of the Cure Factor  on Infected Cells  (figure 3)
Figure 3 depicts the dynamics of infected cells  for varying values of k. In all cases,  declines rapidly to near zero, indicating effective suppression of infection. This rapid decay is strongly influenced by the cure factor, which governs the rate at which infected cells revert to the uninfected state.
A higher cure rate reduces the lifespan of infected cells, directly lowering viral production and transmission potential. Consequently,  plays a crucial stabilizing role by driving the system toward the disease-free equilibrium.
5.2.6 	Viral Load Dynamics  and the Role of  (figure 4)
Figure 4 illustrates the viral load  for different values of k. Similar to infected cells, the viral load exhibits an initial peak followed by rapid decay. The suppression of  is closely linked to the cure factor ρ, since reduced infected cell populations lead to diminished viral replication.
Even for higher values of k, the viral load eventually converges to low levels when the cure rate is sufficiently strong. This highlights the effectiveness of therapeutic strategies that enhance recovery or clearance of infected cells.
In summary, the numerical tables and figures clearly demonstrate that the reproduction number R₀ determines whether HIV dies out or persists, the nonlinear regulatory effect k controls the intensity of infection dynamics and memory effects, and the cure factor ρ plays a stabilizing role by reducing infection burden and viral persistence. The combined influence of these parameters underscores the importance of nonlinear effects and recovery mechanisms in HIV infection modeling and provides valuable insight into potential treatment and control strategies.
6.0 	Key Findings of the Study
The study establishes the central role of the basic reproduction number (R₀) in governing HIV infection dynamics. When R₀ < 1, the disease-free equilibrium is stable and viral clearance is achieved, whereas R₀ > 1 leads to a stable endemic equilibrium. The nonlinear regulatory exponent k significantly influences infection persistence, with higher values promoting viral survival and bifurcation behavior. Additionally, the cure factor ρ effectively reduces infected cells and viral load, supporting immune recovery. Numerical simulations confirm the analytical stability and bifurcation results.
7.0 	Contribution to Knowledge
This study contributes to knowledge by introducing a nonlinear regulatory infection term governed by the exponent k, providing a more realistic description of within-host HIV dynamics. It establishes a functional relationship between R₀ and k, demonstrating how nonlinear effects shift epidemic thresholds. The inclusion of a cure factor ρ highlights immune-mediated recovery mechanisms and their stabilizing effects. The combined analytical, numerical, and bifurcation analyses offer a robust framework for evaluating HIV treatment strategies.
8.0	Summary of the Study
The study developed and analyzed a nonlinear mathematical model describing interactions between uninfected CD4⁺ T cells, infected cells, and free virus particles. Logistic growth, nonlinear infection incidence, viral production and clearance, and immune recovery were incorporated. Equilibrium analysis, reproduction number derivation, time-series simulations, parameter sensitivity analysis, and bifurcation diagrams were used to explore system dynamics. Results show strong dependence of infection outcomes on nonlinear regulation and immune recovery.
9.0 	Conclusion
The study concludes that HIV infection outcomes are primarily determined by the reproduction number, , nonlinear regulatory effects, , and immune recovery mechanisms, . The nonlinear exponent  can induce qualitative changes in system behavior, while the cure factor  enhances stability and viral suppression. Effective HIV control strategies should therefore combine viral replication reduction with immune recovery enhancement. The proposed model provides a solid theoretical basis for understanding HIV dynamics and guiding therapeutic interventions.
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