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Fixed Point Theorems for Integral Type Mappings under b-(E.A.) property in b-metric Spaces


Abstract: This paper studies the existence and uniqueness of fixed points for a class of Lebesgue integrable self-mappings satisfying a generalized b-(E.A.) property in the setting of b-metric spaces. Motivated by recent advances in fixed point theory in generalized metric structures, we establish new integral type contraction conditions that guarantee the existence of a unique fixed point in complete b-metric spaces.
The convergence of the associated Picard iteration is proved using the intrinsic properties of b-metrics, and the uniqueness of the fixed point follows without requiring additional continuity assumptions on the mappings. Moreover, we discuss the well-posedness of the fixed point problem in the sense that the fixed point is uniquely determined and stable under convergence in the b-metric framework.
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[bookmark: _heading=h.yl6jzaeq34vk]1. Introduction
The theory of fixed points has been significantly enriched by the introduction of generalized metric structures that extend the classical notion of a metric space. One such important generalization is the concept of a b-metric space, introduced by Bakhtin [1], in which the standard triangle inequality is relaxed by means of a constant coefficient. This modification has enabled the extension of several fundamental fixed point results to a broader analytical framework.
Subsequently, Czerwik [4,5] developed a systematic study of b-metric spaces and demonstrated that key fixed point results, including extensions of the Banach contraction principle, remain valid under this generalized setting. Following these foundational works, numerous researchers [10,11] have proposed simplified and refined versions of fixed point theorems in b-metric spaces by employing alternative contractive conditions.
Further extensions of fixed point results in b-metric spaces were obtained by several authors, including Mehmet Kir [6] and Păcurar [7], who investigated various contraction frameworks and convergence techniques. Czerwik [4,5] introduced a distinctive approach to the Banach contraction principle by utilizing measure-theoretic methods in the study of convergence, thereby broadening the applicability of fixed point theory in b-metric spaces. These developments form the basis for further investigations into fixed point results under weaker contractive conditions in generalized metric spaces.

Definition 1.1. Let  be a non-empty set and  be given real number. A function  is called a b- metric provided for all 
 1)  if and only if  
2)  
3) . A pair  is called a b-metric space. Definition of b-metric space is an extension of usual metric space.

Definition 1.2. Let be a b- metric space. We say that  in   is a Cauchy sequence if and only if for every , there is  such that for all , d (
Definition 1.3. Let be a b- metric space.Then a sequence in   in   is called convergent sequence if and only if there exist  such that for all there exists  such that for all  we have .
Definition 1.4. Every b-metric space is complete if every Cauchy sequence in it is convergent.
.

2.Main Result
Theorem 2.1.  Let  be a complete metric space with constants s and define the mapping  and let  be nonnegative real numbers satisfying 

Let  be a Lebesgue integrable function such that  is non  decreasing on  and for every  
Assume that for all  the following integral type contraction holds: 

Let  and define picard iteration  for 
Then
(1)  converges to a point 
(2)  is the fixed point of  that is 
(3)  is unique.
Proof: Define for 

By hypothesis  and  if and only if 
From contraction hypothesis  and  be a sequence in  defined as:


As  and grouping like terms, move all terms of the form  to the left:

Using triangle inequality in b- metric to estimate  by b-metric property

Because  is non decreasing and  is monotone that is 

By subadditivity, there exists a constant  depending only on  and 
With

As  is continuous and non decreasing, we may take (a small constant)
Therefore, we have

Where

Given 
Hence, there exists  with 
  for all 
Therefore,   as 
Now, by positivity property of  we have
as  
Now, we show that  is a Cauchy sequence.
For any 
using successive applications of the b- metric inequality,  can be estimated by a finite sum of consecutive distances

On integrating against  and using Monotonicity, we have
 
Applying geometric estimate
 gives


 as .
Thus,  uniformly for  which by positivity of  implies 
Hence  is a Cauchy sequence in complete b- metric space 
By completeness, there exists  with .
Now, we shall show that  is a fixed point.
Letting  in contraction inequality with  and  we have 

 since and  every 
Left side tends to 
Right side tends to 
So, equation becomes

Rearranging, we have

As total sum  

This implies that
 inmplies that  implies that   
So, is the fixed point.
Uniqueness: suppose that  is another fixed point. So, 

Since 
So, we have

Thus, 
Therefore, we have  this implies  Hence the uniqueness follows.

Corollary 2.2. Let   (So, 
Fix  then

Contraction inequality becomes

Proceeding as before for Picard iterates  and rearranging the inequality by collecting all terms containing  ,we obtain

Where  and 
Using b-metric  
And the fact that for  ,    we obtain

Thus, 

As the sequence  is non increasing, 
           with                                                            (2.1)
                                            
Assume 

Rearranging 

If    
This implies 
So, from (2.1), we have 


Then iterating

This implies 
Example 2.3. let  be a complete metric space.
Let   ,Choose 


And  

Hence, T is an integral type of contraction
  this implies 
Therefore 0 is the unique fixed point and Picard iteration converges to it. 

Example 2.4. Let  for all 
Then  is a complete b-metric space with constant  as 
                                      for all 
Choose the function 
Then, for any   
  
Now define a mapping  such that
                                          
For we have  
                                          
So,  
Take  be arbitrary. Therefore, 
And since  on 
Therefore, we have 
Therefore, 
Let   and  
Since,   we have 
Hence, 
But 
Thus, 


So, we obtain

With single coefficient 
 and 
So, 

This implies 
So, hypothesis holds
Solving 
This implies 
,   this implies  
This implies  
Only the smaller root lies in 
Therefore 
By Theorem 2.1, the Picard iteration  (for any  converges to the unique fixed point 

Conclusion
The convergence of the associated Picard iteration is proved using the intrinsic properties of b-metrics, and the uniqueness of the fixed point follows without requiring additional continuity assumptions on the mappings.
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